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! r is a remarkable fact in tbo history of science, that the oldest book ol 
Elementary Geometry is still considered as the best, and that the writings 
of Euclid, at the distance of two thousand years, continue to form themosl 
approved introduction to the mathematical sciences. This remarkable 
distinction the Greek Geometer owes not only to the elegance and correct- 
oess of his demonstrations, but to an arrangement most happily contrived 
for the purpose of instruction, — advantages which, when they reach a cer- 
tain eminence, secure the works of an author against the injuries of time 
inore effectually than even originality of invention. The Elements of Eu- 
clid, however, in passing through the hands of the ancient editors during 
the decline of science, had suffered some diminution of their excellence, and 
much skill and learning have been employed by the modern mathemati- 
cians to deliver them from blemishes which certainly did not enter into their 
original composition. Of these mathematicians, Dr. Simson, as he may 
l>e accounted the last, has also been the most successful, and has left very 
little room for the ingenuity of future editors to be exercised in, either by 
amending the text of Euclid, or by improving the translations from it. 

Such being the merits of Dr. Simson's edition, and the reception it has 
met with having been every way suitable, the work now offered to tl^e pub- 
lic will perhaps appear unnecessary. And indeed, if the geometer jusi 
named had Mrhtten with a view of accommodating the Elements of Euclid 
to the present state of the mathematical sciences, it is not likely that any 
thing new in Elementary Geometry would have been soon attempted. But 
his design was ditferiBnt; it was his object to restore the writings of Euclid 
to their original perfection, and to give them to Modem Europe as nearly 
as possible in the state wherein they made their first appearance in Ancient 
Greece. For this undertaking, nobody could be better qualified than Dr. 
Simson ; who, to an accurate knowledge of the learned languages, and an 
indefatigable spiritof research, added a profound skill in the ancient Geome- 
try, and an admiration of it almost enthusiastic. Accordingly, he not only 
restored the text of Euclid wherever it had been corrupted,- but in some 
cases removed imperfections that probably belonged to the original work : 
though his extreme partiality for his author never permitted him to suppose 
that such honour could fall to the share either of himself, or of any other of 
the modems. 

But, after all this was accomplished, something still remained to be done, 
since, notwithstanding the acknowledged excellence of Euclid's Ele- 
ments, it could not be doubted that some alterations might be made that 
would accommodate them better to a state of the mathematical sciences, so 
much more improved and extended than at the period when they were 
written. Accordingly, the object of the edition now offered to the public, is 
not so much to gi^ the writings of Euclid the form which they orij^tnaily 
had, as that which may at present render them most useful. 
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< tne ot the alterations made with this view, respects the Doctrine of 
Proportion, the method of treating which, as it is laid down in the fifth of 
CucLin, has gieat advantages accompanied with considerable defects ; ot 
which, however, it must be observed, that the advantages are essential, and 
the defects only accidental. To explain the nature of the former require^ 
a more minute examination than is suited to this place, and must therefore 
be reserved for the Notes ; but, in the mban time, it may be remarked, that 
no definition, except that of Euclid, has ever been given, from which the 
properties of proportionals can be deduced by reasonings, which, at the 
same time that they are perfectly rigorous, are also simple and direct. As 
to the defects, the prolixness and obscurity that have so often been com- 
plained of in the fifth Book, they seem to arise chiefiy from the nature of 
the language employed, which being no other than that of ordinary dis- 
course, cannot express, without much tediousness and circumlocution, the 
relations of mathematical quantities, when taken in their utmost generality, 
and when no assistance can be received from diagrams. As it is plain that 
the concise language of Algebra is directly calculated to remedy this in- 
convenience, I have endeavoured to introduce it here, in a very simple form 
however, and without changing the nature of the reasoning, or departing 
in any thing from the rigour of geometrical demonstration. By this means, 
the steps of the reasoning which were before far separated, are brought 
near to one another, and the force of the whole is so clearly and directly 
perceived, that I am persuaded no more difficulty will be found ,in under- 
standing the propositions of the fifth Book than those of any other of the 
Elements. 

In thf second Book, also, some algebraic signs have been, introduced, for 
the sake of representing more readily the addition and subtraction of the 
rectangles on which the demonstrations depend. The use of such sym- 
bolical writing, in translating from an original, where no symbols are used, 
cannot, I think, be regarded as an unwarrantable liberty : for, if by that 
means the translation is not made into English, it is made into that univer- 
sal language so much sought after in all the sciences, but destined, it would 
teem, to be enjoyed only by the mathematical. 

The alterations above mentioned are the most material that have been 
attempted on the books of Euclid. There are, however, a few others, 
which, though less considerable, it is hoped may in some degree facilitate 
the study of the Elements. Such are those made on the definitions in the 
first Book, and particularly on that of a straight line. A new axiom is also 
introduced in the room of the 12th, for the purpose of demonstrating more 
easily some of the properties of parallel lines. In the third Book, the re- 
marks concerning the angles made by a straight line, and the circumference 
of a circle, are lefl out, as tending to perplex one who has advanced no 
farther than the elements of the science. Some propositions also have 
been added ; but for a fuller detail concerning these changes, I niust refei 
to the Notes, in which several of the more difficult, or more interesting sub- 
,ect8 of Elementary Geometry are treated at considerable length. 

COLLKOE OP EoiNBUROH, 

' Dee. 1, 1813 
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BOOK 1. 

THE PRINCIPLES. 

EXPLANATION OP TERMS AND 810N8. 

1 . Geometry is a science which has for its object the measurement of mag 
niludes. 

Magnitudes may be considered under throe dimensions, — ^length, breadtK^ 
height or thickness. 

2. In Geometry there are several general terms or principles ; such aa, 
Deiniitions, Propositions, Ajcioms, Theorems, Problems, Lemmas, Scho 
liums, Corollaries, <b;c. 

3. A Definition is the explication of any term or iiv»rd in a science, show 
ing the sense and meaning in which the term is employed. 

Every definition ought to be clear, and expressed in words that are 
common and perfectly well understood. 

4. An Axiomj or Maxim^ is a self-evident proposition, requiring no fonna] 
demonstration to prove the truth of it ; but is received and assented to as 
soon as mentioned. 

Such as, the whole of any thing is greater than a part of it ; or, the 
whole is equal to all its parts taken together ; or, two quantities that 
are each of them equal to a third quantity, are equal to each other. 

£. A Theorem is a demonstrative proposition ; in which some property is 

asserted, and the truth of it required to be proved. 

Thus, when it is said that the sum of the three angles of any plane tri* 

angle is equal to two right angles, this is called a Theorem ; and the 

method of collecting the several arguments and proofs, and laying 

^ them together in proper order, by means of which the truth of the 

proposition becomes evident, is called a Demonstration. 

A Direct Demonstration is that which concludes with the direct and ce 
tain proof of the proposition in hand. 

It IS also called Positive or AJlrmative, and sometimes an Ostensnte D§ 
monstration^ liecause it is most satisfactory to the mind 
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1 Ap Indirect o\ N'egative Denwnstration is that which shows a propositiOK 
to be true, by proving that some absurdity would necessarily follow if 
the proposition advanced were false. 

This is sometimes called Reductio ad Ahsurdum ; because it shows the 
absurdity and falsehood of all suppositions contrary to that contained 
in the proposition. 

8 A ProhUfiiiA a proposition or a question proposed, which requires a so- 
lution. 

As, to draw one line perpendicular to another ;' or to divide a line into 
two equal parts. 

9. Solution of a problem is the resolution or answer given to it. 

A Numerical or Numeral solution, is the answer given in numbers. A 
Geometrical solution, is the answer given by the principles of Geome- 
try. And a Mechanical solution, is on© obtained by trials. 

10. A Lemma is a preparatory proposition, laid down in order to shortt^n 
the demonstration of the main proposition which follows it. 

11 . A Corollary^ or Consectary^ is a consequence drawn immediately from 
some proposition or other premises. 

12. A Scholium is a remark or observation made on some foregoing propo- 
sition or premises. 

13. An Hypothesis is a supposition assumed to be true, in order to argue 
from, or to found upon it the reasoning and demonstration of some pro- 
position. 

14. A Postulate^ or PetjJdon, is something required to be done, which is so 
easy and evident that no person will hesitate to allow it. 

Id. Method is the art of disposing a train of arguments in a proper order, 
to investigate the truth or falsity of a proposition, or to demonstrate it to 
others when it has been found out. This is either Analytical or Syn- 
thetical. 

16. Analysis^ or the Analytic method^ is the art or mode of finding out the 
troth of a proposition, by first supposing the thing to be done, and then 
reasoning step by step, till we arrive at some known truth. This is also 
called the Method of Invention^ or Resolution ; and fi^that which is com- 
monly used in Algebra, 

1 7. Synthesis, or the Synthetic Method, is the searching out truth, by firs! 
laying down simple principles, and pursuing the consequences flowing 
from them till we arrive at the conclusion. This, is also called the Me- 
thod of Composition ; and is that which is commonly used in Geometry. 

/8. The sign = (or two parallel lines), is the sign of equality ; thus, 
A*=B, implies that the quantity denoted by A is equal to the quantity 
denoted by B, and is read A equal toB, 

1 9. To signify that A is greater than B, the expression A 7 B is used. And 
to sigp*fv that A is. less than B, the expression A^ B is used. 
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90. The sign of Additi&n is an erect cross ; thus A+B implies the sum o 
A and B, and is called A plus B. 

31. SubtracHam is denoted by a single line ; as A — ^B, which is read A 
minus B ; A — B represents their dUfTerence, or the part of A remaiiong, 
when a part equal to B has been taken away from it. 
In like manner, A — B+C, or A+C — B, signifies that A and C are lo 
be added together, and that B is to be subtracted from their sum. 

22. MuUipliccUion is expressed by an oblique cross, by a point, or by simple 
apposition : thus, A X B, A . B, or AB, signifies that the quantity de* 
noted by A is to be multiplied by the quantity denoted by B. The ex- 
pression AB should not be employed when there is any danger of con- 
founding it with that of the line AB, the distance between the points A 
and B. The multiplication of numbers cannot be expressed by simple 
apposition. 

33. When any quantities are enclosed in a parenthesis, or have aline drawn 
over them, they are considered as one quantity with re spect to o ther 
symbols: thus, the expression AX(B+C — D), or Ax B+C — D, re- 
presents the product of A by the quantity B+G — D. In like manner, 
(A+B)x(A— B+C), indicates the product of A+B by the quantity 
A— B+C. 

24. The Cihefficient of a quantity is the number prefixed to it: thus, 2AB 
signifies that the line AB is to be taken 2 times ; ^AB signifies the half 
of the line AB. 

25. Division, or the ratio of one quantity to another, is usually denoted by 
placing one of the two quantities over the other, in the form of a fraction * 

thus, ^ signifies the ratio or quotient arising from the division of the 

quantity A by B. In fact, this is division indicated. 

26. The Square, Cube, &c. of a quantity, are expressed by placing a small 
figure at the right hand of the quantity: thus, the square of the line 
AB is denoted by AB*, the cube of the line AB is designated by AB^ ; 
and so on. 

27. The Roots of quantities are expressed by means of the radical sign -/, 
with the proper index annexed ; thus, the square root of 5 is indicated 
V5 ; y( A X B) means the square root of the product of A and B, or the 
mean proportional between them. The roots of quantities are some- 
times expressed by means of fractional indices : thus, the cube root of 

AxBxC may be expressed by VAxBxC, or (AxBxC)', and 
to 4m. 

88. "Numbers. in a parenthesis, such as (15. 1.), refers back to the numbei 
of the proposition and the Book in which it has beeiv announced or de- 
monstrated. The expression (15. 1.) denotes the fifteenth proposition, 
first book, and so on. In like manner, (3. Ax.) desigiiates the third 
axiom ; (2. Post.) the second postulate ; (Def. 3.) the third definition, 
and so on 
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f9. 'Hm w<k^ ihrtfare^ or kenee^ frequently ocenrt. To ezpresi eidier of 
these words, the sign •*. is generally used. 

iO. If the ^^Qodents of two pairs of numbers^ or quantities, are equal, the 

A C 
quantities are said to be proportional: thus, ^ n ^ K t then, A if to B 

«f C to D. And the abbreriations of the proportion is, A : B :: C : D; 
it is sometimes written A : B=C : D. 



DEFINITIONS. 

1. ''A Point is that which has position, but not magnitude*.* (See 
Notes.) 

8. A line is length without breadth. 

^f Corollary. The extremities of a line are points ; and the intMseetions 
** of one line with another are also points." 

i. ** If two lines are such that they cannot coincide in any two points, with- 
^out coinciding altogether, each of them is called a straight line.* 

^ Cor. Hence two straight lines cannot indose a space. Neither can two 
^ straight lines have a common segment ; that is, they cannot coincide . 
** in part, without coinciding altogether." 

4. A superficies is that which has only length and breadth. 

* Cor. The extremities of a superficies are lines ; and the intersections of 
^ one superficies with another are also lines." 

5. A plane superficies is that in which any two points being taken,^e 
straight line between them lies wholly in that superficies. ■ 

6. A plane rectilineal angle is the inclination of 'two straight lines tooD« 
another, which meet together, but are not in the same straight line. 



B 



12 



N. B. * When several angles are at one point B, any one of them is ex- 
pressed by three letters, of which the letter that is at the vertex of the an- 
gle, that is, at the point in which the straight lines that contain the angle 
meet one anothef, is put between the other two letters, and one of these 
two is somewhere upon one of those straight lines, and the other upon the 
other line : llius the angle which is contained by the straight lines, AB 
CB, is named the angle ABC, or CB A ; that which is contained by AB, 

* Hm deHiiitions matked with iavtited oommM an diffetent from those of Kuclid 
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' BD, it named the angle ABD, or DBA ; and that which is eont jdned )af 
' BD, CB, is called the angle DBG, or CBD ; but, if there be only one an* 
' gle at a point, it may be expressed by a letter placed at that point ; as tht 
* angle at £.' 



7 When a straight line standing on another 
straight line makes the adjacent angles equal 
to one another, each of me angles is called 
a right angle ; and the straight line which 
stands on the other, is called a perpendidi* 
lar toit 



6. An obtuse angle b that which is greater than a right an^^e. 



9. An acute angle is that which is less than a right angle. 

10. A figure is that' which is enclosed by one or more boundaries.-— 7^ 
wurd area denotes the quantity of space contained in a figure, without amf 
reference to the nature of the line or lines which hound it. 

11. A circle is a plane figure contained by one lino, which is called the 
eircumference, and is such that all straight lines drawn from a certain 
point within the fi^re to the circumference, are equal to one another 
and are called radiL 




12. And this point is called the centre of the circle. 

13. A diameter of a circle is a straight Iffie drawn through the centre, and 
' terminated both ways by the circumference. 

14. A semicircle is the figure contained by a diameter and the part of ths 
circumference cut ofi* by the diameter 
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l^ Rectilineal fifrures are tbose which are eonlabed by itraighl liaev 
10. Trilateral figures, or triangles, by three straight lines. 

17. Quadrilateral, by four straight lines. 

18. Multilateral figures, or polygons, by more than four straight linee. 

19. Of three sided figures, an equilateral triangle is that which hot thtee 
equal sides. 

20. An isosceles triangle is that which has only two tides cqutJL 






21. A scalene triangle is that which has three unequal sides. 

22 A right angled triangle is that which has a right angle. 

23. An obtuse angled triangle is that which has an obtuse angle. 




24 An acute angled triangle is that which has three acute angles. 

85 Of four sided figures, a square is that which has all its sides equal 
and all its angles right angles. 



26. An oblong is that which has all its angles right angles, but has nui aD 
its sides equal. 

27. A rhombus is that which has all its sides equal, but its angles are not 
right angles. 
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28. A rhomboid is that which has its opposite sides equal to one another^ 
but aU its sides are not equal, nor its angles right angles. 

29. All other four sided figures besides these, are called trapeziums. 

30. Parallel straight lines are such as are in the same plane, and which 
being produced ever so far both ways, do not meet. 



POSTULATES. 

1 . Let it be granted that a straight line may be drawn from any one poinf 
to any other point. 

2. That a terminated straight line may be produced to any length in a 
straight line. 

3. And that a circle may be described from any centre at any distance 
from that centre 



AXIOMS. 

1 . Things which are equal to the same thing are equal to one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be taken from equals, the remainders are equal. 

4. If equals be added to unequals, the wholes are unequal. 

5. If equals be taken from unequals, the remainders are unequal. 

8. Things which are doubles of the same thing, are equal to one another. 

7. Things which are halves of the same thing, are equal to one another. 

8. Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 

9. The whole is greater than its part. 

' 1 0. All right angles are equal to one another. 

1 1 . "Two straight lines which intersect one anothei, cannot be bodi pa- 
** raUe to the same straight line.** 
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PROPOSITION L PROBLEM. 
7« desert an equiUUerai triangle upon a given finite straight km. 

Lot AB be the given straight line ; it is required to describe an eqni* 
lateral triangle upon it. 

From the centre A, at the dis- 
tance AB, describe (3. Postulate) 
the circle BCD, and from the cen- 
tre B, at the distance BA, describe 
the circle ACE ; and from the point 
C, in which the circles cut one an- 
ther, draw the straight lines (1. 
Post.) CA, CB to the points A, B ; 
ABC is an equilateral triangle. 

Because the point A is the cen- 
tre of the circle BCD, AC is equal 

(11. Definition) to AB ; and because the point B is the centre of the cir- 
cle ACE, BC is equal to AB : But it has been proved that CA is equal 
to AB ; therefore CA, CB are each of them equal to AB ; now things 
which are equal to the same are equal to one another, (I. Axiom) ; there- 
fore CA is equal to CB ; wherefore CA, AB, CB are equal to one another ; 
and the triangle ABC is therefore equilateral, and it is described upon the 
given straight line AB. 

PROP. 11. PROB. 

From a given point to draw a straight line equal to a given straight line. 

Let A be the given point, and BC the given straight line ; it is required 
to draw, from the point A, a straight line equal to BC. 

From the point A to B draw (1. Post.) 
the straight line AB ; and upon it describe 
(1. 1.) the equilateral triangle DAB, and 
produce (2. Post.) the straight lines DA, 
BD, to E and F ; from the centre B, at the 
distance BC, describe (3. Post.) the circle 
CGH, and from the centre D, at the dis- 
tance DG, describe the circle GKL, AL is 
equal to BC. 

Because the point B is the centre of the 
circle CGH, BC is equal (11. Def.) to BG ; 
and because D is the centre of the circle 
GKL, DL is equal to DG, and DA, DB, 
parts of them, are equal ; therefore the re- 
mainder AL is equal to the remainder (3. 

Ax.) BG : But it has been shewn that BC Is equal to BG ; wherefore 
AL and BC are each of them equal to BG ; and things that are equal 
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to the saine are equal to one another ; therefore the straight line AL is 
equal to BC. Wherefore, from the given point A, a stnighl Hoe AL htm 
been drawn equal to the given atrai^ line BC. 

PROP. III. PROB. 

Fmm ike greater of iwo given siraigki lines te €iU A m pmt equmi l» lit 

kss. 

Let AB and C be the two given straight 
lines, whereof AB b the greater. It is 
required to cut off from, AB, the greater, 
a part equal to C, the less. 

From the point A draw (2. L) the 
straight line AD equal to C ; and from 
the centre A, and at the distance AD, 
describe (3. Post.) the circle DEF; and 
because A is the centre of the circle 
DEF, AE is equal to AD; but the 
straight line C is likewise equal to AD ; 

whence AE and C are each of them equal to AD ; wherefore the straight 
luie AE is equal to (I. Ax.) C, and from AB the greater of two straight 
linest a part AE has been cut off equal to C the less, j^ 

/ PROP. IV. THEOREM. 

1/ tw0 triangles have hoo sides of the one equal to two sides of the other ^ eaek 
to each ; and have Ukewise the angles contained by these sides equal to 
one another^ their hases^ or third sides, shcdl be, equal ; and the areas of 
the triangles shall be equal; and their other angles shall be equal, each to 
each, viz, those to which the equal sides are oppos te,* 

Let ABC, DEF be two triangles which have the two sides AB, AC 
equal to the two sides DE DF, each to each« viz. AB to DE, and AC te 
DF , and let the angle a 

BAC be also equal to the 
angle EDF: then shall 
*he base BC be equal to * 
the base EF ; and the tri- 
angle ABC to the triangle 
DEF; and the other an- 
ises, to which the equal . 
sides are opposite, shall , 

be equal, each to each, ^ OB 

vis. the angle ABC to the angle DEF, and the angle ACB to DFE. 

For, if the triangle ABC be applied to the triangle DEF, so that the 
point A may be on D, and the straight line AB upon DE ; the point B 
shall ^incide with the point £, because AB is equal to DE ; and AB 

* Hm ihne oonelasioM in this enunoiation m mon briefly ezprwiMl by taytag, ihmi tk» 
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eoinciding with DE, AC shall* coincide with DF, because the angle BAG 
m equal to the angle EDF ; wherefore also the point C shall coincide whk 
the point F, because AC is equal to DF : But the point B coincides with 
the point E ; wherefore the base BC shall coincide with the base EF 
cor. def. 3.), and shall be equal to it. Therefore also the whole triangle 
ABC shall coincide with the whole triangle DEF, so that the spaces which 
they contain or their areas are equal ; and the remaining angles of Uie 
one shall coincide with the remaining angles of the other, and be equal to 
them, viz. the angle ABC to the angle DEF, and the angle ACB to the 
logle DFE. Therefore, if two triangles have two sides of the one equal 
to two sides of the other, each to each, and have likewise the angles con- 
tained by those sides equal to one another ; their bases shall be equal, 
and their areas shall be equsil, and their other angles, to which the equal 
sides are opposite, shall be equal, each to each. "" 

^ PROP. V. THEOll. 

The angles at the base of an Isosceles triangle are equal to one another ; and 
if the equal sides he produced, the angles upon the other side of the has9 
shaU he equal. 

Let ABC be an isosceles triangle, of which the side AB is equal to AC 
and let the straight lines A B, AC be produced to D and E, the angle ABC 
shall be equal to the angle ACB, and the angle CBD to the angle BCE. 

In BD take any point F, and from AB the greater cut ol* AG equal 
(3. 1.) to AF, the less, and join FC, GB. 

Because AFis equal to AG, and ABto AC, the two sides FA, AC are equal 
CO the two GA, AB, each to each; and they contain the angle FAG* com- 
mon to the two triangles, AFC, AGB ; 
therefore the base FC is equal (4. 1.) to 
the base GB, and the triangle AFC to 
the triangle AG B ; and the remaining 
angles of the one are equal (4. 1.) to 
the remaining angles of the other, each to 
each, to which the equal sides are oppo- 
site, viz. the angle ACF to the angle 
ABG, and the angle AFC to the angle 
AGB : And because the whole AF is 
equal to the whole AG, and the part AB 
to the part AC ; the remainder BF shall 

be equal (3. Ax.) to the remainder CG ; , . 

and FC was proved to be equal to GB, -D/ XU 

therefore the two sides BF, FC are equal to the two CG, GB, each to 
each ; but the ande BFC is equal to the angle CGB ; wherefore the tri- 
angles BFC, CGB are equal (4. 1.), and their remaining angles are equal- 
to which the equal sides are opposite ; therefore the angle FBC is equal 
to the angle GCB, and the angle BCF to the angle COG. Now, since 
it has been demonstrated, that the whole angle ABG is equal to the whold 
ACF, and the part CBG to the part BCF, the remaining angle ABC is 
dMHrefore equal to the remaining angle ACB^ which are the angles at tlM 
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biiM.of the triangle ABC: And it has also been proved that the angte 
FBC is equal to me angle 6CB, which are the angles upon the other aids 
of the base. 

CoROLLART. Hence every equilateral triangle is also equiangular 

/If PROP. VI. THEOR. 

Iftw angies of a trtangU he equal to one another 1 the sides which subtend 
or are opposite tojhem, are also equal to one another. 

Let ABC be a triangle having the angle ABC equal to the angle AGB| 
the side AB is also equal to the side AC. 

For, if AB be not equal to AC, one of them is 
greater than the other: Let AB be the greater, 
and from it cut (3. 1.) off DB equal to AC the 
less, and join DC ; therefore, because in the tri- 
angles DBC, ACB, DB is equal to AC, and BC 
eommon to both, the two sides DB, BC are equal 
to the two AC, CB, each to each ; but tbe angle 
DBC is also equal to the angle ACB ; therefore 
the base DC is equal to the base AB, and the area 
of the triangle DBC is equal to that of the triangle 
(4. 1.) ACB, the less to the greater ; which is ab- 
surd. Therefore, AB is not unequal to AC, that 
is, it is equal to it 

CoR. Hence every equiangular triangle is also equilateral. 

/f PROP. Vn. THEOR. 

Upom the same hase^ and on the same side of it, there cannot be two triangles^ 
that have their sides which are terminated in one extremity of the base 
equal to one another^ and likewise those which are terminated in the other 
extremity f equal to one another. 

Let there be two triangles ACB, ADB, upon the same base AB, and 
upon the same side of it, which have their sides CA, DA, terminated in A 
equal to one another ; then their sides CB, DB, terminated in B, cannot 
be equal to one another. 

Join CD, and if possible let CB be 
equal to DB ; then, in the case in which 
the vertex of e^ch of the triangles is with- 
out the other triangle, because AC is 
equal to AD, the angle ACD is equal (5. 
i.) to the angle ADC : But the angle 
ACD is greater than the angle BCD ; 
ffaerefore the angle ADC is greater also 
tbaa BCD ; much more then is the angle 
BDG greater than the angle BCl^. Again, 
becanse CB is equal to DB, the angle 
BDC m equal (5. 1.) to the angle BCD; 
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bul it has been demonetrated to be greater tHaa II ; wUcli ie 
Ue. 

But if one of the vertices, as D, 
be within the other triangle ACB ; 
produce AC, AD to £, F ; therefore, 
because AC is equal to AD in the 
triangle ACD, the angles CCD, FDC 
ii|pon the other side of the base CD 
are equal (5. I.) to one another, but 
the angle ECD is greater than the 
angle BCD ; wherefore the angle 
FDC is likewise greater than BCD ; 
much more then is the angle BDC greater than the angle BCD. Again, 
because CB is equal to DB, the angle BDC is equal (5. 1.) to the an^ 
BCD; but BDC has been jproved to be greater than the same BCD; 
which is impossible. The case in which the vertex of one triangle ia 
upon a iside of the other, needs no demonstration. 

Therefore, upon the same base, and on the same side of it, there cannot 
be two triangles that have their sides which are terminated in one extrem. 
ity of the base equal to one another, and likewise those which aie terniiw 
teid in the other extremity equal to one another. 




^ 



PROP. VIII. THEOR. >/. iV. 



If two triangles have two sides of the one equal to two sides of the Mm 
each to each^tmd have likewise their bases equal; the angle which is comitttM 
odhy the two sides of the one shall be equal to the angle contained by the turn 
sides of the other. 

Let ABC, DEF be two triangles having the two sides AB, AC, eqinal 
10 the two sides DE, DF, each to each, viz. AB to DE, and AC to DP; 





B^ C Ei ^P 

and also the base BC equal to the base EF. The angle BAC is eqnal lo 
•he angle EDF. 

For, if the triangle ABC be applied to the triangle DEF, so that the 
point B be on E, and the straight line BC upon EF ; the point C shall also 
coincide with the point F, because BC is equal to EF : therefore BC coiii- 
ciding with EF, BA and AC shall coincide with ED and DF ; for, if 
BA and CA do not coincide with ED and FD, but have a different aitnif* 
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rion, as EG and FG ; then, upon the same base EF, and upon the aakna 
aide of it, there can be two triangles EDF, EGF,that have their sides which 
an terminated in one extremity of the base equal to <Mie another, and like- 
wise their sides terminated in the other extremity ; but this is impossible 
(7. 1.) ; therefore^ if the base BC coincides with the base EF, the sides 
BA, AC cannot but coincide with the sides ED, DF ; wherefore likewise 
the angle BAC coincides with the an^^ EDF, and is equal (8. Ax.) to It 

PROP. IX. PROB. 

To Insect a given rectilineal angle^ that if, to divide it into two ejnal anghi 

Let BAC be the given rectilineal angle, it is required te hiM^ct hi 

Take any point D in AB, and from AC cut 
(3. 1.) off AE equal to AD ; join DE, and upon 
U describe (1. 1.) an equilateral triangle DEF ; 
ilien join AF ; the straight line AF Insecle 
the aiigle BAC. 

Be^se AD is eqdal to AE, and AF is com- 
moB to the two triangles DAF, EAF ; the two 
aides DA, AF, are equal to the two sides EA, 
AF, each to each ; but the base DF is also 
equal to the base EF; therefore the angle 
DAF is equal (8. 1 .) to the angle EAF: where- 
fore the given rectilineal an|^ BAC is bisect- 
ed by the straight line AF. 

SCHOUUM. 

N 

By the same construction, each of the halves BAF, CAF, may be divi^ 
ded into two equal parts ; and thus, by successive subdivisions, a given aa- 
f^ may be divided into four equal parts, into eight, into sixteen, and so oa. 

PROP. X. FROB. 
To bisect a gwen finite struight line^ thai if, to divide it into two equal parts. 

Let AB be the given straight line ; it is required to divide it into two equal 
tuts. 

l^escribe (1.1.) upon it an equilateral triangle ABC, and bisect (9; I.) 
the angle ACB by the straight line CD. Afi is 
e«l into two equal parts in the point Dt 

Because AC is equal to CB, and CD common 
to the two triangles ACD, BCD : the two sides 
AC, CD, are equal to the two BC, CD, each to 
each ; but the ande ACD is also equal to the an- 
^ BCD ; therefore the base AD is equal to the 
base (4. 1.) DB, and the straight line AB is divi- 
iod into two equal parta in the point D. 
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PROP. XI. PROB. 

Ihdrmwasiraigki kne mi right angles to a given straight line, from m g iw rn^ 

point in that line. 

Let AB be a given straight line, and C a point giren in it ; it is reqafc- 
Kd to draw a straight hne from the point C at right angles to AB 

Take any point D in AC, and (3. 1.) make C£ equal to CD, and upom 
D£ describe (1. 1.) the equilateral p 

triangle DFE, and join FC; the ^ 

straight line FC, dravim from the giv- 
•n point C, is at right angles to the 
given straight line AU. 

Because DC is equal to CE, and 
FC common to the two triangles 
DCF, ECF, the two sides DC, CF ^— 

are equal to the two EC, CF, each ADC E B 

to each ; but the base DF is also equal to the base EF ; therefbre 11m 
angle DCF is equal (8. 1.) to the angle ECF ; and they are adjaceiit an- 
gles. . But, when the adjacent angles which one straight line makes witfc 
another straight line are equal to one another, each of them is called a 
right (7. def.) angle ; therefore each of the angles DCF, ECF, is a right 
angle. Wherefore, from the given point C, in the given straight lint AB, 
.FC has been drawn at right angles to AB. 

PROP. XII. PROB. 

To draw a straight line perpendicular to a given straight line, of an unlimtie4 
lengthy from a given point without it, 

I^et AB be a given straight line, which may be produced to any length 
both ways, and let C be a point without it. It is required* to draw a straight 
line perpendicular to AB from the 
point C. 

Take any point D upon the other 
side of AB,andfrom the centre C, at 
the distance m>, describe (3. Post.) 
Oie circle EGF meeting AB in F, G : 
and bisect (10. 1.) FG m H, and join 
CF, CH, CO ; the straight line CH, 
drawn from the given point C, is per- 
pendicular to the given straight line AB. 

Because FH is equal to HG, and HC common to the two triangles FHG, 
GHC, the two sides FH, HC are equal to the two GH, HC, each to each , 
but the base CF is also equal (11. Def. 1.) to the base CG ; therefore thi 
angle CHP is equal (8. 1.) to the angle CHG ; and they are adjacent an- 
|[les ; now when a straight line standing on a straight line makes the ad- 
|ac«mt angles equal to one another, each of them is a right angle, mi 
thf9 straight line which stands upon the other is called a perpendicular !• 
It ; therefore from the given pomt C a perpendicular CH has been draws 
to tb« givM straight line AB. 
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either two right ang^^ cr are together eqmd to lv# right angles. 
' Let the straight line AB make with QD, upon one tide of it the anglee 
CBA, ABD ; these are either two right angles, or are together equal to two 
fight angles. . , . 

For, S the ande CB A be eqoal to ABD, each of them is a nghl angU 
(Def. 7.) ; bm, ^ Q0^ from the point B draw BE at right angles (11. 1.) 




IB S 5 

lo CD ; therefore the angles CBB, EBD are two right angles. Now, the 
an^e CBE is equal to the two angles CBA, ABE together ; add the aa- 
l^e EBD to each of these equals, and the two angles CBE, EBD will be 
•qoal (2. Ax.) to the three CBA, ABE, EBD. Again, the angle DBA is 
equal to the two angles DBE, EB A ; add to each o? these equab the anrie 
ABC ; then will the two angles DBA, ABC be equal to the three angles 
DBE, EBA, ABC ; but the angles CBE, EBD havtf been demonstrated 
to be equal to the same three angles ; and things that are equal to the same 
ve equal (I. Ax.) to one another; therefore the angles CBE, EBD are 
eqoal to the angles DBA, ABC ; but CBE, EBD, are two right angles ; 
therefore DBA, ABC ; are together equal to two right angles. 

CoR. The sum of all the angles, formed on the same side of a straight 
line DC, is equal to two right angles ; because their sum is equal to thai 
«f the two adjacent angles DBA, ABC. 

PROP. XIV. THEOR. 

Iff at a point in a straight line^ two other straight lines^ upon the opposi^ 
sides of it, make the adjacent . angles together equal to two right angles^ 
these two straight lines are in one and the same straight line. 

At the poim B in the straight line AB, 
let the two straight lines BC, BD upon 
the opposite sides of A B, make the ailja- 
cent angles ABC, ABD equal togethe* 
10 two right angles. BD is in the same 
straight hne with CB. 

For if BD be not in the same straight 
Kne with CB, let BE be in the same 
straight line with it ; thnrefore, because 
he straight line AB makes angles with 
4M straight line CBE, upon one side of 
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it, tV ugtes ABC, ABE mre together equal (13. 1.) to two rigbt anglea ; 
but tLe angles ABC. ABD are likewise together equal to two right an^es * 
dmrefore the angles CBA, ABE are equal to the angles CBA, ABD: 
Take awmy the common angle ABC, and the remaining angle ABE b equal 
{3. Ax.) to the remaining angle ABD, the less to the greater, which b inn 
possible ; therefore BE is not in the same straight line with BC. And ia 
like manner, it may be demonstrated, that no other can be in the same 
iUaight line with it but BD, which therefore is in Ae same atrai|irfat line 
withCB. 

^•^ PROP. XV. THEOR. 

If two straight hnes cut one another ^ the vertiealf or opposite angles are e^uai 

Let the two straight lines AB, CD, cut one another in the point E : the 
angle AEC shall be equal to the angle DEB, and CEB to AED. 

For the angles CEA, AED, which the straight line AE makes with the 
straight lilie CD, are together equal (13. 1.) to two right an|^ee : and the 
angles AED, DEB, which the 
straight line DE makes with the 
straight line AB, are also together 
equal (13. 1.) to two right angles ; 
Inerefore the two angles CEA» 
AED are equal to the two AED, 
DEB. Take away the common 
angle AED, and the remaining 
angle CEA is equal (3. Ax.) to the 
remaining angle DEB. In the 
same manner it may be demonstrated that the angles CEB» AED axe 
equal. 

Cor. 1. From this it b manifest, that if two straight lines cut one aa>» 
other, the angles which they make at the point of their intersection, ave 
together equal to four right angles. 

Cor. 2. And hence, aM the angles made by uky number of straight linet 
meeting in one point, are together equal to four right angles. 

PROP. XVI. THEOR. 

if one hde of a trumgle be produced^ the e^erior angU is gteator thoh 
either ojf the interior^ and opposite angles. 

Let ABC be a triangle, and let its side BC be produced to D, the ex- 
terior angle ACD b greater thau either of the interior opposite angles 
CBA, BAC. 

Bbect (10. 1.) AC in E, join BE and produce it to F, and make E]< 
equal to BE ; join also FC, and produce AC to G. 

Because AE b equal to EC, and BE to EF ; AE, EB are equal to 
CE, EF, each to each; And the angle AEB b equal (15. 1.) to the 
angle CEF» because they are rertical angles ; therefore the base AB 
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fe m^ (4. 1 ) to the Um CF, and 
dU tiuagle A£B to tke triaagk 
C£P, and the renudniag angles to 
the remaining angles each to each, 
to which the eqiud sides are oppo- 
site ; wherefore the angte BAB is 
equal to the angle EOF; but the 
angle EOD is greater than the an- 
gle ECF ; therefore the angle ECD, 
thai is ACP« is greater than BAE: 
In the same manner, if the side BC 
be bisected, it may be demonstrated 
diat the'an^e BCG, that is (19. 1.), 
the angle ACD, is greater thaa this 
an^e ABC. 



PROP. XVII. THEOB. 
Amf two €ngl€S of a irumgh mr$ Ug t At r Un Am^ list trigU 

Le| ABC be any triangle; any 
two of its angles together am Ism 
than two right angles. 

Produce. BC 10 D; and because 
ACD is the exterior angle of the tri- 
M^ ABC, ACD is greater (16. 1.) 
tliiui i1m interior and o|qiosite angle 
ABC; to each of these add Uie angle 
ACB; therefore Uie angles ACD, 
ACB are greater than the angles 
ABC, ACB{ but ACD, ACB are to* 
gether equal (13. 1.) to two right an- 

^es : Uierefore the angles ABC, BCA are less than two nghl angles. In 
like manner, it may be demonstrated, that BAC, ACB an aUo CAB, ABCi 
are less than two right angles. 

PROP. XVIII. THEOft. 

• 

T^gTMder Jul^efsMry iriangU ktts tiogreiiimr lylsy j ie sto l> k 

iM ABC be a lrian|^ of which the 
side AC is greater than the side AB t the 
angle ABC is also greater than the angle 
BCA.' 

From AC, which is greater than AB, 
«HI off (3. i.) AD equi^ to AB, and join 
BD : and because ADB is the exterior 
angle of the triangle BDC, it is greater 
(16. I.) than the interior and . opposite 
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unglu PCB , but ADB is equal (5. 1.) to ABD, bectUBe the tide AB u 
equal i^ the side AD ; therefore the angie ABD is likewise greater than 
the angle ACB ; wherefore much more is the angle ABC greater than 
ACB 

PROP.XIX. THEOR. 

The gruAer angle of every triangle is subtended hy the greater side, or kaa 
the greater side opposite to it, 

^ Let ABC be a triangle, of which the angle ABC is greater than the 
angle BCA ; the side AC is likewise greater than the side AB. 

For, if it be not greater, AC must either 
be equal to AB, or less than ii; it is not 
equal, because then the angie ABC would 
be equal (5. 1.) to the angle ACB ; but it is 
not ; therefore AC is not equal to AB ; nei- 
ther is it less ; because then the angle ABC 
would be less (18. l.)than the angle ACB ; 
but it is not ; therefore the side AC is not 
less thaii AB ; and it has been shoMrn that 
it is not equal to AB ; therefore AC is greater than AB. 




PROP. XX. THEOR. 
Any two tides of a triangle are together greater than the thixd stde. 

Let ABC be a triangle ; any two sides of it together are greater thaa 
the thxfd side, viz. the sid^s BA, AC greater than the side BC ; and AB, 
BC greater than AC ; and BC, CA greater than AB. 

Produce BA to the point D, and make «^ 

(3. 1.) AD equal to AC ; and join DC. U 

Qecause DA is equal to AC, the an- 
gle ADC is likewise equal (5. 1.) to 
ACD : but the angle BCD is greater 
than the anrie ACD ; therefore the an- 
gle BCD IS greater than the angle 
ADC ; and because the angle BCD of 
the triangle DCB is greater than its an- B C 

l^e BDC, and that the greater (19. I.) side i% opposite to tho greater an* 
^e ; thereibre the side DB is greater than the side BC ; but DB is equal 
to BA and AC together ; therefore B A and AC together are greater than 
BC. In the same manner it may be demonstrated, that the sides AB, 
BC are greatec than CA, and BC, CA greater than AB. 




Thia ItWSL 



•hflineBC, 

aa is less than BA 



SCHOLIUM. 

.demonstrated without producing any of thejiidee : thus, 
iiiiimirfii III iUii iilwimm iliMiimis fninririn P, therefora 
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PROP. XXI. THEOR. 




Iftnm ikB ends of one sid§ of a triangU, tktn he drawn two Hraigki 
Unes to a point wUkin the triangle, these two lines shall }e less than eke 
other two sides of the triangle, but shall contain a greater angle. 

Let the two attaiglit lines BD, CD be drawn from B, C, the ends tT 
the side BC of the triangle ABC, to the point D within it ; BD and DC 
are less than the other two sides BA, AC of the triangle, but contain m 
anffle BDC greater than the angle BAC. 

Produce BD tb £ ; and because two sides of a triangle (20. 1.) sm 
greater than the third side, the two sides B A, j^ 

A£ of the triangle ABE are greater than BE. 

To each of these add. EC; therefore the X \1i> 

tfides BA, AC are greater than BE, EC : X \iC 

Again, because the two sides CE, ED, of 
the triangle CED are greater than CD, if 
DB be added to each, the sides CE, EB, 
will be greater than CD, DB ; but it has 
been shewn that BA, AC are greater than 
BE, EC ; much more then are BA, AC great- 
er than BD, DC. 

Again, because the exterior angle of a 
triangle (16^ 1.) is greater than the interior and opposite angle, the exte- 
rior angle BDC of the triangle CDE is greater than CED ; for the saiae 
reason, the exterior angle CEB of the triangle ABE is greater than BAC ; 
and it has been depionstrated that the ai^[le BDC is greater than the 
angle CEB ; much more then is the an^e BDC greater than the angle 
BAC. 

PROP. XXII. PROB. 

r# construct a triangle of which the sides shall be equal to three gmmt 
straight liwts ; but any two whatever of these Unes must be greater them 
the third (20. 1.). 

Let A, B, C be the three given 
etraigfat lines, of which any two 
whatever are greater than the 
third, Tix. A an^ B greater than 
C ; A and C greater than B ; and 
B and C than A. It is required 
ID make a triangle of which the 
sides shall be equal to A, B, C, 
each to each. 

Take a straight line DE, ter- 
minated at the point D, but un- 
limited towards E, and make 
(9. i.) DP equal to A, FG to B, 
emdi t^fl ^ual to C ; and firon 
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the cei.tTe i', 9t the distance FD, describe (3. Post.) the circle J)KL « 
. and from the centre 6, at the distance OH, describe (3. PosL) another 
eircie HLK ; and join KF, KG ; the triangle KF6 has its sides equal to 
tbe three straight lines, A, B, C. 

Because the point F is the centre of the circle DKL, FD is equal (11 
Def.) to FK ; but FD is equal to the straight line A ; therefore FR is 
equal to A : Again, because G is the centre of the circle LKH, GH is 
e^ (11. Def.} to GK; but GH is equal to C ; therefore, also, GK is 
ettoal to C ; and FG is equal to B ; therefore the three straight lines KF/ 
FG, GK, are equal to the three A, B, C : And therefore^e trian|^« 
KFG has its three sides KF, FG, GK equal to the three giren stni^ 
lines, A, B C. 

SCHOLIUM. 

If cine of the sides were ^eater than the sum of the other two, the aica 
would not intersect each other : hot the solution will always be possihUy 
whei^ the sum of two sides, any how taken (20. 1.) is greater than this 
durd. 

PROP. XXIII. PROB. 

4i agivenpaini in a gwen stro^kiUne^ to mmke a reetitrnMl angle §quml 
to a given reetiUneal angle. 

Let AB be the given straight line, and A tbe given point in it, and DCB 
die given rectilineal angle ; it is required to nmke an angle at the gives 
point A in the given straight lias 
AB, that shall be equal to tbs 
fiten rectilineal angle DOE. 

Take in CD, CE any points D, 
£, and join DE ; and make (22. 
1.) the triangle AFS, tha sides 
of which shall be equal to the 
Ikiee straight Knee, CD, DE, CE, 
s» that CD be equal to AF, CE to 
AG, and DE to FG ; and because 
DC, CE are equal to FA, AG, 
each to each, and the base .DE to 
the base FG; the angle DCE is 
equal (S. 1.) to the angle FAG. 

Therefore, at the given point A in the givmi straight line AB, tho 
FA.G is made equal to the given rectilineal angle DCE. 

PROP. XXIV. THEOR. 

fj two triangles have two sides of the one equal to two sides of the other^ eaek 
to eaehj but the angle contained by the two sides of the one greater them 
ths angle contained by the two sides of the other ; the base of ihat wkiek 
has the greater angle shall be greater than the base of the other. 

Let ABC, DEF be two triangles which^have the two sides AB, AC 
sfoallo the two DE, DF each to each, vis. AB equal to DE, and AC W 
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DF; but the angle BAG greater than the angle EDF; the oase BC is 
also greater than the base £F. 

OAhe two sides D£, DF, let DE be the side which is not greater tbaip ' 
the other, and at the point O, in the straight line DE, make (23. 1.) the 
fti^de EDG equal to the angle BAG : and make DO equal (3. 1.) to AC 
or DF, uid join EG, GF. 

Because AB is equal to DE, and AG to DO, the two sides BA, AG ais 
equal to the two ED, DO, each to each, and the angle BAG is equal to 
the angle E DG^ therefore 
the base BC is equal (4; 1.) 
to the base EG ; and be- 
cause DG is eqaal to DF, 
the angle DFG is equal 
(5. 1.) ta the angle DGF ; 
but the angle DGF is 
peater than the angle 
£GF ; therefore the an^le 
DFG is greater thanEGF; 
md much more is the angle - 
BFG greater than ttie 
angle EGF ; and because 
the angle EFG of the triangle EFG is greater than its angle EGF, aad 
because the greater (19. Inside is opposite to the greater angle, the si4^ 
EG is greater than the side EF ; but EG is equal to BC ; and therefim 
also BO is greater than EF. 

PROP. XXV. THEOR. 

ff$W0 tfianghshitv0 iwo ndM^the #n« e^tmi to iwa sides ofiheoikeif, mmA 
toeaek,haik0hms0rf the one greater than the bass rf the oikmr; ths angis 
santmnsd by ths sides of that wkieh has the greater base^ shall be gremies^ 
than the angle eontained by the sides of the other. 

Let ABC, DEF be two triangles which hare the two sides, AB, AC. 
equal to the two sides DE» DF, ea^h to each, viz. AB equal to D£, an4 
AC to DF : but let the base CB be greater than the base EF, the w^^ 
BAG is likew^e greater than the angle EDF. 

For, if it be not greater, it must either be equal tp it, or less; but Htm 
angle BAG id not equal to the angle 
EDF, because then the base BC 
would be equal (4. 1.) to EF ; but it is 
not ; therefore the angle B AC is not 
equal to the angle EDF ; neither is 
it less ; because then the base BO 
would be less (24. 1.) than t^e bas^ 
EF ; but it is not ; therefore the an- 
rie BAG is liot less than the angle 
EDF r and it was shewn that it is 
M equal to it ; therefore th^ angle 
BAG is greaM than the (uigjle EDF. 
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PROP. XXVI. ThiLOR. 

If two hiangles have two angles of the one equal to two angles ofths other 
each to each ; and one side equal to one side, vis. either the sides adjacent 
. to the equal angles, or. the sides opposite to the equal angles m each ; then 
shall the other side he egual^eaeh to each; and also the third angle oftke 
one to the thifd angle of the other 

Let ABC, DEF be two trian- 
^68 which hare the angles 
ABC, BCA equal to the angles 
DEF, EFD. viz. ABC to DEF, 
and BCA to EFD, also one side 
oqual to one side ; and first, let 
those sides be equal which are 
adjacent to the angles that are 
equal in the two triangles, viz. 
BC to EF; the other sides 
shall be equal, each to each, viz. 
AB to DE, and AC to DF ; and B 
the third angle BAC to the third angle EDF. 

For, if A'B be not equal to DE, one of them must be the greater. Let 
AB be the greater of \ke two, and make BG equal to DE, and join GO ; 
therefore, because BG is equal to DE, and BC to EF, the two sides GB, 
BC are equal to the two, Difi, EF, each to each ;. and the angle GBC is 
equal to the angle DEF; therefore the base GC is equal (4. 1.) to the 
base DF,and the triangle GBC to the triangle DEF, and the other angles 
to the other angles, each to each, to which the equal sides are opposite ; 
therefore the angle GCB is equal to the angle DFE, but DFE is, by the 
hypothesis, equal to the angle BCA ; wherefore also the angle BCG is 
eqnal to the angle BCA, the less to the greater, which is impossible ; 
therefore AB is not unequal to DE, that is, it is equal to it ; and BC is 
equal to EF ; therefore the^o AB, BC are equal to the two DE, EF, 
each to each ; and the angle ABC is equal to the angle DEF ; therefore 
the base AC is equal (4. .1.) to the base DF, and the angle BAC to the 
aBsieEDF. 

Next, let the sides which are 
opposite to equal angles in each 
triangle be equal to one another, 
▼iz. AB to DE ; likewise in this 
case, the -other sides shall be 
equal, AC to DF, and BC to EF ; 
and also tlie third angle BAC to 
the third EDF. 

For, if BC be not equal to EF, 
bl BC be the greater of them, 
and make BH ^al to EF, and 
ioui AH; and because BH is 
euBsl to EP, and AB to DE ; the two AB, BH are equal to the tm% 
ZNS, £F each to each; and they contain equal angles ; therefore (4. 1.) 
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fUbm ktfe AH is equal to die base DF, and the triangle ABII to the triaa 
gle D£F, and the other angles are equal, each to each, to which the equd 
sides are opposite ; therefore the angle fiHA is equal to the angle EFD* 
but EFD is equal to the angle BOA ; therefore also the angle BH A is equa* 
to the angle BCA,that is, the exterior angle BHA of the triangle AHC is 
equal to ita interior and opposite angle BC A, which is impossible (16. 1 .) ; 
wl^refore BC is not unequal to £F, that is, it is equal to^it ; and AB is 
e^ial to DE ; therefore the two, AB, BC are equal to the two D£, EF, each 
to each ; and they contain eqiud angles ; wherefore the base AC is eqjmi 
to thc^byeJF, and the third angle £AC to the third angle EDF. 

^.^f^Jl^ PROP. XXVII. THEOR. 

If a strmghi Une falling upon two other straight lines makes the aUemate 
9ngles equal to one another ^ these two straight lines are parallel. 

Let the straight line EF, which falls upon the two straight lines AB, 
CD make the lOtemate angles AEF, EFD equal to one another ; AB is 
parallel to CD. 

For, if it be not parallel, AB and CD being produced shall meet either 
towards B, D, or towards A, C ; let them be produced and meet towards 
B, D in the point G ; therefore GEF is a triangle, and its exterior an§^e 
AEF is greater (16. 1.) than the interior and opposite angle £FG ; but at 
is also equal to it, which is im- 
possible : therefore, AB and CD 
being produced, do not meet to-* 
wards B, D. In like manner it 
may be demonstrated that .they 
do not meet towards A, C ; but 
those straight lines which meet 
neither way, though produced 
erer so far, are parallel (30. Def.) 
to one another. AB therefore is parallel to CD. 

PROP. XXVIII. THEOR. 

If a straight line falling upon two other straight lines makes the exterior m^ 
gle'eqwl to the interior and opposite upon the same side of the line ; sr 
makes the interior angles upon the same side together equal to two ngkt 
emgUs ; the two straight lines are parallel to one another. 

Let the straight line EF, which 
fidls upon the two straight lines ABj 
CD, make the exterior angle EGB 
equal to Gil D, the interior and oppo*. 
site angle upon the same side; or let it 
make Uie interior angles on the same 
side gOH, GHD together equal to two 
light angles ; AB is parallel to CD. 

Because the angle EGB is equal to 
dM angle GHD, and also (15. 1.) to tho 
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I AGH, the magto AGH is eqoal to the angle'GHl) ; and they an tk«: 
akemaie aagka ; t^refore AB is parallel (27. 1.) to CD. Again* becauee 
theanglee BGH.GHD are equal (hyp. )totirori^ angles, and AGH,fiGH, 
ava alM equal (13i. 1.) to two risht angles, the an^s AGH, BGH are eqml 
to the angles BGH, GHD : Take away the common angle BGH ; therefoo 
the remaining angle AGH is equal to the remaining an^e GHD ; and they 
an ahemate angles ; therefore AB is parallel to CD. 

CoE. Hence, when two straight lines are perpendicular to & third lifts*, 
dwy will be parallel to each othe^ 

PROP. XXIX. • THEOR. 

^a straiglU line fall upon two parallel straight Unes^ ii makes the oUemutA 
angles equal to one another ;. and the exterior angle equal to the interior 
and opposite upon the same side ; and likewise the two interior angles ^spom 
the same side together equal to two right angles. 

Let the straight line £F fall upon the parallel straight lines AB, CD ; 
the alternate iM^es AGH, GHD are equal to one anomer ; and the exte- 
rior angle £GB is equal to the interior and opposite, upon the same sid^t 
GHD ; «nd die two interior angles BGH, GHD upon the same side are 
tQ^ther equal to two right angles. 

For if AGH be not equal to GHD, let KG be drawn making the angle 
KGH equal to GHD, and produce KG to L, then KL will be parallel to 
CD (27. 1 .) ; but AB is also paral- 
lel to CD I therefore two straight 
lines are drawn through the same 
piint .G, parallel to CD, and yet 
not coincidioi^ with one anothsr, 
' which is impossible (II. Ax.) The 
an^es AGH, GHD therefore are 
not unequal, that is, they are equal 
to one anoUier. Now, the angle 
EGB is equal to AGH (15. 1.); 
and AGH is proved to be equal 
to GH D ; therefore EGB is like^ 

wise equal to GHD ; add to each of these the angle BGH ; therefore the 
angles EGB, BGH are equal to the angles BGH, GHD; but EGB, BGH 
are equal (13. l.)to two right angles; therefore also BGH, GHD are 
equal to two right angles. 

Cor. 1. If two lines KL and CD make, with EF, the two angles KGH, 
GHC together less than two right angles, KG and CH wiH meet on the Mdo 
of XF on which the two angles are that are less than two right angiea. 

For, if not, KL and CD are either parallel, or they meet on the other 
side of EF ; but they are not parallel ; for the angles KGH, GHC would 
then be equal fb two right angles. Neither do they meet on the other 
^e of EF; ftxr the angles LGH, GHD would then be two angle^of a 
triangle, and less than two right angles ; but this is impossible ; for die 
four angles KGH, HGL, CHG, GHD are together oonal to four Tight 
an|^(l9 1 .) of which the two, KGH, CHG, are hy soppositimi less tfaaft 
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tw^fif^ caglea; Aereibre th* other liro, HGL, GHD Mr* greater thai 
tWo right anglee. Therefore, since KL aad CD are not paraljbit and aiaoe 
they do not meet towards L and D, ihey niiist meet if orodiieed tovraids 
Kaiida 

CoR. 2. U BGH is a right angle, GHD wiU he IL right angle also; 
tkwefote erery line peipendieular to one of two paralidb^ is perpendieolai 
Solkelrther. 

GOE. 3. Since AGEsrBGH, and DHFsCHG ; henoe the four aewle 
angles BGH, AGE, GHC^ DHF, are eqnal to each other. The same is 
the case with the four obtuse angles EGB, AGH, GHD,^CHF. It may 
bo also observed, that, in adding one of the aente angles to one of tLe ob- 
taie» the sum will always be equal to two right an^es. 

^ SCHOLIUM. 

The angles just spoken €^ when compared with each other, assume 
jWroffffHl names. BGH, GHD, we have already named interior angles em 
ike mm side ; AGH, GHC, have the same name ; AGH, GHD, are called 
aliemaie interior angles, or simply aUemate; so also, are BGH, GHC : 
and lastly, EGB, GHD, or EGA, GHC, are called, respectively, the op. 
posite exterior and interior angles ; and EGB, CHF, or AGE, DHF, the 
mkemate exterior angles. 

PROP. XXX. THEOR. 

Siraigkt lines whiek are paraM to the same straight line are pofaM to am 

another. 

Let AB, CD, be each of them parallel to EF> AB is also pandM lo 
CD. 

Le^ the straight line GHK cut AB, EF, CD ; and because GHK cuts 
the parallel straight lines AB, £F, the 
angle AGH is equal (29. 1.) to the an- 
^e GHF. Again, because the straight 
luie GK cuts me parallel straight lines 
£F, CD, the ang^e GHF is equal (29. 
1.) to the angle GKD: and it was 
shewn that the angle AGKns equal to 
the angle GHF ; Uierefore also AGK 
is equal to GKD ; and they are alter- 
nate angles ; therefore AB is parallel 
(27. l.)toCD. 

PROP. XXXI. PROB. 

To draw a straight Une through a given point parallel toagwen straight 

line. 

Let A be the siven pcnnt, and BC the given straight Hne, it is required 
lo Araw a straight line throng the point A, parallel to the straiglu line 
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In BC take any pobt D« and jom _'- 
hV; and at the point A, in the '^ 
straight line AD, make (23. 1.) the 

ansle DA E equal to the angle A DC ; ■ 

and produce the straight line E A to F. O D C 

Because the straight line AD, which meets the two straight lines BC, 
EF, makes the alternate angles EAD, ADC equal to one another, £F is 
' parallel (27^ 1.) to fiC. Therefore the straight line EAF is draws 
through Uie given point A parallel to the given straight line BC. 

PROP, XXXIL TilEOR. 

If a side of any triangle he produced^ the exterior angle is equal to the two 
interior and opposite angles ; and the three interior angles of every triangle 
are equal to two right angles. 

Let ABC he a triangle, and let one of its sfdes BC he produced to D , 
the exterior angle ACD is equal to the two interior and opposite anries 
CA'B, ABC ; and the three interior angles of the triangle, viz. ABC, BUA, 
C A B, are together equal to two right angles. 

Through the point C draw 
CE parallel (31. 1.) to tlie 
straight line AB ; and because 
AB is parallel to CE, and AC 
meets them, the alternate an- 
gles BAC, ACE are e(|ual (29. 
1.) Again, because AB is pa- 
rallel to CE, and BD falls upon 
' Ihem, the exterior angle EC D is .equal to the interior and opposite angle 
ABC, but the angle ACE was shewn to he equal to the angle BAC ; 
therefore the whole exterior angle ACD is equal to the two interior and 
opposite angles CAB, ABC; to these angles add the angle ACB, and 
the angles ACD, ACB are etfual to the three angles CBA, BAC, ACB; 
but the angles ACD, ACB are equal (13. 1.) to two right angles; there- 
fere also the angles CBA, BAQ, ACB are equal to two right angles. 

Cor. 1. All the interior angles of any rectilineal figure are equal lo 
twice as many right angles as the figure has sides, wanting four right angles. 

For any rectilineal figure ABCDE can h§ divided into as many trian- 
gles as the figure has sides, by drawing straight lines from a pciint F 
within the figure to each of its angles. And, by the preceding proposition, 
all the angles of these trian^es are etfual 
lo twice as many right angles as there 
are triangles, that is, as there are sides 
of the figure ; and the same angles are 
equal to the angles of the figure, together 
with the angles at the point F, which 
is the common vertex of the triangles; 
that is, (2 Cor. 15. 1.) together with four 
right angles. Therefore, twice as many 
fight angles as the figure has sides, are 
a^ial to all the angles of the figure, to- 
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faCbtr with fear right angles that is, the angles of the lipre are equal 
to twice as many right angles as the figure hu sides, wanuiig four. 

Cor. 2. All the exterior angles of any rectilineal figure are tog 
equal to four right angles. 

Because erery interior angle 

ABC, with iu adjacent exterior 

ABD, is equal (13. I.) to two 
right angles ; therefore all the 
iitterior, together with all the 
exterior angles of the figure, 
nre equal to twice as many 
right angles as there are sides 
of the figure; that is, by the 
foregoing corollary,' they are 
equal to all the interior angles 
of the figure, together with* 
four right angles ; therefore all 
tlie exterior angles are equal to four right angles. 

CoR. 3. Two angles of a triangle being given, or merely their snm, dM 
diird will be found by subtracting that sum from two right angles. 

CoR. 4. If two angles of one triangle are respectively equal to two an* 
l^es of another, the third angles will also be equal, and the two trianglee 
will be mutually equiangular. 

CoR. 5. In any triangle there can be but one right angle ; for if ^re 
were two, the third angle must be (fething. Still less can a triangle have 
more than one obtuse angle. 

CoR. 6. In every right-angled triangle, the snm of the two acute an- 
gles is <»qual to one right angle. 

CoR. 7. Since every equilateral triangle (Cor. 5. 1.) is also equian* 
gular, each of its angles will be equal to the third part of two right angles ; 
eo that if the right angle is expressed by unity, the angle of an equilateral 
liiangle will be ex^Nressed by f of one right angle. 

CoR. 8. The snm of the angles in a quadrilateral is equal to two rigli* 
SBgies multiplied by 4 — 2, which amounts to four right angles ; hence, if 
nil the angles of a quadrilateral are et^ual, each of them will be a right an- 
gle ; a conclusion which sanctions the Definitions 25 and 26. where the 
four angles of a quadrilateral are said to be right, in the case of the rectan- 
gle and the square. 

CoR. 9. The sum of the angles of a pentagon is equal to two right aa- 
gles multiplied by 5 — 2, which amounts to six right angles ; hence, when 
a pentagon is equiangular, each angle is equal to the fifth part of six right 
angles, or { of one ri^ht angle. 

CoR. 10. The sum of the angles of a hexagon is equal to 2 x (6 — 2), 
m eight right angles ; hence, in the equianguUr hexagon, each angle is 
the sixth nart of eight right angles, or | of one right angle. 

SCHOLIUM. 

When (Cor. 1 ) is applied to polygons, which have re-entrant angles, 
an A BC each re-enurant angle must be regarded as greater than two rig^ 



Digitized 



by Google 



ELEMBNTS 



And, by yAoing BD^ BE, BF, tka 
figure is divided into four trianglesy 
nHbick contain eight right angles ; 
that is, as many times two right an- 
gles as there are units in the number 
of sides diminished by two. 

But to aroid aU ambiguity, we shall 
henceforth limit our reasoning to 
poljrgons with salient angles, which 
might otherwise be named convex 
polygons. Every convex polygon is 
such thai a straight line,, drawn at 
pleasure,' cannot meet the contour of 
the polygim in more than two points. 






PROP. XXXIII. THEOR. 



Tks straight lines which join the tttremiiies of two equai andparaTUl stra^^ 
Um$St iowards the sams parts, art also themselves equal andpearaUd. 

Left AB, CD, bo equal and parallel straight lines, and joined towtirda 
ahe same parts by the stnogkl lines AC, BD; AC, BD are also equal sad 
parallel. 

loin BC ; and because AB is parallel 
to CD, and BC meets them, ^e altlf^ate 
angles ABC, BCD are equal (29. 1.) ; and 
Wcaiise AB is equal to CD, and BC com- 
non to the two triangles ABC, DCB, the 

Mro sides AB, BC are equal to the two ^^ 

DC, CB ; and the angle ABC is equal to C U 

the angle BCD ; therefore the base AC is equal (4. 1.) to ^ base BD, 
and the triangle ABC to the triangle BCD, and the other aiigles to the 
filler angles (4. 1 .) each to each, to which the eqnal sides are opposite : 
&Mefore the angle ACB is equal to the angle CBD ; and because the 
straight line BC meets the two straight lines AC, BD, and makes the ad- 
temate angles ACB, CBD equal to one another, AC is parallel (27. 1.) Id 
BD ; and it was shewn to be equal tr it. 

Cor. 1. Hence, if two opposite sides of a quadrilateral are equal und 
parallel, the remaining sides will also be- equal and parallel, and the figure 
inll be a parallelogram. 

Con. 2. And evenr quadrilateral, whose oj^site sides are equal, is a < 
parallelogram, or has its opposite sides parallel. 

For, having drawn the diagonal BC ; then, the triangles ABC, CBD, 
beuig mutually equilateral (Ayp.)* ^^®7 ^'® ^^ mutually equiangular 
(Th. 8.), or have their corresponding angles equal ; consequently, the op 
posite sides are parallel ; namely, the side AB parallel to CD, and BD pa 
rallel to AC ; and, therefore, the figure is a parallelogram. 

Cor. 3. Hence, also, if the opposite angles of a quadrilateral be equal 
lliO o|^losite sides will likewise be equal and paralleL 

For all the angles of the figure being equal to four right angles (Cor. • 
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T%. 32.), and the ojqposite tngles being nutoany equal, each pair of adja 
Mat angles must be equal to two right angles ; therefore, the opposite aioso 
mnal he equal and parallel. 

PROP. XXXIV. THEOR. • 

T%e cpposiie mdes and angks ofaparaUelogram w equal to one anotkor, and 
$k§ diagomd bimeU it / thai is^ diotdes ii into two efual parts, 

H. B. A Pw«1l0lo|fMn w m !biir-«ided figure, of wkidi Um opposite tide* aro parallol ; mtd 
UMfiumetor io • stnifht Uno joioinf two of itt opposite osfloo. 

Let ACDB be a parallelogram, of which BC is a diameter ; the oppo* 
site sides and angles of the figure are equal to one another ; and the dian^ 
oler BC bisects it. 

Because AB is parallel to CD, and BC 
meets them, the altemate angles ABC, 
BCD are equal (29. 1.) to one another ; and 
because AC b parallel to BD, and BC meets 
them, the altemate angles ACB, CBD are 
equal (29. 1.) to one another; wherefore 
the ^wo triangles ABC, CBD have two an- 
^es ABC, BCA in one, equal to two angles 
BCD, CBD in the other, each to each, and the side BC, which is adja* 
cent lo these equal angles, common to the two triangles ; therefore their 
sihor sides are equal, each to each, and the third angle of the one to the 
rfiird angle of the other (26. 1.) ; vik, the side AB to the side CD, and 
AC to BD, and the angle BAC equal to the an^le BDC. And because 
die angle ABC is equal to the angle BCD, and the angle CBD to the 
as^e ACB, the whole angle ABD is equal to the whole angle ACD : 
And the angle BAC has been sheMm to be equal to the angle BDC : there- 
fore the <^q[)Osite sides and angles of .a pigralielogram are equal to one an- 
dfaer ; also, its diameter bisects it ; for AB being equal to CD, and BC 
common, the two AB, BC are equal to the two DC, CB, each to each ; 
DOW the angle ABC is equal to the angle BCD ; therefore the triangle 
ABC is eqtnl (4. 1.) to the triangle BCD, and the diameter BC divides 
iko parallelogram ACDB into two equal parts. 

Coji. 1. Two parallel lines, inchided between two other parallels, avs 




CoR. 2. Hence, two parallels are every where equally distant. 
Cor. 3. Hence, also, the sum of any two adjacent angles of a pani 
ielogram is equal to two right angles. 

•»* 
PROP. XXXV. THEOR. 

PandUograms upon the same base and between the samo parallels^ aro oqim 

to one another, 

(SBB THS 2d AND 3d FIOURBS.) 

Let the parallelograms ABCD, EBCF be upon the same base BC, sad 
hstween the same parallels AF, BC ; .the parail^ogram ABCD is eqiud li 
dMi panllelqgram EBCF. 
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If tlie MfM AD, I>F of the parallelo- 
mms ABCD, DBCP opposite to the baM 
BC be terminated ia the same point D ; 
it is plain that each of the parallelograms 
is double (34. 1.) of the Iriaagle BDC ; 
and they are therefore e^ual to o^e an- 
other. 

But, if the sides AD, EF, opposite to the base BC of the psndlelogram 
ABCD,EBOF, be sol ienninated in the ssme point ; then, becftvs^ ABCD 
is a ^parallelogram, AD is equal (34. 1.) to BO ; forihe same reason EP 
isaqualtoBC ; wherefore AD is equal (1. Ax.) to EF; sadDE is cmn* 
■oa ; therefore the whole, or 4he reraaiiider^ AE is equ«l<2. or 3. AjF.)<li 
the whole, or the remainder DF ; now AB is also equal to DC ; thflfonpni 
dieiwo EA, AB are equal to the two FD, DC, mu^to oaeh; bytlfaffia- 




lerior angle FDC is equ^ (29. 1.) to die interior EAB, wherefore the 1 
EB is ^nal to the base FC, and the triangle EAB (4. J.) to die triaiM^o 
PPC. Take fhe trian^e FDC from the trapezium ABCf^fmd from ttw 
S9LIDI9 tnupe^iun^ take the tiianj^e EAB ; the remainders w^ then be e^^ 
(3. Az.)|$at is, the parallelogram ABCDis o^ualto the pcgralt^lojginunEBCF. 

PROP. XXXVL THEOR. 

Let ABCD, EPGH be perallelograms upon e^al bases BC, FG, tal 

between the same parallels AH, 
BG; the parallelognun ABCD 
is equal to EFGH. 

Join BE, CH; a»d because 
BG is equal to FG, and FG to 
(34. 1.) EH, BC is equ^to EH ; 
and they are parallel^, "and join- 
ed towaurds the same parts by the 
straight lipe^ BE^ CH : But 

straight lines whieh Join equal an^ parallel straight Unestowards the i 
Darts, are themselves equal and parallel (33. 1.) ; therefore EB, CH are 
both equal and mtral|e)^ ^ f^BCH is n parallelogram ; and it is equal 
^35 1.^ to ABCD, because it is upon the same base BC, and between the 
•tfne paraHeb BO, AH : For the like reason, die parallelogram EPGH 
Is oqntf ID the sum EBOH : ThereAm also dM puaUeiogism ABCD fe 
mtptl to EFGH. 
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PROP. ZXZTIL THEOR. 



IM^hmtnw^eB ABC, DBC be 190ft dMmne btM BC, ni beiwMi 
di0 ime paraBela, AD, BC : The 
liuigia ABC is equal to it* tttei- 
ifeDBC. 

Produce AD both myn to the 
poiittB 8, y, iiitd throDgh B Armw (81. 
1.) B£ peraDel to CA ; and through 
C draw CF parallel to BO : There- 
fixe, each of the figures EBCA, 
BBCFiBUpmllelmMi; amdEBCA 
is equal (35. l.)«e DBCF,beoMMtksjr ue upon tlie eMie base BC, and 
between the same parallels BC, EF ; but the triangle ABC is the half ol 
die parallelogram EBCA, because die diameter AB Useets (34. 1 .) it ; 
and the trianrie DBC is the helf of ihe pandlelograra DBCF, beeaoM 
the diamet« DC bisects il{ and the haltes ef equal things me equal (7. 
Ax.) ; theiefape the lrian|^ ABC is equal to the triangle DBC. 

PBOP. ZXXVm. THEOR. 




Let the triangles ABC, DEF be upon equal bases BC, EF, and belweei 
ihe sameparallels BF» AD : The trianrie ABC is equal to the tnanrie DEF 

Phidiice AD both wajrs to the pouts G, IL and thtoogh B oraw B6 
pardlel (31. 1.) to CA, and through F draw FH parallel to ED : Then 
eaoh at the figures GBCA, 
DEFH is a parallelogram; 
and they are equal to (36. 1.) 
one an(^er, because thef ate 
upon equal bases BC, EF, and 
k&ivmm the «um perattels 
BF, GH; ettd the tmegle 

ABC is the half (34. 1 .) of the ^ ±-± ^ 

parallelogmmGBCA,because ^ K^ ti r 

the diameter AB bisects it ; and the triangle DEF is the half (34. I.) ef 
Uie parallelogram DCFH, because the diameter DF bisects It: But the 
balres vf equal things are equal (7. Ax.) ; d^ereibre the triangle ABC la 
eq«al to the tiiaagie DEF. 

PROP. XXXIX. THBOR. 

E^tufintmgkiMp^nihe same 4est, mmd Mptm ik» same sids sfii^ an hetmssm 

iks soma panUfls. 

Let the e^^ual trianries ABC, DBC be upon the same base BC, 1 
I eth ; mey are between the same parallds. 
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Join AD ; AD is i^mXiel to BC ; for, if it is no., throagk tbs poim A 
draw (31. 1.) AB paialiel to BC, aud join EC : a t\ 

The triangle ABC, is equal (37. 1.) to the tri- ^^ ^^ 

Sbgle £BC, because it is upon the same base 
BC, and between 'die same parallels BC, A£ : 
But the triangle ABC is equal to the triangle 
BDC ; therefore also the triangle BDC is equal 
to- the triangle' £BC» the greater to the less, 
which is impossible : Therefore A £ is not par- 
allel to BC. In the same manner, it may be 
demonstrated that no other line but AD is parallel to BC ; AD is tbtm- 
tore parallel to it 

PROP. XL. TH£OR. , 

Eftud triangles an the same side of bases wkiek are equal and m the aaam 
straigki Une^ are between the same parmllds. 

Let the equal triangles ABC, D£F be npon equal bases BC, EF, tt 
the same straight line BF, and to- 
wards the same parts ; they are be- /l t^ 
iween the same parallels. 

Join AD ; AD is parallel to BC ; 
for, if it is not, through A draw (31. 
L) AG parallel to BF, and join GF. 
The triangle ABC is equal (3^ 1.) 
to the triangle 6EF, because they 
are upon equal bases BC, £F, and 
between the same parallels BF, 

AG : But the triangle ABC is equal to the triangle D£F ; therefore also 
the triangle D£F is equal to the triangle GEF, the greater to the less, 
which is imjpossible ; therefore AG is not parallel to BF ; and in the same 
manner it may be demonstrated that there is no other parallel to it bat 
AD ; AD is therefore parallel to BF. 

PROP. XLL TH£OR. 

If a pareJlelogram and a triangle he upon the saam base^ and between ike 
same parallel i the panMelogram is double of ike triangle. 

Let die parallelogrsm ABCD and the tri- 
angle EBC be upon the same base BC and 
.between the same parallels BC, A£; the 
parallelogram ABCD is double of the trian- 
gle EBC. 

Join AC ; then the triangle ABC is equsl 
(37. 1.) to the trianj^e EBC, because they 
are upon the same base BC, and between the 
same parallels BC, AE. But the parallelo- 
gram ABCD is double (34. 1.) of the triangle 
ABC, because the diameter AC divides it 
mo two equal pacts; wherefore ABCD is also douUe of die txian^e KBO 
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PROP. XUl. PROB. 

T$ii$eni$ mparaUdegrmm Ito skmU h$ e^utd U t^gi^en irm^b^ mmi hmm 
one of iU amgUM eqwd to a given reeiikne^ ^ngU. 

hn ABC be the given triangle* and D the given rectilineal angle. I 
« required to describe a parallelogram that ahul be equal to the giren tri 

angle ABCt and have one of its anglee equal to D. 
BiBect (10. 1.) BC in E, join AE, and at the point E in the straight Um 

EC make (23. 1.) the an^e CEF equal to D ; and through A draw (31. 

1.) AG parallel to BC, and through C draw CO (31. 1.) parallel to EF; 

Tberefure FECG is a parallelogram : a -n 

And because BE is equal to EC, the '^^ =^- 

iritngle ABB is likewise equal (38. 

I.) to the triangle A EC, since thejr 

are iqion equal bases BE, EC, and 

between the same parallels BC, AG ; 

therefore the triangle ABC is double 

of the triangle AEC. And the parai- 

lelogram FECG is likewise double 

(41. 1.) of the triangle AEC, because 

it is upon the same base, and between 

the same paikllels : Therefore the parallelogram FECO is equal to tlie 
triangle ABC, and it has one of iu angles CEF equal to the given angle 
D : Wherefore there has been described a parallelogram FEuG equal to 
a given triangle ABC, having one of its angles CEF equal to the given 
angle D. 

CoR. Hence, if the angle D be a right ansle, the parallelomm EFGC 
will be a rectangle, equivalent to the trian^e ABC ; and therefore the 
same construction wiU apply to the problem : to mak$ a triangU oquivaUni 
t9 m gwem roctattgU, 

PROP. XLIII. THEOR. 

Tk^ emitplemnds of tin pandMogroms which aro a^out tho dimmt^ ^^ 
parolUlogram^ art equal to one another^ 

Let ABCD be a parallelogram of which the diameter is AC ; let EH, 
FG be the parallelograms about AC, that is, through which AC passes, anc 
let BK, KD be the other parallelograms, 
which make up the whole figure ABCD, 
and are therefore called the complements ; 
rhe complement BK is equal to the com- 
plement KD. 

Because ABCD is a parallelogram and 
AC its diameter, the triangle ABC is 
equal (34. 1.) to the triangle ADC : And 
because EKHA is a parallelogram, and 
KK its diameter, the triangle AEK is 
«iual to the triangle A H K : For the same 
reason, the trianj^e RGC is equal to the 
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triangle RFC. Then because the triangle AEE ia equal to the triangle 
4HK, tnd the triangle K6C to the triangle KFC ; the triangle AEK, to- 
gether with tb) triande KGC, is equal to the triangle AHK, together with 
ma triangle KFC : 5nt the whole triangle ABC m ecmal to the wtuAm 
ADC ; therefore the remaining complement Bit is equal to the remaining 
eomplMMnI KIX 



PROP. XLIT. PROF. 

irianglky amdkave am of Us angles ejmai to a given rectilineal Ofitgb. 

Let AB be ^ giren straight Hne, and C the ffrm triangle, and D A* 
given rectilineal angle. It is required to apply to die straight Une AB a 
parallelogram equal to the triangle C, and bia^nf^ an angle eqori to D. 
Make (42. 1.) the parallelogram BEFG equal' to the triangle C, haraig dm 




an|^e EBG equaT to the angfe D,. andL the side BE in the same stnigbi 
ftie^ with AB : produce FG to H, and. through A draw (3L I.) AU. parallel 
to BG or EF, and join HB. Then because the straight line HP falls upon- 
die parallels AH^ EF, the angles AHF, HFE, are together equal (29. 1.) 
to two right angles ; wherefom the augles BHF, HFE are less tlun two 
right angles ; But straight lines which with another straight line make the 
iqtfirior aoglest^upon the same side lees than two righfr angles, do* neetifpni* 
duced (1 Cor. 29. 1.) : TbereftMre HB, FE will meet, if produced ; let them 
meet in K, and through K draw KL parallel to E A or FH,and produce HA» 
OB to ^ne points L, 111 : Then HLK r is a paralTelogramf of which die diaa» 
eter ie HK,and AG, AfE are the parallelograms alxmt HK; and LB, BF are 
the con^lements ; therefore LB is equal (43. 1.) to BF : but BF is equal 
toi the triangle C ; wherelbra LB is equal to the triangle C ; and because 
the angle GbE is equal (15. 1.) to the angle ABM, ana likewise to the an,* 
^e D ; the angle ABAf is equal to the angle D : Therefore the parallelo- 
mm LB, which is applied to the straight line AB, is equal to the triangle 
C, and has the anglei ABM equal to ttra angle D. 

CoR. Hence, a triangle may be converted into an eqmv.ilent reetangh^ 
kmfinf a side of a given length : for, if the angle D be a right angle, and 
AB the given side, the parallelogram ABML will be a rectangle eqwlTa 
li«t loathe trian^e C. 
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l^ROP. XLV. PftOB. 
TV dtseribe m parmBelogram eautd to m given rteiiUnsal figwe^ mni htning 

Ltl ABCD 1*9 lb* given feedlweri figtra, mi4 E the given Motiliaeal 
fligla. Itieraquii^todeaoribeftpenUekigmneqaalto ABCD»eadhar- 
iig an ngie equal to £. 

Jmm DB, and describe (42. l.> the panUelogram FH equal to the tri- 
angle ADB, and having the angle HKF equal to the angle E ; and to the 
atrai^ line GH (44. 1.) apply the parallelognun GM e<pial to the triangle 
DBC, having the angle GuM equal to tbe angle £. And because die a»- 
l^e £ is equal to each of the an^ks FKH, GHM, the angle FKH is equal 
te 6HM f add te^ each of theee the angle KHG ; therefore the anglee 
FKH, KHG are equal to the angles KHG, GHM ; but FKH, KHG are 
equal (29. 1.) to two right angles ; therefore aiso KHG, GHM are equal 
to two right angles : and be4Miise at the vioint H in the straight lines GH» 

• K-- — r 




the two straiglit Ihles KR, HM, upon the opposite sides of GH, make the 
adjacent angles equal to two right angles, KH is in the same straight line 
(14. 1.) with HM. And because the straight line HG meets the parallels 
KM, FG^the alternate ang^s MHG, HGF are equal (29. 1.) ; add to each 
of these ^e angle H6L : therefore the angles MHG, HGL, are equal to 
the an^es HGF, HGL : But the toigles MHG, HGL, are equal (29. 1.) to 
two right angles ; wherefore also the angles HGF, HGL, are equal to two 
ri^ angles, and FG is therefore in the same straight line with GL. And 
becMise KF is parallel to HG, and HG to ML, KF is parallel (30. 1.) to 
ML; but KM,FL are parallels: wherefore KFLM is a parallelogram. 
And because the triangle ABD is equal to the parallelogram HF, and the 
triangle DBC to the parallelogram GM, the whole rectilineal figure ABCD 
is equal to the whole parallelogram KFLM ; therefore the parallelogram 
KFLM has been described equd to the given rectilineal figure ABCD, hav« 
ing the angle FKM equal to the given angle B. 

Con. From this it is manifest how to a given straight line to apply a 
pantlefogram, which shall have an angle equal to a given rectilineal angle, 
and shall be equal to a given rectilineal figure, ots. by applying (44. 1.) 
to the given straight line a parallelogram e^ial to the first tnangle ABD, 
and having an angle equal to the pven ang)b» 
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PROP. XLVI. PROB. 
To deAcrihe a square upon a givon siraighi Uns. 

Let AB be the given etndghl line : it is required to describe a sqaarv 
vpon AB. 

Fiom the point A draw (1 1. 1.) AC at right angles to AB ; and make 
(8. 1.) AD equal to AB, and through the point D draw DE parallel (31. 1.) 
to AB, and through B draw BE parallel to AD ; therefore ADEB is a paiw 
allelogram ; whence AB is equal ^34. 1.) to DE, and AD to BE ; but BA 
is equal to AD : therefore the four straight ^ 
lines BA, AD, DE, E'B are equal to one an- ^ 
other, and the parallelogram ADEB is equi- 
lateral ; it is likewise rectangular ; for the 
straight line AD meeting the parallels, AB, DE, J 
makes the angles BAD, ADB equal (29. 1.) to 
two right angles ; but BAD is a right angle ; 
therefore also AD E is a right angle now the 
i^posite angles of parallelograms are equal (34. 
1 .) ; therefore each of the opposite angles ABE, 
Bed is a right angle; wherefote the figure 

ADCB is rectangular, and it has been demon- i»' I 

strated that it is equilateral ; it b therefore a *^ 
square, and it is described upon the given straight line AB. 

Cor. Hence every parallelogram ^t has one right angle has all its an- 
gles right angles. 

PROP. XLVIL THEOR. 

/is any fig^ angled triangle^ the square which is described upon the side 
suhtending the right angle, is equal to the squires described upon the side* 
which contain the right angle. 

Let ABC be a right angled triangle having the right angle BAC ; the 
square described upon the side BC is equal to the squares described upon 
BA, AC. 

On BC describe (46. 1.) the square BDEC, and on BA, AC the squares 
6B, HC ; and through A draw (31. 1.) AL parallel to BD or CE, and join 
AD, FC ; then, because each of the angles BAC, BAG is a right angle 
(25. def.), the two straight lines AC, AG upon the opposite sides of AB, 
make with it at the point A the adjacent angles equal to two right an- 
gles; therefore CA is in the same straight line (14. 1.) with AG; for 
Uie same roason, AB and AH are in the same straight line. Now be- 
cause the angle DBC is equal to the ans^le FBA, each of them being a 
right angle, tiding to each the angle ABC, the whole angle DBA will be 
equal (2. Ax.) to the whole FBC ; and because the two sides AB, BD 
are equal to the two FB, BC each to each, and the sngle DBA equal to 
die angle FBC, therefore the base AD is equal (4. 1.) to' the baso FC, 
and the triangle ABD to the triangle FBC. But the paiallelogram BL 
is doable (41. 1.) of the triangle ABD, because, they are upon the same 
Use, BD, and between the same paraOeb, BD, AL; and Uie square GB 
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kdiNMe of the triangle BFC be- 
canse these also are upon the same 
base FB, and between the aame par- 
allels FB, GC. Now the doublee 
flf equals are equal (6. Ax.) to one an- 
other; therefore the parallelogram 
BLkequal to the square GB : And 
k die same manner, by joining AC, 
BK,it ia demonstrated that the par- 
iDelogram CL is equal to the square 
Be. Therefore, Uie whole square 
BOEC is equal tn the two squares 
GB, HC ; and-the square BDEC is 
described upon the straight line BC, 
sad the squares GB, HC upon BA, 
AC : wherefore the square upon the 
side BC is equal to the squares upon 
the sidef BA, AC. 

Cor. 1 . Hence, the square of one of the sides of a right angled triangle 
is equivalent to the square of the hypotenuse diminished by the square of 
the other side ; which is thus expressed :. AB'=BC^* — AC 

Cor. 2. If AB= AC ; that is, if the triangle ABC be right angled and 
isosceles; BC>=2AB3=2AC' ; therefore, BC= A B^ 2. 

CoR. 3. Hence, also, if two right angled triangles have two sidee of 
die one, equal to two corresponding sides of the omer ; their third sides 
viU also be etpial, and the triangles will be identicaL 

PROP. XLVni. THEOR. 

If the square described upon one of the sides of a trtangle^ he equal to Ms 
squares described upon the other two sides of it ; the angle contained hf 
these two sides is a right angle. 

If the square described upon BC, one of the sides of the triangle ABC, 
be equal to the squares upon the other sides BA, AC, the angle BAC is 
a right angle. 

From the point A draw (11. 1.) AD at right angles to AC, and make 
AD equal to BA, and join DC. Then because DA is equal to AB, the 
square of DA is eaual to the square of AB ; To 
each of these add tne square of AC ; therefore the 
squares of DA, AC are equal to the squarea of BA, 
AC. But the square of DC is equal (47. 1.) to 
the squares of DA, AC, because DAC is a right 
angle ; and the square of BC, by hypothesis, is 
equal to the squares of BA, AC ; therefore, the 
square of DC is equal to tbe square of BC ; and 
diercfore also the side DC is equal to the side BC« 
And because the side DA is equal to AB, and AC 
common to the two triangles DAC, BAC, and the base DC likewise eaasi 
to the base BC, the angle DAC is equal (8. 1.) to the angle BAC x BiM 
DAC b a nfJBiX angle ; merefore also BAC is a right angle. 

6 
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ADWnONAL PttOMSlTIONB. 

PROP. A. THBOR. 

k ptrpendieutm is the shortest hne that emt J^ trasmfrem •fom^s 
wUhaut a straight Une.totkat line: any tM Mique Uneis SNi$mfMmm 
same point en (Afferent sidgsoftheperpelidi^ktr,cu0HHgeifeylfeaSis0ami§ 
an the^ othe^ Une^ witt t^efsal ; and anyfesb otharMtf^ liiM, eutH^ejf 
unequal distancet^ the one which Ue^ faHker from the perpmikflUar um 
he the longer. 

If AB, AC, AD, &o..be lines drawn fton tlMt giivvA pdiafr A^ l»flk»ijiK 
definite straight line DB^.of which AB is peipei^ci^ia ; tke» sksfl tin* 
perpendicular AB be less than AC, and AC lesetkaa AD^ aad^ ad mi 

For, tltv anfflto ABC being a right one^ 
the angle ACB is acute, (17. 1.) or less 
tlMtttito ang^e ABC But the leea angle 
of » tiJMigle is subtended b^ th» lesft side 
(19. 1.) therefttre^thtf side AB is lea» tba» 
th» side AC« 

Again, if BC=£BB; then th» tm^ ob- 
Ufo* linea AC^ AE, are. equlil. Foi' tlir 
«db AB«is ocmnno» to ibiorVwa ttfianglet 
ABC, ABE, and the contained angl to ABC 
and ABE equal ; the two triangles must 
be equal (4. I.) ; hence^ AB^ AC ar^^e^uaK 

Finally, the angle ACB being acute, its before, the adjacent angle ACD 
iHU be^obtiise ; siniee (13. 1.) tltesd tw« angles are eoge^er equal to tw^ 
light angles; and the angte ADC is'aeute^, becansid l!he angle ABD^ is 
right ; consequently, the angle ACD is greater than the angle ADC; and, 
since the greater side is opposite to the |freater angle {JL9, 1.).; therefore 
l&e side AD is greater than the side AC. 

Cor. 1. The perpendicular measures th^^^^stance of a point fiom 
a line, because it is shorter than any other distance. 

CoA. 2. Hence, also, every point in a perpendicular at ttk) middTe point 
oTa given straight line, ia equally distant from the extremities of that line. 

Cor. 3. From the same point,, three equal straight lines cannot be 
drawn to the same straig^line ; for if there could, we should have two 
equal" oblique lines on the same side of the perpendicular^ whieh is impos* 
e&ltL 

PROP. B. THEOR. 

When the hypotenuse and one side of a right angled trimgk^ are r^poti ivo^ 
if epud to the hj/poUnuoo and onefMo of amtker; Um tmo right akf^ 
triangles are equal. 

Suppose the hypotenuse AC^DF^, and the side AB=DE ; the ri|^ 
mgled triangle ABC will be equal to the right angled tiiangie DEF 
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TMr aqnaliMr would be manifeat, if Um third tides BC aad EF wem 
eqmL If possible, eimpoeedwtlboee rides we Aol equal, and that BC is the 

rkter. T8keBH»£F(.3.1.);u^joiaAIL Thetriani^ ABHsDEF; 
the right angles B and E m 
efotlfthe side ABsDE, aad BH 
8£F ; - Asnce, these triangles ave 
mi (4. 1.), and cons^iieiitlr 
AflsDF. Now {hw ik?.), wm 
kfe DF=»AC; and therdbie^ 
AHkAC. But by the last prop- 
oudon, the olliiqne line AC can* 
Ml be equal tn the oblique line 
kS, iriach lies nearer to the per- 
goificurar AS; therefore it is 
iflqpossible that BC can £ffer 
from EF ; hence, then, the.triaap 
|{ias ABC and DEF are equaL 




Two ai^Us an §quaitfaieir sides UpanMi^9mMi$^m ^ 



If the straig^hi Ones AB, AC be paralfal 
10 DF, D&; the angle BAC la equal to 
EDF. 

. Fdr,^ draw GAD through the yertfces. 
And since AB is paraOeL to DF, the ez« 
terior angle GAB ia (29. 1.)^ equal to GDFs 
and, for the same reason, GAC is equal tor 
GDE ; there consequent^ remains the aa- 
gle BAC=r£DF. 



(kau 11 BA^ AC be produced to I and H, the aag^ BACa 
hence, the angle HAI ia also equal to EDF. 




iHAI, 



BCHOLIUM. 

The restriction of this proposition to thei case where the side AB lies 
in the same direction with DP, and AC ia the same dinctton with DE^ 
k necessary ; because the angle CAI would have ita sides parallel to those 
of the angle EDF, but would not be eq|Dal to it. In that caaa, CAI aad 
EDF wodd be together equal to two rigjit aa|^ea* 



Digitized 



by Google 



t* 



ELEMENTS 



PROP. D. PROB. 
Tw0 angles of a triangle being given^ Ufind the tkird. 

Draw any ffaight line CD ; fl a 
point therein, as B, make the ai^e 
CB A equal , (o. one of the given an- 
gles, and the , angle ABE eqaal to 
Uie other: th^ remaining angle EBD 
will be/^e thi|rd angle required ; be- 
cause those thfee angles (Cor. 13. 1.) 
are together equal to two right angles. 





PROP. E. PROB. 
Two €Mgles of a triangle and a side being given^ to construct the trtangl^ 

The two angles will either he both adjacent to the given side, or ihm: 
one adjacent and the other opposite : in the latter case, find the third angle 
(Prop. D.)'; 'and the two adjacent angles will Uius be known. 

Draw the siraight line BC equal to the 
given side ; at the point B, make an angle 
CBA equal t^None of the adjacent angles, 
I9d at C, an angle BC A equal to the other ; 
the two lines BA, CA, wiU intersect each 
other, and form with BC ^e tr^augle re- 
qfoifed ; for if they were parallel, the an-, 
gles B, C, would be together equal to two 
right angles, and therefore could not be- 
hmg to a triangle : hence, BAC will be the triangle required. 

'• PROP. F. PROB. 

Two sides and an angle opposite to one of them being givm^ to construet M 

triangle. 

T*his Problem admits of two cases. 

First. When the given angle 
is obtustf, make the , angle BC'A 
equal to the given angle ; and take 
CA equal to that side which is 
adjacent to the give^i angle, the 
are described from A as a centre, 
with a radius equal to AB, the 
other given side, would cut BC on 

<^ipo8ite sides of C ; so that only y% JFT. 

one obtuse angled triangle could be ^ . 

fiirmed ; that is, the triangle BC'A will be the triangle required 
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And, if the given angle were rigliti although two trianj^es wouj be 
temed, yet, as the hypotenuse would meet BC at equal distances from th* 
common perpendiculars these triangles would be equal. 

Steandly. If the given angle be acute, and the side opposite to it greater 
than the adjacent side, the same mode of construction will apply : for, mak 
tng BCA equal to the given angle, and AC equal to the adjacent side ; 
then, (rom A as centre, with a radius equal to the other given side", describe 
aa arc, cutting CB in B ; draw AB, and CAB will be the triangle requi- 
red. 

Buf if the given ande is acute, and the side opposite to it less than the 
other n^ven side ; make the angle CB A equal to tne given angle, and take 
BA equal to the adjacent side ; then, die arc described from the centre A, 
with Uie radius AG equal to the opposite side, will cut the straight line 
BC in two points C^ and C, lying on the same side of B : hence, there wiB 
De two triangles BAC^, BAC, either of which will salisfy the conditiOM 
ef the problem. . 

SCHOLIUM. 

In the last case, if the opposite side was equal to the perpendicular from 
the point A on the line BC, a right angled triangle would be formed. And 
the problem would be imposaible in dl cases, if the opposite siUe was less 
dian the perpendicular let fall from the point A on the straight line BC. 



PROP. G. PBOB. 

To find a tnangU that shatt be eqttiwfhfU to any given nettUnMi figure. 

Let ABODE be the given rectilineal figmre. 

Draw the diagonal CE, cutting off the triangle ODE ; draw DP paral- 
lel to CE, meeting AE produced, and join OF: the polygon ABCDB 
win be equivalent to the polygon 
ABCF,^ which has one side less f*} 

dna the original polygon. 

For the triangles CDE, CFE, 
have the base CE common, and 
dwy ave 'between the same paral* 
iris ; since their vertices D, F, are 
sttoated in a line DF parallel to the 
base : these triangles are therefore 
equivalent (37. 1.) Draw, now, 
the diagonal CA and BG parallel 
to it, meeting £A produced : join 
CP» und the polygcm ABCF will be 
reduced to an equivalent triangle ; 
and thus the pentagon ABODE 
wiU.be reduced to an equivalent triangk GCF. :,a 
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TlM^araeiiioeeMiiiajte^yfAiadleefVfjodierpQif^ lor,hjf«e* 
eessiT^fT dhranuiluni; Ihe mimber of hs sides, fme ^eiof retrenclied si «Mlf 
«tep of the process, llie eqmvitoil tristtgle wiH H laB^ be Innd. 

Cor. Siace a triangle may be converted into sn equiYalent Teclaii|^ 
itiidlows ikai tmpfoli/ganmm^le redueti to an eguwdeni rectangf^m 

PROP. H. PROB. 
Tcjiud t]U4idsrfa^yuMr€thaishaUh0 0qmptJeni Utmmtmiftwo 

Draw the two iadefiaite lines AB, AC, per- 
■iBdinilsr to each iither. Take AB equal te 
&e aide of <m» af the firen squares, and AC 
equal to the other ; join EC : this will be the 
a^e ef the square required. 

For the triangle BAG beiiUMnght angled, 
the square constructed upon BC (47. 1.) ia 
equal to the sum of the squares described 'i4»on 
A8 aad AC. 

tSCHOLIVH. 

A square may be thus formed that shall be equivalent to the sum of any . 
nmnber of squares ; for a similar construction which reduces two of th«B 
to one, will reduce three of them to two, a&d these two to one, and ao of 
ediera. 

PROP. I. PROB. 

' TmJMAi9U$cfa^pum^pmJkmltiQik§iig€r^^ 

Draw, as in the last problem, {stt tkefig.)iiim linea AC, AD,at right etiglaa 
to each other, making AC equal to the side of the lees square ; then, &om 
C as centre, wftb a ladras equal to the side of the other square,* d sa crib a 
aa arc cutting AD in D : the square described upon AD will be e^ialaiit 
IQ the diflferenibe of the squares constnioted upon AC aad CD. 

For the trian|le DAC is ri^ angled ; therefore, the equare deaerttwi 
ttxm DC is aquivalent to the squaiee constructed iqpea AD aad AC: heaea 
(Cor. 1. 47. ; .), AD«=CD»- AC*. 

PJtOP. K. PROa 

J faffaiyb id^y fseee, f» eeajfrm?/ an equMknt oniB^hamng a ni$ aj a 

given Ungik. 

LscAEFHbe diegivenreeCangle,a]idprediiceoiieofitsddes,as AH,di 
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HB be die giren length, and dmw BFD 
meeting the prolonntion of AB an D ( 
then produce £F tillFG is equal to HB : 
draw BGC, HFK, paraUel to AED^Md 
through the mnnt D draw DKC parallel 
to AB or EG; tf&eiy the xectangle 
GFKC, haying ite m^ FG ^ a fivett 
length, is equal to the givea rectangle 
A£fH(43. 1.) 



^ ^M tides tf a ghmt Im^giL 
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fivKRT right angled parallelogram, or recUrngk^ is aaid to be i 
any two of the straight lines which are about one of the right ai^ 



MS the right anffled parallelogram AC is called the rectangle contaia- 
** c^ by AD and 0C, or by AD and AB, Ac. For the sake of brevi^i 
^ instead of the fectangU contained by AD and DC, we shall simply sqr 
^ the rectangle AD . DC, placing a ooint between the two sides of the 
•• rectangle* 

A. In Geometry, the product of two lines means the same thing as their 
r$ckmgU^ and this expression has passed into Arithmetic and Algelvai 
where it serves to designate the product of two unequal niunbem of 
quantities, the expression square being employed to designate the pio« 
duct of a quantity multiplied by itself. 
The arithmeticfd squares of 



1, 2, 3, 4&C. are I, 4, 9, ^c. 
So likewise the square de- 
scribed on the double of 
a line is evidently four 
times the square described 
on a single one ; on a triple 
line nine times that on a 
■ingle one, dtc. 



S In every parallelogram, any of the 
parallelograms about a diameter, to- 
gether widi the two complements, is 
called a Gnomon. ^ Thus ihe paral- 
^lelogram HG, together with the 
* complements AF, FC, is the gno- 
^motiofthe parallelogram AC. This 
** gnomon may also, for the sake of 
^ brevity, be called the gnomon AGK 
or £HC.* 
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PROP. I. THEOR. 

Ij there he iwo sirmghi Unes^ one pf wkkk it dimdsd imto emf mambtr ef 
ferts ; the reetmgU contained by the two straight lines is eqwd to tie 
ftOangles eontamed hy the undivided Une^ and the seoerai parU of the 

Hmdedline. 

Let A and BC be two straight lines ; and let BC be divided into any 

pirts in the points D, E ; the rectangle A.BC is equal to the several rect- 

iigies A.BD, A.DE, A.EC. 
From the point B draw (Prop. 11.1.) 

BF at right angles to BC, and make BG 

equal (Prq>. 3. 1.) to A; and through 

6 draw (Prop. 31. 1.) GH parallel to 
. BC : and through D, E, C, draw DK, 

el; CH paraUel to BG ; then BH, BK, 

DLf aild EH are rectangles, and BH= 

BK+DL+EH. 

But B|I = BG.BC= A.BC, because 
BGsA : Also BK = BG.BDsrA.BD, 
because B6=A; and DL=DK.DE= 
AJ)£, becawe (34. 1.) DK=:BG=A. 
b like manner, EH=A.EC. Therefore A.BC=A.BD+A.DE+ A.EC ; 
(hat is, the rectangle A.BC is equal to the several rectangles A.BD, A.DE, 

aj:c. 

scholium. 

The properties of the sections of lines, demonstrated in this Book, are 
oosQj derived from Algebra. In this prcnwsition, for instance, let the seg- 
ments of BC be denot^ by &, c, and i2; then, A{b+e+d):ssA,b+Ae+Ad. 

•PROP. n. THEOR. 

If a stredghi line he divided into any twoparts^ the rectangles contained by the 
whole and each oftheparts^ are together equal to the square of the whole line. 




C_B 



Let the straight line AB be divided into any 
two parts in the point C ; the rectangle AB.BC, 
togetner with the rectangle AB.AC, is equal to 
» the square of AB ; or AB.AC+ AB.BCsAB^. 

On AB describe (Prop. 46. 1.) the square 
ADEB, and through C draw CF (Prop. 31. 1.) 
Mrallel to AD or BE ; then AF+CEasAE. 
But AFsAD.AC=AB.AC, because AD=AB : 
C£s=:BE.BCs AB.BC; and AEsAB*. There* 
Ibra AB.AC+AB.BC=AB«. 

SCHOLIUM. 

This property is evident from Algebra : let AB be denoted by a, and the 
segments AC, CB, by b and d^ respectively ; then, assb+d ; therefore, 
liultiplying berth members of this equality by a, we shall have a^^tth+ad 
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PftOP. ni. THEOR, 

{^ a $traight ItM le iwided into anif two parts^ tTie rectangle eorUaineS 5|f llf 
v^le and cneqfthe purU^ is equal to the rectangle contained by the Urn 
parts J together with the square of the aforesaid part. 

Let the etnight iine AB be divided into two parts, in the point C j <the 
rectangle AB.EK]) is equal to the rect- 
angle AC.BC, together with BC^. 

Upon BC describe (Prop. 46. 1.) the 
Mfoare CDEB^ and produce ED to F, 
and thmigh A ^bpaw <Pfep. Si. 1.) AF 
parallel to CD or BE ; then AEsAD 
+CE. 

But AE rs AB.BE s AB.BC, be- 
cause BEsBC. So also AD=»AC. 
CD=AC.CB; and CE=;BG»; there- 
fiM AB£C=»AC.CB+BC^ 

SCHOLIUM, 

In this proposition let AB be denoted by «« and the aegments AC and 
CB, by h and c ; then a=^-|-c : therefore, multiplying both memben d 
this equality by c, we shall have ac:sihc'\-^. 

PROP. IV. THEOR. 

If astrmgkt line hedivided into any two parts, the ^square of the wheh Imeee 
equal tothe squares ^f the two parts^ tqgether with twice the reetangle atm* 
tained by the parts. 

Let the straight line AB t>e divided into any two parts in C ; the sqnare 
of AB is equal to the squares of AC, CB, and to twice the rectangle coi»> 
tained by AC, CB, that is, AB^sxAC^+CB^+^AC.CB. 

Upon AB describe (Prop. 46. 1.) the square ADEB, and join BD, an^ 
through draw (Prop. 31. I.) COP parallel to AD «ir BE, and throiqfh G 
draw HK parallel to AB or D£. And because CP is parallel to ADi, aad 
BD falls upon them, the exterior angle BGC 
is equal (29. 1.) to lAie interior &nd opposite 
angle ADB ; but ADB is eq«al (5. 1.) to the 
angle ABD, because BA is equal to AD, be- 
inff sides of a square ; wherefore the angle 
CGB is equal to the angle GBC ; and thero- 
foro the side BC is equal {6. 1.) to the side 
CO ; but CB is equal (34. I.) also to GK and 
CO to BK ; wherefore the figure CGKB is 
equilateral. It is likewise rectangular; for 
the angle CBK being a right angle, the other 
'angles of the parallelogram CGKB are also right angles (Cor. 46. ^.) 
Wherefore CGKB is a squaro, and it is upon the side CB. For the aame 
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reason HF also is a squaie, aa4 if is upon the side HO, whien is equal to 
A.C : therefore HF, CK are the squares of AC, CB. And because the 
ewKpleneiit AG is eqwl <48. !.)«> ihe complement OE ; and heeauso 
AOxsAC.CGasAC.CB, therafim also GEkAC.CB, and AG+GBs 
3AC.CB. Now, HF«AC« md CKa«CBS; therefore, HF4-CK^^A0 
+GE=AC«+CB2+2AC.C». 

fut HF-f-CK+AG+G£=the figure AEtPr AB<; therefore AB^m 
AC»+CB«+2AC.Cfi. 

Cor. From the demonstration, it is manifest that the paraUeloflWNP 
about Ae diameiar id' » squsM am likewise sqiianss. 

SCHOLIUM. 

This propertjr is derived from the square of a binomiaL For, let the twn 
paits into which this Jine is divided be denoted by a and b ; then, {^^t^ 



rftOP. V. THEOR. 

Ifm strmght Ibne If dwided into two equal mtarts^ and ids» into stwomnequmlpmrin 
the rectangle amiained by th§ unequal paHM^togetiitr mtk ihe equare t^ A$ 
Une between the paints of section^ is equal to the equeane efhtdf.lhe time. 

fjot tfie straight line AB be divided into two iequai |Nirts in the point C^ 
and into two unequal parts in the point D ; the roctai^ie AD J)B, together 
with the square of CD, is equal to the square of CB, or AD.DB+CD^sv 
CB«. 

Upon CB describe <Pn^. At. I .) die square CEF8, jom BE,«nd dirou^ 
D draw (Prop. 31. 1.) DHG parallel to CE or BF ; and ihrou^ H draw 
KLM paraUel to CB or EF; and 
also through A draw AK parallel to 
CL or BM : And because CHssHF, 
if DM be added to both, CM=DP. 
But ALr=:(36. 1.) CM, therefore AL 
ssDF, and adding CH to both, AH 
^gnomon CMG. But AH rs AD. 
DHsAD.DB, because DH = DB 
fCor. 4. 2.) ; therefore gnomon CMG 
8AD.DB. To each add LG=CD«, then, gnomon CMG+LG=AD.DB 
+CD». ^ut CMG+J.G=BC«; therofoiie AaDB+CD'=BC»- 

**CoR. From ihls .proposition it is manifest, that the dtfiemnee of 4ha 
* squares of two unequal lines, AC, CD, is equal to the rectangie eoniain* 
-«ikl by their sum and diflerence, or that AC«— CD»«p(AC+CD) (AC~ 
^CD).* 

SCHOLIUM. 

In this propositkiQ, let AC be denoted by «, and CD by h ; then. ADapi 
m+bj and DB=:a — b; therefore, by Algebra, (m+b)x{»S)=u;fl — ^4 
taa is. The product of the sum and difference oftmo quantUies, is equioa i e n t 
90 ihe difference of their squares 
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PROP. VI THEOB. 

ifastraitrh^Mne he hisecUd^ andwroduceito anypaku ; th$ reeUmgU eotOmmti 
hy the whole line tkus prodacea^ and the pari of ii produced jUgetherwiikikB 
square of half the dne bisected^ is equal to the square of the straight Urns wkkh 
is made up of the half and the part produced. 

Let the straight line AB be bisected in C, and prodnced to the point D; 
the rectangle AD.DB together with the square of CB, is eqnu to tho 
•qoareof CD. 

Upon CD describe (Prop. 46. L) the square CEFD, join DE, md 
through B draw (Prop. 31. 1.) BH6 parallel to C£ or DF, and through H 
draw KLM parallel to AD or EF, and also through A draw AK parallel * 
to CL or DM. And because AC is 
equal to CB, the rectangle AL is 
equal (36.1.) to CH ; but CH is 
equal (43. 1 . ) to HF ; therefore also 
AL is equal to HF : To each of these 
add CM ; therefore the whole AM is 
equal to the gnomon CMG. Now 
AMs:AD.DM as AD.DB, because 
DMssDB. Therefore gnomon CMO 
■-AD.DB, and CMG+LG=AD. 
DB+CB>. ButCMG+LG=CF 
«CDa, therefore AD.DB +CB2=CD». 

SCHOLIUM. 
This property is evinced algebraically ; thus, let AB be denoted by 2a^ 
and BD by 6 ; then, ADs=2a4-^ and CDsa4-^. Now by multipliddon, 

ft(2a+5)=2a&+5« ; therefore, 
by adding a* to each member of thSe equality, we shall hare 

'.h(2a+h)+(^^(a+b)\ 

PROP. VII. THEOR. 

If 9 Hraight Une be divided into twoparts^ the squares of the wholeUne^ and 
of one rfthe paris^ are equal to twice the rectangle contained by the whole and 
thai partf together with the square of the other part. 

Let the straight line AB be divided into any 
two parts in the point G ; the squares of AB, 
BC, are equal to iMrice the rectangle AB.BC, 
together with the square of AC, or AB^+BC* 
■«2ABBC+AC^ 

Upon AB describe (Prop. 46. 1.) the square 
ADEB, and construct the figure as in the pre- 
ceding propositions : Because AG=GE, AG 
+ CK s GE+CK, that is, AK =s CE, and 
dserelbre AK+CEs2AK. But AK+CE 
Kgnomon AKF+CK; and therefore AKP 
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+CKs2Al.=:2AB.BK»2AB.BC, beeaiwo BK-B(Cor. 4. 2.) Ba 
thee then, AKF+CKb2AB.BC, AKF+CK+HPs2AB.BCH-HFi 
nd became AKF+HFssAE^AB*, AB>+CKsb2AB.BC4-HF, thm 
k, (ibce CK=0B<, and HFsAC*,) ABs+CB>s2AB.BC+ACr'. 



" CoK. Hence, the sum of the eooaies of any two lines is equal te 
"twiee the rectangle oontatned bjr tlie lines together with the square «l 
• the dUffinrence of the lines.* 

SCHOUUM. 

la dds proposition, let AB be denoted by a, and the segments AC sod 
CBbj^ande; 

dieai^mft'+2^4-c^; 

adding ^10 each member of thb equality, we shsll hsTO, 

or e>+e>m2«e+^- 

Cor. From this proposition ft is erident, that tks squmr^ a$tcribo4 as 

the difference oftvoo lines is equHoaieni to the sum of the sauares described om 

the lines respectively y minus twice the rectangle contained by the lines. For 

-«— €=s& ; tterefore, by InTohition, o^ — ^2iitf+c*=6'. This may be also 

dsinred firom the above algebraical equality, by transpodtion. 

PROP. VIII. THEOR. 
# 
If a sirmght lime he divided into any two parts^ four times the rectangle cee^ 
tained by the whole tine, and one oftheparts^ together with the square of 
ike other party is equal to the square of the straight line which is made up 
of the whole and defirst'mentionedpart. 

Let the straight line AB be divided into any two parts in die point C ; 
feor times the rectangle AB.BC, together with the square of AC, is equal 
lo the square of the straight line made up of AB and BC together. 

Produce AB to D, so that BD be equal to CB, and upon AD describe 
the squsM AEFD ; and construct two figures such as in the preceding. 
Because GK is equal (34. 1.) to CB, and CB to BD, and BD to KN, 6K 
b equal to KN. For Uie same reason, PR 
b eqmd to RO ; and because CB is equal 
to BD, and GK to KN* the rectangles CK 
and BN are equal, as also the rectangles 
6R and RN: But CK b equal (43. 1.) 
10 RN, because they are the complements 
(f the parallelogram Ct) : therefore also 
BN b equal to GR ; and the four rect- 
ai^es BN, CK, GR, RN are there- 
fore equal to one another, and so CK+ 
BN -f GR + RN » 4CK. Again, be- 
CBb equal to BD, and 6D equal 
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(Oil. t. 2>U BK,dittk,loCG; and GB equal to GIC, thar 10^ to QPe 
therelore OQ b equal to GP ; and becaoae CG ia equal to GP, aod PB It 
RO, the rect^i^ AG ia equal lo MP, and PL to HP : but MP ia eqppil 

as. 1.) to PL, becauae they are the complenieiita of the paraUoloyRMH 
L ; wherefore AG U equal also to RF. Therefore the four rectanfld«i 
AG/MP, PL, RF,8re equal to OM anoiher, and 00 AG-fMP+PLr-HtF 
*4AG. AnJt it wao demoaairated, timt CK-f'BN4^GR+RNs4€»l; 
wherefore, adding equals to equals, the whale gUMnoo AOHttM^^JC 
Now AKr=AB.BKs=AB.BC, and 4AKs4AB.BC ; therefore, gnomoa 
A0H=:4AB.BC ; and adding XH, or (Cor. 4. 2.) AGS ^ both, gnomcNi 
A0H+XHs:s4AB JBCH- AC^. But AOH+XH»iAF ^ AD> ^ thoreCm 
AD«=4AB.BC+AC». 

*< Cor. 1. Hence, because AD i» the miib, ami AC the difference of 
^ the lines AB and BC, four thnea the rectangie contained bjr any tim 
** linea, together with the squara of tbeir dsfiWencey b equal to the aquaro 
** of the sum of the lines.** 

^ Cor. 2. From the demonstration it ia manifeat, that aince the aquara 
** of CD ia quadruple of the square of CB, the square of any line is qua* 
tf dn^o of tho a(|ttaro of half thai lino." * 

SCHOLIUM. 

Ld this piopoMticm, let the line AB be denoted by a, and the parte AC 
and CB by c and k ; then ADac+S^ Now, aince «3tB6-|*c, multipl|U|§ 
both meiid)era by 4b, we ahall have 

4a^=4^+4Ai:; 
and adding «* to each member of this equality, ire ahaU haro, 
4ab+i»^4^'^4be+4li^ 
or 4a*+c*=s(c+25)«. 



PROP. IX. THEOR. 

(fa tirmgki ime he divitM nUo Hm eqttalj mnd dso mid tm mm§qwalfmtU, 
UmiqwinsefthMtmouiKqttalp€HrUar9tog€l^»fdmi^ 
tkeUne^mdefihe squmre rftAekmbeiwemthipaiMU^eeeinm* 

Let the atraight line AB be divided at the point C into two equal, and 
U D into two weqiial psrta ; The aquarea of AD, DB are togedier double 
of the aquarea AC, CD. 

From the point C draw (Pfop.lLl.)C£ at right angles to AB,an4 
make it equal to AC or CB, and join EA, £B ; throu^ D draw (Prop 31* 
1.) DFparalle) to CE, and through F diaw FG paxalld to AB i and join 
AF. Then, because AC is equal to CE, 
Uie ande EAC ia equal (5. 1.) to the 
angle AEC ; and because ^e angle ACE 
is a right angle, the tw# othera AEC, 
EAC together make one right angle (Cor. 
4. 32. 1 .) ; and they are equal to one ano- 
t&er ; each of them therefore is half of a 
rii^t apgle. For the aano reason eaeh 
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•r ik» «9t#e« CEB« EBC w half «k risht ansle ; and tlier^fofe the mhoU 
AEB is a righl angU ; And Uecauss the angle GEF ia half a right angle 
ipd EOF a right «n^d» for it ia equal {^9. 1.] to the interior and qppoaite 
Wi^e ECBy Hm remaiiung a^sle EFGia hali a right angle ; therefore the 
9M^ GEF ia equal to the an^e EFG, and the aide EG equal (6. 1 .) to tlM^ 
Me QF ; Again, becauae the ai^le at B b half a right angle, and FDB « 
ii|^ aiii^for it ia equal (29. 1.) to the interior and oppoaite angle ECB, 
th* remaimng ang^e BFD is half a right angle ; therefore the angle at B ii 
•qml to the angle BFD»aiid the aide DF to (6. 1.) the aide DB. Now, bet-, 
cwsse AC-CE, AC*saCK^ and AC«+CE2=x2AC«. But (47. 1.) AE»a» 
ACH-CE*; therefore AE«=2ACa, AgaiB,becauseEG»GF, EG^srGF^ 
■mi EGa+GF»»2GP, But EF«=sEG2+GF» ; therefore, EF«^2Gr 
m2CD>, because (34. 1.) CD=i:GF, And it waa ahown that AE>=2 AC* , 
tbArefore AE*+EF»=»2ACH2CD2. But (47, 1.) AF»=5AE«+EP 
wd AD«+Dr»«AF»,or AD»+DB2«,=AP i therefore, also, AD*+DB«f^ 
2ACH2CD2. 

SCHOLIUM. 

Thia property is evident from the algebraical expreaaion, 

where a denotoa AC, and b denotea CD ; hence, a-^-h bbAD« — hsmDJL 

PROP. X. THEOR. 

• 
If a straight Une he bisected^ and produced to any pointy the square of the whoU 
Une this produced^ and the square of the part of itwrodueed, are togetkef 
ioMe of the square of half t tie line bisected^ and of the square of the Um$ 
m mde up of the half and the part produced. 

Let the atrai^ line AB be biaeclediii Cyand produced to the point P; 
the aquarea of AD, DB are double of the aquares of AC, CD. 

From the point C draw (Prop. 11.1.) C£ at righl anglea to AB, and make 
it rawfta AC cur CB ; join AE, EB { through E draw (Prop. 31. 1.) £F 
paraUel to AB, and through D draw DF parallel to CE, And because 
the straight line £F meets the parallels EC, FD, the angles CEF, EFI) 
are equal f29. 1.) to two right angles ; and therefore the angles BEF, EPD 
are less than two righl angles ; But straight lines, which with another 
straight liae make the interior angles upon the same side less than two 
ri|;ht angles, do meet (29. l.)» if produced far enough ; therefore £B, FP 
mil me0t| if produced, towards B» ; lei them meet in G» and join AO. 
fh&a becnuse AC ia equal to CE, 
th# angle CEA is equal (5. 1,) to 
the angle EAC; and the angle 
ACE is ^ right angle ; therefore 
each of the angles CEA« EAC is 
half a right angle (Cor. 4. 32. 1.); 
For the asme reason, each of the 
angles C8B, EBC is half a right 
angle ; therefore AEB is a right aiv> 
1^; And .because £BC is half % 
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right &ji^A«i, DBG is also (15. 1.) half a right angle, forthej are rerticalW 
opposiie : but BDG is a right angle, because it is equal (29. 1.) to the al- 
temate angle DCE ; therefore the remaining angle DGB is half a rislil 
angle, and is therefore equal to the angle DBG ; wherefore also the aide 
DB is equal (6. 1.) to the side DG. Again, because EGF is hall a ri^ 
angle, and the angle at F aright angle, being equal (34. 1.) to uA 
opposite angle ECD, the remaining angle F£G is half a right angle, 
and equal to the angle EGF ; wherefore also the side GF is equal 
(6. 1.) to the side FE. And because EC=CA, EC» + CA> = 2CA« 
Now AE2== (47. 1.) AC«fCE»; therefore, AE»=2AC«. Again, be- 
cause EF=FG, EF2=:FG«, and EF3+FG»=2EF». ButEG2= (47. 1.) 
EF«+FG2; therefore EG2=2EF»; and since EF=CD, EG«=2CD«. 
And it was demonstrated, that AE'=:2AC2 ; therefore, AE'+ EG>=2AC> 
+2CD». Now, AG*=: AEH EG*, wherefore AG»=2AC»+2Ciy. But 
AG^(47. l.)=:AD«+DG*=AD«-hDB«, because DG==DB: Therefor* 
AD«+DB«=2AC2+2CD»: 

SCHOLIUM. 

Let AC be denoted by a, and BD, the part produced, by h ; then AD=r 
2«4 h, and CD=:a+^. 

Now, {2a-^b)^+h^=4a^+4ab+2b*; but 4a«+4ai+25»=2a2+2 (a+ 
*)* ; hence, (2a+&)'+5*=^2ii»+2(a+ft)*, and the proposition is evident 
from this algebraieal equality. 

PROP, XL PROB. 



T§ divide a given straight line into two partSf so that the rectangle contained 
6y the whole^ and one of the parts^ may be equal to the square of the other 
part. 



Let AB be the given straight line ; it is required to divide it mto two 



parts, so that the rectangle contained by 
the whole, and one of the parts, shall be 
equal to the square of the other part. 

Upon AB describe (46. 1.) the square 
ABDC ; bisect (10. 1.) AC in E, and join 
BE ; produce CA to F, and make (3. 1.) 
EF equal to EB, and upon AF describe 
(46. 1.) the squacB FGHA, AB is divided 
in H, so that the rectangle AB, BH is equal 
to the square of AH. 

Produce GH to K : Because the straight 
line AC is bisected in E, and produced to 
the point F, the rectangle CF.FA, to- 
gether with the square &[ AE, is equal 
(6. 2.) to the square of EF : But EF is 
equal to EB ; therefore the rectangle OF. 
i^A, together with the souare of AE, ie 
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eqad to the acfiiare of EB ; And the aqnares of BA, AB are equal 
(47. 1.) to the square of EB, because the angle EAB is a ridit an^e; 
therefore the rectangle CF.FA, together with the square of A£« is equU 
to the squares of B A, A£ : take away the square of AE, which is coni- 
moD to both, therefore the remaining rectan|^e CF.FA is equal to the 
sqiare of AB. Now the figure FK is the rectangle CF.FA, for AF is 
equal to FG ; and AD is the square of AB ; therefore FK is equal to AD : 
take away the common part AK, and the remainder FH is equal to thp 
remainder HD. But HD is the rectangle AB.BH for AB is equal to 
BD ; and FH is the squaie of AH ; therefore the rectangle AB.BU is 
eqpul to the square of AH : Wherefore the straight line AB is divided in 
H, so that the rectangle AB.BH is equal to the square of AH. 

PROP. XII. THEOR. 

In obtuse angled triangles, tfa perpetutieular be drawn from any of the acmto 
angles to the opposite side produced, tJte square of the side subtending the 
obtuse angle is greater than the squares of the sides containing the ^tuse 
anglcyby twice the rectangle contained by the side upon which, when produced^ 
the perpendicular falls, and the-straight Une intercepted between thsperpen^ 
dicular and the eituse angle. 

Let ABC be an obtuse angled triangle, having the obtuse tfngle ACB, 
and from the point A let AD be drawn (12. 1.) perpendicular to BC pro- 
duced : The square of AB is greater than the squarea of AC, CBy by twice 
the rectangle BC.CD. 

Because the straight line BD is divided ,Ji, 

into two parte in the point C, BD>=:(4. 2.) 
BC»+CDa+2BC.CD; add AD» to both: 
Then BD«+AD* = BC«+ CD«+ AD«+ 
2BC.CD. But AB»=BD»+AD*(47. 1.), 
ind AC2» CDS+ AD2 (47. 1.); there(care, 
AB«=BC«+AC«+2BC.CD; that is, AB« 
is greater than BC^+AC^ by 2BC.CD. 



PROP. Xni. THEOR. 

fn every triangle the square of the side subtending any of the acute angles, u 
less than the squares of the sides containing that angle, by twice the rectors 
gle contained by either of these sides, and the straight line intercepted be* 
tween the perpendicular ^Ut fall upon it from the opposite angle,andthe acute 
angle. 

Let ABC be any triangle, and the angle at B one of ite acute angles, and 
upon-BC, one of the sides containing it, let fall the perpendicular (12. 1.) 
AD from the 0{^K>eito angle : The square of AC, opposite to tne angle Bg 
is 'le«» than the squares of CB, BA by twice the rectangle CB.BD. 

8 
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f lu^l«l AX) faO wUUn tbe triangitt ABC ; 
•od because the straight line CB is divide 
Utfatwtt parts in thspoim D(7. 2.),BC2+ 
BD2^2BC.BDHhCD2. AddtoeachAD^;, 
thenBC»+BD»+AD»=2BaBD+CD»+ 
AJy^. But BDa+AD»=AB», and CD>+ 
DA»^ AC* (47. 1.) ; therefore BG»+ AB»=; 
3BaBD+AC* ; that is, AC* is less than 
BC»+AB» by 2BC.BD. 

•" D" 

Secondly, let AD taH without the triaBg^e ABO ^ Theft because the 
angle at D ia a right angls^ the angle ACB is grei^et (Id. 1.) thaa a nghs 
angle, and AB^n: (12. 2.) AC^+BC*+2BC.CD. Add BC* to each ; 
then AB*+BC«=AC*+2BC«4-2BC.CD. But because BD is divided 
bto two parts in C, BC*+BC.CD=(3. 2.)BC.BD, and 2BC»+2BaCD 
s=2BC.BD: therefore AB* + BC*= AC<+ 2BC.BD ; and AC* is le»« 
than AB*+BC*, by 2BD.BG, 

Lastly^ lei the side AC be perpendieukr 
*ji BC ; then is BC the straight line between 
the perpendicular and the acute ai^le at B ; 
and It is manifest that (47. 1.) AB*+BC*=: 
AC*+2BC*=AC*+2BC.BC. 




PROP. XIV, rnoB. 



To describe a equLore thai shM he efwU to a ghen fctUhudfigwr^ 

liOt A be the giren rectilineal figure ; h h required to describe a square 
tat shall be equal to A. 

Describe (45. 1.) the rectangular parallelogram BODE equal to the 
rectilineal figure A. If then the sides of it, BE, ED are equal to one an- 
other, it is a square, and wh%t was required is done ; but if they are not 
equal, produce one of them, BE to F, and make EF equal to ED, and bi- 
sect BF in G ; and firom the centre G, at the distance GB, or GF, de- 
scribe the semicircle BHF, and produce DE to H, and join GH. Therr 
fore, because the straight line BF is divided into two equal parts in t) 
point G, and into two unequal in the point E, the rectangle BE.EF, to 
gether with the square of EG, is equal (5. 2.) to the square of GF : 
Vut GF is equal to GH; therefore the rectangle BE, £F, together 
with the square of EG, is equal to the square of GH ; But the squares' q{ 



8s* iftti* «f th* lut Pkopooiioa 
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HE Md £0 aM •qval (4T. 

1.) tm Urn wqmg^oi GH: 

Therefore slao the rectangle 

BEJIF, together with the 

sqiMore of EG, is equal to 

the aqoBies of HE and EG. 

Take away Um aqmure of 

EGy which is conuMon to 

both, and the remaining 

rectangle BE.EF is eaud 

lo the sqvare of CH : But 

BD b.the rectangle con* 

tained by BE and EF, because EF is equa! to ED ; tfamrefoie BD is wfMl 

m dl» square of EH ; and BD is also ecjnal to the reetilineal figure A ; 

tterefom the rectilineal igiure A is equal to the square of EFI : Where* 

iisi«»sq«aiehaB beea made equal lo^gtveft rectilhieal figure A, im 

Qie square described upon EH. 

PROP. A. THEOR. 

Ifime side of a triangle be bisected^ the sum of the squares of the other two 
sides is £nthh of the square ef hedf the side bisected^ and of the squar$ 
of the line drawn from the point of bisection to the ojggosite angle of the 
tfietHgte* 

Lei ABC be a triangle, of which the sMe BO is bisected in D, and DA 
dnwB to the opposite angle ; the squares of BA and AC are togelhei 
double of the squares of BD and DA. 

From A draw A£ perpendicular to BC, and beciuise BE A is a right an 
grle, AB2=:(47. 1.) BE«+AE^^nd ACa= 

CE«+ AE» ; wherefore AB«4- AC»=BE« A 

+CE^+2AE^ But because the line 
BC is cut equally in D, and unequally 
in E, BE« + CE« = (9. 2.) 2BD» + 
2DE«; therefore AB« + AC«=s2BD* + 
2DE».2AE». 

Now De«+AE»=(47. 1.) AD*, and 
• 2DE»+2AE»=2AD«; wherefore AB»+ 
AC»as2BD«+2ADa. 




PROP. B. THEOR. 

if the squares of the diameters of any- parallelogram is equa$ U 
die sum of the squares of the sides of the parallelogram. 



The sum 



Let ABCD be a parallelogram, of which the diameters are AC and BD ; 
the sum of the squares of AC and BD is equal to the sum of the squares 
of AB, BC, CD, DA. . 

Let AC and BD intersect one another in E : and because the Tenical 
•agtes AED, CKB are equal (15. 1.), and also the alternate angles EAD, 
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ECB (29. 1.), the trkingleg ADE, CEB hare two aaj^et in the one equal 

lo two angles in die other, each to each ; but the sides AD and BC, whidi 

are opposite to equal angles in 

these triangles, are also equal 

(34. 1.); uerefore the other 

sides which are opposite to the 

equal angles are also equal (26. 

1.), viz. AE to EC, and ED to 

£B. 

Since, therefore, BD is bi- 
sected in E, AB«+AD«=(A, 
2.) 2BE'+2AE2; and for the 
same reason, CD* + BC* =s 
2BE2+2EC3=:2BE'+2AE<, because EGrr Afi. Therefore AB^+AD* 
+DC*+BC«=4BE»+4AE«. But 4BE«=BD«, and 4AE«=AC* f2. 
Cor. 8. 2.) because BD and AC are both bisected in E ; therefore AB*4- 
AD»+CD2+BC«=BD2+AC«. 

CoR. From thb demonstration, it b manifest that the diameters of erery 
parallelogram bisect one another. 

SCHOUUM. 

In the case of tie rhombus, the sides AB, BC, being equal, the triaiifies 
BEC, DEC, have all the sides of the one equal to the corresponding sides 
of the other, and are therefore equal : whence it follows that' the angles 
BEC, DEC, are equal ; and, therefore, that the two disfooala of a duM»» 
bys out oach odier at right angles. 
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DEFINITIONS. 



A. The ndhia of a cirele is the ttnii^ Hae dimwii ftwi dM mbCm to the 
circiiiiiieroiico. 

1. A etioight line is said lo touch 
a circle, when it meets the ctr- 
de, and being produoed doee 
not cot it. 
And that line whi^h has bat 

ono point in common with 
die circumference, is called a 
Umgeni^ and the point in com- 
mon, the fokd o/eontaet. 

2. Circles are said to touch one 
another, which meet, but do not 
cut one another. 

3. Straight lines are said to be equallj dis- 
tant from the centre of a circle, when the 
perpendicidan drawn lo them from the centre 
are equaL 

4. And the straicht line on which the greater 
perpendicular falls, is*said to be fiuther from 
the centre. 

B. Any portion of the circumference is called an ere. 
The chord or subtenseoi an arc is the straight line which joins its two ex* 

tremities. 

C. A strmghi line is said to be tnteriledm a circle, when the extremities of 
it are in the circumference of the circle. And any straight line which 
meets the circle in two points, is called a seeani, 

5. A segment of a circle is the figure con- 
tained by a straight line, and the are which 
it catso£ ^ 




Digitized 



by Google 



03 



ELEMENTS 



6. A A angle in a segment is the angle contained 
by two straight lines drafftoffdm afty p^im in 
the circumference of the segment, to the extre- 
mities of the straight line which ia the base of 
the segment. 

An inscribed trwt^lej% ona which has its three 
angular points in tkm ciicumferenee. 

And, generally, an inscribed- figure is one, of 
which all the angles are in the circumference. 
The circle is said to circumscribe such a figure. 

7. And an angle is said to insist or aCaad upon 
the arc intercepted between the straight lines 
which contain the angle. 

This is usually called an angle at the centre. The 
««gles ai ^e ciitciiMi«feAoe aad fientrct, axe 
both said to be subtended by the chords or 
arcs which their sides include. 

B. The sector of a circle is ihe figure contain^ 
by two straight lines drawn from the centre, and 
the arc of the circumference between them. 





9. Similar segments of a circle, 
Are those in which the angles are 
equal, or wlsth contain equal ao^ 
gles. 



i2S^ 



PROP. I. PROB. 
To find the ^eiUre 4ff m given dreU* 

Let ABC be the given circle ; it is required to find hs centre. 

Draw within it any straight line AB, and bisect (10. 1.) it in D ; 
firpm the point D draw (11. 1.) DC at right angles to AB, and prodoee il 
to E, and bisect CE in F : the point F is the centre of the .circle ABC 

For^ if it be not, let, if possible, G be the centre, and join GA, GD, GB : 
Then, because DA is equal to DB, and DG common to the two triaifgles 
ADG, BDG, the two sides AD, DG are equal to 
the two BD, DG, each to each ; and the base 
6 A is equal to the base GB, because they are 
radii of the same circle : therefore the angle 
ADG is equal (8. 1.) to the an^e GDB: But 
when a straight line standing upon another 
straight line makes the adjacent angles equal to 
one another, each of the angles is a right angle 
(7. deA-i:) ^Therefore the annle GOB is a right 
angle: But FDB is likewise a right angle: 
wber^te the angle FDB is equal ui the^ angle 
GDB« tho greater to the less, which is impos- 
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Ale : TlwTdfore G hi nol tha eeati% oT Um terete ABC : 1m dM wum 
maimer it can be shown that no other point hot F is the centre : thai ii 
F is the centre of the circle ABC. 

Cor. From this it is manifest that if in a circle a straight line hbecc 
tBMdier at right angles/the eemre of the circle is in the line which bisecli 
"tktb other. 

PROP. II. THEOR. 

y^np two foimU U tbkem in ike drmmfenmee of a drde^ the siraigki Ime 
which joins thtm shall fail withim the circle. 

Let ABC be u circle, and A, B anj two poinU in th^ circumference ; 
he straight line drawn from A to B shall uJl 
wilhiB the circle. 

Take any point in AB as E ; find D (1. 3J 
•he centre of the circle ABC ; join AD, DB 
«nd Dfi, and let DE meet the ctrcumferenca 
k F. Then, because DA is equal to DB, the 
angle DAB b equal (5. 1.) to the angle DBA ; 
and because AE, a side of the triangle DAE, 
is produced to B, the angle DEB is greater 
(16. 1.) than the anrie DAE ; but DAE is 
' equal to the angle DBE ; therefqjne the angle DEB is greater than the 
angle DBE: Now to the greater angle the greater side is opposite (19. 
1.) ; DB is therefore greater than DE : but BD is equal to DP ; where- 
fore DF is greater than DE, and the point E is therefore within the circle. 
The same may be demonstrated of any other point between A and B, 
therefore AB is within the circle. 

CoR. Everf jmnt, moreover^ in the production ofKB^is farther from the 
centre than the dreumfertnee, 

PROP, XXL THEOR. . 

tfa straight line drawn through the centre of a circle bisect a straight line tn 
the circle, which does not pass through the centre, it will cut that line at nght 
angles; and if it cut it at right angles, it wiH bisect it, 

IjOt ABC be u circle, nnd let CD, a straight line drawn through the 
centre, bisect any straight line AB, which does not pass through die 
ceatfe, in the po»t F^ it cuts it also at right angles. 

Take (1 . 3.) fi the ^centre of the circle, and join £A, £B. Then hn- 
eanse AF is equal to FB, and FE common to Uie 
two triangles AF£, BFE, there are two sides in the 
one equal to two sides in the other : but the base 
EA is equal to the base £B ; therefore the angle 
AFE is equal (8. 1.) to the ni^le BFE. And 
when a straight line standing upon another makes 
tho adjftoeat angles equal to one another, each of 
them is a right (7. Def. 1.) angle : Therefore each 
of the anglee AFE, BFfi is a right angle ; where- 
fofe the straight line CD, drawn through the centre 
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bifacttiif AB, which does not pass through the centze, cots AB al ngiii 
•Bgles. 

Again, let CD cut AB at right angles ; CD also bisocU AB, that is, AF 
is equal to FB. 

The same construction being made, because the radii E A, KB are equal 
to one another, the angle EAF is equal (5. 1.) to the angle £BF; aad 
the right angle AFE is equal to the right angle BF£ : Therefore, in the 
two triangles EAF, EBF, there are two angles in one equal to two angles 
in the other ; now the side £F, which is opposite to one of the equal an- 
gles in each, is common to both ; therefore the other sides are equal io 
(28. 1.) : AF therefore is equal to FB. 

Cor. 1. Hence, the perpendicular through the middle of a ehari^ passes 
through the centre ; for this perpendicular is the same as the one let fall 
from the centre on the same chord, since both of them passes throu^ the 
middle of the chord. 

Cor. 2. It likewise follows, that the perpendicular drawn through the 
middle of a chord ^ and terminated both ways by the circumference of the circle^ 
is a diameter^ and the middle point of that diameter is therefore the centre of 
the circle. 

PROP. IV. THEOR. 

Jfin a circle two straight lines cut one another^ which do not, both pass through 
the centre^ they do notVnsect each other. 

Let ABCD be a circle, and AC, BD two straight lines in it, which cut 
one another in the point E, and do not both pass through the centro : AC, 
BD do not bisect one another. • . 

For if it is possible, let AE be equal to EC, and BE to ED; if one of the 
lines pass through the centre, it is plain that it 
cannot be bisected by the other, which does not 
pass through the centre. But if neither of them 
pass througb the centre, take (1. 3.) F the centre 
of the circle, and join £F : and because FE, a 
straight line through the centre, bisects another 
AC, which does not pass through the centre, it 
nmst cut it at right (3. 3.) angles ; wherefore 
FEA is a right angle. Again, because the 
straight line FE bisects the straight line BD, which does not pass through 
the centre, it must cut it at right (3. 3.) angles ; wherefore FEB is a right 
angle : and FEA was shown to be a'^ght angle : therefore FEA is equal 
to the angle FEB, the less to the greater, which is impossible ; therefore 
AC, BD, do not bisect one another. 

PROP. V. THEOR. 
If two aretes cut one another, they cannot have the same umere. 

Let the two ciroles ABC, CD6 cut one another in the points B, C ; 
&ey haye not the same centra. 
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For, if it be possible, let E be their 
centre : join EC, and draw any straight line 
EFO meeting the circles in F and G : and 
because £ is the centre of the circle ABC, 
C£ is equal to £F : Again, because E is 
the centre df the circle CDG, CE is equal to 
EG : but CE was shown to be equal to EF, 
therefore £F is equal to EG, the less to the 
grettCTv which is impossible : theirefore E 
is not Uie centre of the circles, ABC, CDG. 




PROP. VI. THEOR. 



If two cireles t&uek one another intemaUy^ they cannot have the same centre 

Let the two circles ABC, CDE, touch one another internally in the 
point C ; they have not the same centre. 

For, if they have, let it be F ; join FC, and 
draw any straight line FEB meeting the circles 
in E and B ; and because F is the centre of 
the circle ABC, CF is equal to FB ; also, be* 
cause F is the centre oi the circle CDE, CF 
is equal to FE : but CF was shown to be equal 
to FB ; therefore FE is equal to FB, the less 
to the greater, which is impossible ; Where- 
fore F is not the centre of the circles ABC, 
CDE. 

PROR VII. THEOR. 




Ifemf foini he taken in the diameter of a circU wkuk is not the eenttey of ait 
tke straight hnes which can be drawn from it to the drcumferenee^ the great- 
est is t£u in which the centre is, and the other part of that diameter is the 
lettst ; and, of any others, that which is nearer to the line passing through 
the centre is ^dways greater than one more remote from it ; Ana from the 
s m m m p oint there can be drawn only two straight lines that are equal to on€ 
rnnoihsr^ one wpon^pch side of the shortest kne. 

Let ABCD be a circle, and AD its' diameter, in which let any point t 
be taken which is not the centre : let the centre be E ; of all the straight 
lines FB, FC, FG, &c. that can be drawn from F to the circumference, 
FA is the greatest ; and FD, the other part of the diameter AD, is the 
least ; and of the others, FB is greater than FC, and FC than FG. 

Jein BE, CE, GE ; and because two sides of a triangle aie greatei 
fSO. Iv) than the third, BE, £F are greater than BF ; but AE is equal to 
EB ; therefore AE and EF, that is, AF, is greater than BF : Again, be 
BE is equal to CE, and FE common to the triangles BEF, CEF. 

9 
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the two sides B£, EF are eqqad to the two 
CE EF; but the angle BE F is greater than 
the angle CEF ; therefore the base BF is 
greater (24. 1.) than the base FC ; for the same 
reason, CF is greater than GF. Again, be- 
cause GF, FE are greater (20. 1.) than EG, 
and EG is equal to ED ; GF, FE are greater 
than ED ; take away the common part FE, 
and the remainder GF is greater than the re- 
mainder FD : therefore FA is the greatest, and 
FD the least of all the straight lines from F to 
the circumference ; and BF is greater than CF, and CF than GF. 

Also there can be drawn only two equal straight lines from the point F 
to the circumference, one upon each side of the shortest line FD : at the 
point E in the straight line EF, make (23. 1.) the angle FEH equal to the 
angle GEF, and join FH : Then, because GE is equal to EH, and EF com- 
mon to the two triangles GEF, HEF ; the two sides GE, EF are equal 
to the two HE, EF ; and the angle GEF is equal to the angle HEF ; 
therefore the base FG is equal (4, 1.) to the base FH : but besides FH, 
no straight line can be drawn from F to the circumference equal to 
FG : for, if there can, let it be FK ; and because FK ia. equal to FG, and 
FG to FH, FK is equal to FH ; that is, a line nearer to that which passes 
through the centre, is equal to one more remote, which is impossible. 

PROP. VIIT. THEOR. 

ff any paint be taken withwt a circle, and straight lines he draumjrom it to 
the circumference, whereof one passes through the centre , of those which 
fall upon the concave circumference, the greatest is that which passes through 
the centre ; and of the rest that which is nearer to that through the centra 
is always greater than the mare remote ; Buf of those which fall upon the 
convex circumference^ the least is that between the paint without the circle, 
and the diameter ; and of the rest, that which is nearer to the least is ol- 
ways less than the mare remote : And only two equal straight lines eem be 
drawn from the point unto the circumference, one upon each side of the le<ut. 

Let ABC be a circle, and D any point without it, from which let iSbiB 
straight lines DA, DE, DF, DC be drawn to the circumference, wheiwof DA 
passes through the centre. Of those which fall upon tl^^concave part of the 
circumference AEFC, the greatest is AD, which passes through the cen- 
tre ; and the line nearer to AD is always greater than the more remote, 
, m. D Ethan DF,and DFthan DC ; but of those which fall upon the con* 
rex circumference HLKG, the least is DG, between the point D %nd th* 
diameter AG ; and the nearer to it is always less than the more remoto, 
▼iz. DK than DL, and DL than DH. 

Take (1. 8.) M the centre of the eirole ABC, and join ME, MF, MO, 
MK, ML, MH: And because AM is equal to ME, if MD be added to 
each, AD is equal to EM and MD; but EM and MD are greater (20. 1.) 
than ED : th^^re also AD is grniter than ED. Again, because MB m 
equal to MF, and MD common to the triangles EMD, FMD; KM, MD 
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ftre equal to FM, MD ; but the angle EMD is greater than the angle 
FMD ; dierefore the base ED is greater 
(24. 1.) than the base FD. In like manner 
ix may be shewn, that FD is greater than 
CD. Therefore DA is the greatest ; and 
DB greater than DF, and DF than DC. 
• And because MK, KD are greater (20. 
i ) than MD, and MK is equal to MO, the 
remainder KD is greater (5. Ax.) than the 
roBiainder GD, that is, CD is less than 
KD : And because MK, DK are drawn to 
the point K within the triangle MLD from 
M« 5, the extremities of its side MD ; MK, n 
KD are less (21.1.) than ML,LD, whereof 
MK is equal to ML; therefore the remain- 
d0r DK is less than the remainder DL : 
In like manner, it may be shewn that DL 
18 less than DH : Therefore DG is the 
least, and DK less than . DL, and DL 
than DH. 

Also there can be drawn only two equal straight lines from the point D 
to the circumference, one upon each side of the least ; at the point M, in 
the straight line MD, make the angle DMB equal to the angle DMK, and 
join DB ; and because in tbe triangles KMD, HMD, the side KM is equal 
to the sido BM, and MD common to both, and also the angle KMD equal 
to the angle BMD, the base DK is equal (4. l.)to th« base DB. But, 
besides DB, no straight line can be drawn from D to the circumference, equal 
to DK ; for, if there can, let it be DN ; then, because DN is equal to DK« 
and DK equal to DB, DB is equal to DN ; that b, the line nearer to DG, 
the least, equal lo the more remote, which has been shewn to be impossible. 

PROP. IX. THEOR, 

[fa p&mThe taken wUhin a dreU^fram, which there fall more than iwe equal 
straight lines upon the drcumftrence^ that point is the centre of the circle. 

Let the pmnt D be taken within the circle ABC, from which there fall 
on the circumference more than two equal straight lines, viz. DA, DB, DC, 
the peint D is the centre of the circle. 

For, if not, let g be the centre, join DE, and produce it to the circtim- 
fereflice in F, G ; then 'FG is a diameter of 
die circle ABC : And because in FG, the di- 
ameter of the circle ABC, there is taken the 
point D which is not the centre, DG is the 
neatest line from it to the circumference, and 
DC greater (7. 3.) than DB, and DB than 
DA ; but they are likewise equal, which is 
impossible : Therefore E is not tlie centre of 
the circle ABC : In like manner it may be 
demonstrated, that no other point but D is the 
' sentre : D therefore is the centre. 
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PROP. X. THEOR. 

Om ekeU eamnoi cut amoAer w more ikon twopomis. 

If It be possibie, let the circumference FAB cut the circumference DEF 
:n more than two points, viz. in B, 6, F ; take the centre K of the ciir> 
ABC,/and join KB, KG, KF ; and because within the circle DEF there - 
is taken the point K, finom which more 4han two 
equal straight lines, m. KB, KG, KF» fall on 
the circumference DEF, the point K is (9« 3.) 
the centre of the circle DEF ; but K is abo the 
#entre of the circle ABC ; therefore the same 
point is the centre of two circles that cut one 
another, which is impossible (5. 3.). There- 
fore one circumference of a circle cannot cut 
ano&er in more than two points. 




PROP. XI. THEOR. 



^ two circles touch each other intemaXly^ the straight Une which joins then 
centres heing produced^ will pass through the point of contact. 

Let the two circles ABC, ADE, touch each other intemaDj in the [K>int 
A, and let F be the centre of the circle ABC, and 6 the centre of the cir- 
cle ADE ; the straight line which joins the cen- 
tres F, Gf being produced, passes through the 
point A. 

For, if not, let it fall otherwise, if possible, as 
FGDH, and join AF, AG : And because AG, 
GF are greater (20. 1.) than FA, that is, than 
FH, for FA is equal to FH, being radii of ^e 
same circle ; take away the common part FG, 
and the remainder AG is greater than the re- 
mainder GH. But AG is equal to GD, there- 
fore GD is greater than GH ; and it is also less, 
which is impossible. Therefore the straight line 

which joins the points F and G cannot fall otherwise ^Qian on the poim 
A ; that is, it must pass through A. 

Cor. I. If two circles touch each other internally, the distance be- 
tween their centre must be equal to the difference of their radii : for the 
circumferences pass tl^rough the same point in the line joining the centres. 

Cor. 2. And, conversely, if the distance between the centres be equal 
«ei the difference of the ndii, ^e two circles will touch each other inter- 
naBy. 
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PROP. XII. THEOB. 

tf tmo ckrdes tawk 9aek otkir exUmoMy^ the straigkt Une which joins ihevi 
umir9S will pass through the poimt of eantacL 

Let the two circles ABC, ADE,toiicIi each other extMniUy in the point 
A ; and let F be the centre of the circle ABC, and G the centre of ADE ; 
the straight line whu;h joins the points F, O sha]} pemn through the poini 
•f contact. 

For, if not, let it pass otherwise, if possible, FCDG, and j<Hn F A, AG : 
and because F is the centre of the circle ABC, AF b equal to FC : Al»o 
because G is the centre of the 
circle, ADE, AG is equal to 
GD. Therefore FA, AG are 
equal to FC, DG ; wherefore 

the whole FG is greater than . ^^, ^ 

FA, AG ; but it is also less f ^-^^K^^ ( 

(20. 1 .), which is iai|K>88ible : \ j ^,,^-''^!? AlJ^v^ ^ 

Therefore the straight line ^ ^^^ ^^ 

which joins the pointji F, G 
cannot pass otherwise than 
through the point of contact A ; that is, it passes through A. 

JCkiR. H^nce, if two circles touch each other externally, the distance 
between their centrea will be e^ial to the sum of their radii. 

And, conversely, if the distance between the centres be equal to the sum 
ef Ifao radii, the two eiicles will touch each other externally. 

PROP. XIII. THEOR. 

Ome etrele eoMMOt touch another m more points than one^ whether it touches 
it on the inside or outside. 

For, if it be possible, 1st the circle EBF touch the circle AbC in mors 
points than one, and firat on the inside, in the points B, D ; join BD, and 
draw ^10. 11. I.) GH, bisecting BD at right angles: Therefore because 
*He pomts B, D are in the circumference of each of the circles, the straight 





' BD IWs within each (3. 3.) of them : and therefore their centres are 
<Gte. I* I.) k thf straighlr line OH which biseou BD at ri^t anglee . 
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therefore Gil passes through the point of contact (11. 3 ), but il 
not pass through it, because the poinu B, D are ivithout the.straight line 
GH, which is absurd: therefore one circle cannot touch another in tip 
inside in more points than one. 

Nor can two circles touch one another on the outside in more than one 
point : For, if it he possible, let the circle ACK 
touch the circle ABU in the points A, C, and join 
AC : therefor?, because the two points A, C are 
in the circumference of tSe circle ACK, the straight 
line AC which joins them shall fall within the 
circle ACK : And the cirele ACK is without the 
circle ABC : and therefore the straight line AC is 
also without ABC ; but, because the points A, C 
are in the circumference of the circle ABC, the 
straight line AC must be within (2. 3.) the same 
circle, which is absurd : therefore a circle cannot 
t6uch another on the outside in more than one 
point : and it has been shewn,, that a circle cannot 
touch another on the inside in more than one point. 

PROP. XIV. THEOB. 

Equal straight Hnes in a circle arc equally distant from the centre ; and those 
which are equalfy distant from the centre^ are equal to one another. 

Let the straight lines AB, CD, in the circle ABDC» be equal to «aM 
another : they are equally distant from the centre. 

Take E the centre of die circle ABDC, and from it draw EJP, EG, per- 
pendiculars to AB, CD ; join AE and EC. Then, becai&e the stnighC 
line EF passing tlunough the centre, cuts the 
straight line AB, which does not pass througlr 
the centre at right angles, it also bisects (3. 

3.) it : Wherefore AF is equal to FB, and «^j^^.^_ xs ^.— AC 
AB double of AF. For the same reason, 
CD is double of CG : But AB is equal to 
CD ; therefore AF is equal to CG : And be- 
cause AE is equal toEC, the square of AE is 

equal to the square of EC : Now the squares 

of AF, FE ave equal (47. 1.) to the square B D 

of AE, because the angle AFE is a right angle ; and, for the like reasoi;, 
the squares of EG, GC are equal to the square of EC : therefore the 
squares of AF, FE are equal to ^e squares of CG, GE, of which the 
square of AF is equal to the square of CG, because AF is equal to CG ; 
therefore the remaining square of FE is equal to the remaining square of 
EG, and ^e straight line EF is therefore equal to EG : But straight lines 
in a circle are said to be equally distant from the centre when the perpen 
diculars drawn to them from the centre are equaled. Def. 3.) : therefore 
AB, CD are equally distant from the centre. 

Next, if the straight lines AB, CD be equally distant from the centre 
•iMiti«» if F£ b« eqiifld to EG, AB tt equal lo CD. I'or, the same csd 
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fncdon being made, it may, as before, be demonstrated, that AB is dorfile 
ef AF, and CD double of CG, and that the squares of £F, FA are 'equal 
la the squares of GG, GC ; of which the square of F£ is equal to the 
square of £G, because F£ is equal to £G :• therefore the remaining square 
of . AF is equal to the remaining square of CG ; and the straight line AF 
is therefore equal to CG : But AB is doable of AF, and CD double of 
CG ; wherefore AB is equal to CD. 

PROP. XV. THEOR. 

Tk£ diameter is the greatest straight Hne in a arcle ; and of att other^^ 
that which isnearer to the centre is always greater than one mare remote , 
and the greater is nearer to the centre thcai the less^ 

Let ABCD be a circle, of which the diame- 
ter is AD, and the centre £ ; and let BC be near- 
er to the centre than FG ; AD is greater than 
any straight line BC which is not a diameter, and 
BC greater than FG. ^ 

From the centre draw EH, EK perpendiculars 
to BC, FG, and join £B, EC, EF ; and because 
A£ is equal to £B, and ED to EC, AD is equal 
to £B, £C : But EB, EC are ^eater (20. 1.) 
than BC ; wherefore, also, AD is greater than 
BC. 

And, because BC is nearer to the centre than t^G, EH is less (4. Def. 
3.) than EK ; But, as was demonstrated in the preceding, BC is double 
9f BH, and FG double of FK, and the squares of EH, HB are equal to 
the squares of EK, KF, of which the sqiiare of EH is less than the square 
of EK, because EH is less than EK ; therefore' the square of BH is greater 
^han the square of FK, and the straight line BH greater than FK : and 
therefore BC is greater than FG. 

Next, let BC be greater than FG ; BC is nearer to the centre than FG : 
that b, the same construction being made, EH is less than EK ; because 
BC is greater than FG, BH likewise is greater than KF : but the squares 
of BH, HE are equal to the squares of FK, KE, of which the square of 
BH is greater than the square of FK, because BH is greater than FK ; 
therefore the square of EH is less than the square of EK, and the straight 
Une EH less than EK. 

Cor. The shorter the chord is, the farther it is from the centre ; aiuL 
iSoar^sely, the farther the chord is from the centre, the shorter it is. ' 

. PROP. XVI. THEOR. 

7^ straight hne drawn at right angles to the dunneter of a eirde^from the 
extremity of it^ falls without the circle ; and no straignt line can be drawn 
^tween tJuU straight line and the circumference^ from the extremity of the 
diameter^ so as not to cut the drcte. 

Let ABC be a circle, the centre of which is D, and the diameter AB • 
jpad let AE be drawn ftom A peipendicuUur to ABp A£ shall fall wiUmmH 
ib» circle. 
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hk A.E Uke way point F, y^ia DF and let 
Pacause I)AF is a right angle, it is greater 
dian the angle AFD (32. 1 ^ > but the greater 
angle of any triangle is subtended by the 
^ater side (19. 1.), therefore DF is greater 
wan DA : now DA i^ equal to DC, there- 
fore DF is greater than DC, and the poiqt 
F is therefore without the circle. And F 
is any point whatever m the line AE, fhere^ 
fore A£ falls without the circle. 

Again, between the straight line AE and 
the circumference, no straight line can be 
drawn from the point A, which does not cut 
the circle. Let AG be drawn in the angle DAE : from D draw DH at 
right angles to AG ;• and because the angle 
DHA is a right angle, and the angle DAH 
less than a right angle, the side DH of the 
triangle DAH is less than the side DA (19. 
1 .). The point H, therefore, is within tbe cir- 
cle, and therefore the straight line AG cuts 
Jie circle. 

Cor. 1. From this it is manifest, that the -q I 
straight line which b drawn at right angles to 
the diameter of a circle from the extremity of 
it, touches ^he circle ; and that it touches it 
only in one point ; because, if it did meet the 
circle in twp, it would fall within it (2. 3.). 
Also it is evident that there can be but one straight line whicluouches th^ 
circle in the same point. 

Cor. 2. Hence, a perpendicular at the extremity of a diameter is a tai|- 
gent to the circle ; and, conversely, ar tangent to a circle is perpendicular 
to tbe diameter drawn from the point of contact. 

Cor. 3. It follows, likewise, that tangents at eaeh extremity of the 
diameter are paraliel (Cor. 28. B. 1.); and, conversely, paraUel tangents 
are both perpendicular to the same diameter, and have their points of c<^ 
tact at its extremities. 




PROP. XVn. PROB. 

Te draw a straiglU Une from a given pomt either witkwf ar in tk^ ^rcH^ 
fereneey which shall touch a given circle. 

Firstj let A be a given point without the given circle BCD ; it is re* 
quired to draw a straight line from A which imaH touch the circle.. 

Find (1.3.) the centre £ of the circle, and join AE ; and from the cen* 
tre E, at the distance E A, describe the circle AFG ; from the point D 
draw (11. 1.) DF at right angles to £ A, join EBF, and draw AB. AB 
touches the circle BCD. 

Because £ is the centre of the circles BCD, AFG, EA is equal to. 
^.F, and ED to EB ; therefore the two sides AK EB are equal to tV^ 
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two FE, ED, and they eonUui the an^ at E eonuiKMi to the tw j trian- 
^ AEB, FED ; therefore the baae DF 
ia equal to the hue AB, and the triaii|^ 
FED to the triangie AEB, and the other 
ao^ea to the other angles (4. 1.) ; there- 
tue the angle EBA is equal to Uie angle 
EDF ; but EDF is a rifi^ angle, where- 
fore EBA ia a right an^e ; ai^ EB ia a 
line drawn from me centre : but a atraiglil 
line drawn from the extremity of a diame- 
ter, at right angles to it, touches the circle 
(1 Cor. 16.3.): therefore AB touches the 
circle ; and is drawn from the given point A. 

But if the given point be in the circumference of the circle, as the pmn* 
D, draw DE to the centie E, and DF at ri^t angles to DE ; DF touches 
the circle (1 Cor. 16. 3.) 

SCHOLIUM, 

When the point A lies without the circle, there will evidently be alwavt 
two equal tangents passing through the point A. For, by producing the 
tangent FD till it meets the circumference AO, and joining E and the poin 
of intersection, and also A and the point where this last line will intersecf 
the circumference DC ; there will be formed a right angled triangle equal 
to ABE (46. 1.). 

PROP. XVIII. THEOR. 

If a HrtnglU lim $auek a drcUt tke straight line draum from the eetUr$ to 
the paint ofeontaet^ is perpetidicular to the line touching the circle. 



|jet the straight line DE touch the circle ABC in the point C ; take 
d^ centre F, and draw the straight line FC : FC is perpendicular- to DE. 

For, if it be not, from the point F draw FBG perpendicular to l}^ ; and 
because FGC is a right angle, GCF must 
be (17. 1 .) an acute angle ; and to the great- 
er angle the greater side (19. 1.) is oppo- 
site; therefore FC is greater than F6; 
but FC ia equal to FB ; therefore FB is 
greater than FO, the less than the greater, 
which is impossible ; wherefore FG is not 
perpendicular to DE : in the same manner 
it may be shewn, that no other line but FC 
ean he^ perpeadicular to DE ; FC is there- 
fine perpendicular to DE. 

10 
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PROP. XIX. THEOR. 

If a sircight lin^ touch a eircUy and from the point of eomtact a strmgkt Uno 
ho drawn at right angles to the touching Une^ tko centre of the drele is mi 
thai Ume. 

Let the straight line DE touch the circle ABC, in C, uA from C Ui 
CA be drawn at right angles to DE ; the centre of the circle b in C A. 

For, if not, let F be the centre, if poesible, 
tnd join CF. Because DE touches the cir- 
cle ABC, and FC is drawn from the centre 
to the point of contact, FC is perpendicular 
(18. 3 ) to DE; therefore FCE b a right 
angle; but ACE is also a right angle; 
ihsrefore the angle FCE is equal to the an- 
gle ACE, the less to the greater, which is 
unpossible ; Wherefore F is not the centre 
of the circle ABC : in the same manner ik • 
may be shewn, that no other point which is 
not in CA, is the centre ; that is, the centre 
is in CA. 

PROP. XX. THEOR 

The angle at the centre of a drde is double of theangJe ai the drcumjet* 
ence^ upon the same hase^ that is^ upon the same part of the dreun^et 




Let ABC be a circle, and BDC an angle at the centre, and BAC aa 
angle at the circumference which have the same circumference BC for 
the base ; the angle BDC is double of the angle BAC. 

First, let D, the centre of the circle, be within the angle BAC,aiid joia 
AD, and produce it tolB : because DA is equal 
to DB, the angle DAB b equal (5. 1.) to the 
angle DBA : therefore the angles DAB, DBA 
0gether are double of the an^e DAB ; but the 
ai^rle BDE is equal (32. 1.) to the angtes DAB, 
DBA ; therefore also the angle BDE is double 
of the angle DAB ; for the same reason, the an- 
gle EDC is ilouble of the angle DAC : there- 
fore the whole angle BDC b double of the whole 
angle BAC. 

Again, let D, the centre of the circle, be 
without the angle BAC ; and join AD and pro- 
duce it to E. It maTy be demonstrated, as in 
the first case, that the angle E DC is double 
of the angle Dkb, and that EDB, a part of 
t)ie first, is double of DAB, a part of the 
other ; therefore the remaining angle BDC b 
double of the remaining angle BAC. 
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PkOP. XXI. THEOR. 
T%0 0ngks w Mtf 0am§ segment of a eircU ar$ e^mal U an§ mUk$r. 

Let ABCD be a circle, and BAD, BED 
wgles in the same segment B AED : the an« 
l^es BAD, BED are equal to one another. 

Take F the centre of the circle ABCD : 
And, first, let the segment BAED be greater 
than a semicircle, and join BF, FD : and be- 
' cause the angle BFD is at the centre, and the 
ai^e BAD at the circumference, both having 
the. same part of the circumference, viz. BCD, 
ffMT their base; therefore the an^e BFD is 
double (20. 3.) of the ande BAD: for the 
same reason, the angle BFi) is doubte of the 
angle BED : therefore the angle BAD is equal 
lo the angle BED. 

But, if the segment BAED be not greater 
than a semieircle, let BAD, BED be angles 
in it , these also are equal to one another. 
Dimw AF to the centre, and produce to C, and 
join CE: therefore the segment BADC is 
^eater than a semicircle ; and the angles in 
It, BAC, BEC are equal, by the first case : 
for the same reason, because CBED is great* 
er thad a semicircle, the angles CAD, CED 
ave equals therefore the whole angle BAD is 
equal to the whole angle BED. 

PROP. XXII. THEOR. 

Th$ appasiie angles of any quadrilateral figure deserihed in a dreUf me 
together equal to two right angles. 

hex ABCD be a quadrilateral figure in the circle ABCD ; any two of 
its opposite angles are together equal to two right angles. 

Join AC, BD. the angle CAB is equal (21. 3.) to the angle 
CDB, because they are in the same segment 
BADC, and the angle ACB is equal to the an- ~ 

^e ADB, because they ire in the isame seg- 
?nent ADCB ; therefore the whole angle ADC 
is equal to the angl^ CAB, ACB : to each of 
these equals add the angle ABC; and the an- 
dea ABC, ADC, are equal to the angles ABC, 
CAB, B(3A. But ABC, CAB, BCA are equal 
to two right angles (32. 1.) ; therefore also the 
anglee ABC, ADC are equal to two right an- 
1^; in the same manner, the angles BAD, 
L>CB May be shewn- te be equal to two right an|^ee. 
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Cor. 1. If ait> side of a quadrilateral be produced, the exterior i 
will be equal to tbe interior opposite angle. 

Cor. 2. It follows, likewise, tbat a quadrilateral, of which the op* 
posite an^es are not equal to two right angles, cannot he inscribed in a 
circle. 

PROP. XXIII. THEOR. 

Dfon the town ttrmght Itne, and upon tk$ same tide ^ U^ there eamtud As 
Pt)o similar segments of areUs^ not eatmeiding wUk one another. 

If It be possible, let the two similar segments of circles, nz. ACB, ADB, 
be upon the same side of the same straight line AB, not coinciding wiA 
Ofte another ; then, because the circles ACB, ADB, cdt one anouier fk 
the two points A* B, they cannot cut one another in any other point (IQl 
3.) : one of ihe segments must tl^refore fall 
within the other: let ACB fall within ADB, 
draw the straight line BCD, and join C A, DA : 
aiid because the segment ACB is similar to the 
segment ADB, and similar segments of circleiB 
contain (9. def. 3.) equal angles, the angle 
ACB IS equal to the angle ADB, the exterior 
to the interior, which is impossible (16. 1.). 

PROP. XXIV. theob; 

Similar segmenU of circles upon equal straight lines are equal to one anotkat. 

Let AEB, CFD be similar segments of circles upon the equal straight 
lines AB, CD ; the segment AEB is equal to the segment CFD. 

For, if the segment AEB be applied to the segment CFD, so a* tha 
point A be on C, and the 
straight line AB upon CD, 
the point B shall coincide 
with the point D, because 

AB is equal to CD : there- ,. 

fore the straight line AB A. ^ B C D 

comciding with CD, the segment AEB must (23. 3.) eotnoide with tiie 
iegment CFD, and therefore is equal to it. 

PROP. XXV. PROB. 

A segment of a drde being given, to describe the circle of which it is the 

segment. 

Let ABC be the ^en segment of a circle ; it is required to describe 
Ike circle of which it is the segment. 

Bisect (10. 1.) AC in D, and fronJ the point D draw (U. 1.) DB sS 
right angles to AC, and join AB : First, let the angles ABD, BAD Im 
equal to one another; then the straight line BD is equal (6. 1.) to DA, 
and therefore to DC ; and beeause the three sirai^ lines DA« DB. DC^ 
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mn aD eqoil ; D it tli0 oeatra of tiie circle (9. 3.); ftom the ceAitt D, at 
the distaaeeof any of the three DA^ DBf DCydeacribe acircle; thiaahall 
paas ihroagh the other pcnnta ; and the circle of which ABC is a aegmotu 

B 
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18 deacrihed : ancl because the centre D is in AC, the segment ABC is 
semicircle. Next, let the angles ABD, BAD be unequal ; at the point A, h 
^e straight line AB, make (23. 1.) the angle BAE equal to the angle ABD 
tiid produce BD, ifnecessanr, to E, and join EC : and because the angl^ 
ABE is equal to the angle BAE, the straight line BE is equal (6. 1.) to 
£A : and because AD is equal to DC, and DE common to the triangles 
ADE, CDE, the two sides AD, DE are equal to the two CD, DE, each 
to each ; and the angle ADE is equal to the angle CDE, for each of thetri 
18 a right angle ; therefore the base AE is equal (4. 1.) to the base EC : 
bat AE was shewn to be equal to EB, wherefore also BE is equal to EC : 
and the three straight lines AE, EB, EC are therefore equal to one another; 
wherefore (9. 3.) £ is the centre of the circle. From the centre E, al 
the distance of any of the three AE, EB, EC, describe a circle, this shall 
pass through the other points ; and the circle of which ABC is a segment 
b described : also, it is evident, that if the angle ABD be greater than tin) 
angleBAD, the centre E falls without the segment ABC, which therefore 
is less than a semicircle ; but if the angle ABD be less than BAD, the cen« 
tre E falls within the segment ABC, which is therefore greater than a semi- 
circle : Wherefore, a segment of a circle being given, the circle is de« 
scribed of which it is a segment. 

PROP. XXVI. THEOB, 

In equal dreUSf equal angles stand upon equal areSf whether they he at the 
centres or circumferences. 

Let ABC, DEF be eqnal circles, and the equal angtos BGC, EHF at 
their centres, and BAC, EDF at their circumferences : the arc BKC is 
equal to the are ELF. 
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lowBC^ EF ; and becftOM the eircles ABC, DEF^re e^al, the tttte^ 
Vn9» drawn iiroiii their centres are equal : therefore the two aides BG^- 
6C, are equal to the two EH, HF ; and the angle at G is equal to the aiK 
gle at H ; therefore the base EC is equal (4. 1.) to the base EF : and be- 
cause ^e angle at A is equal to the angle at D, the segment BAG is similar 
i9. def. 3.) to the segment EOF ; and they are upon eq«al straight lines 
)C, EF; but similar segments of circles upon equal straight lines are 
equial (24. 3.) to one another, therefore the segment BAG is equal to Um 
segment EDF : but the whole circle ABC is equal to the whole DEF ; 
therefore the remaining segment BKC is equal to the remaining segment 
ELf , and ^ arc BKC to the arc ELF. 



PROP. XXVIL THEOR. 

In equal cnrlej, the angles which stand upon equal ares are equal t0 am 
amiher^ whether they be at the centres or cireumferences. 

, Let the angles BOG, EHF at the centres, and BAG, EDF at the f&t- 
cumferences of the equal circles ABC J, DEF stand upon the equal area 
BG, EF : the angle BOG is equal to the angle EHF, and the angle BAC 
to the angle EDF. 

If the angle BOG be equal to the angle EHF, it is manifest (20. 3r.) 
that the angle BAG is also equal to EDF. But, if not, one of them is the 
inreater : let BOG be the greater, and at the point G, in the straight liiie 
BG, make the angle (23. 1.) BGK equal to the angle EHF. And because 
•qaal angles stand upon equal arcs (26. S.), when they are at the cenMi, 




the arc BK is equal to the arc EF : but EF is equal to BC ; therefore 
also BK is equal to BG, the less to the greater, which is unpossible. There* 
ibre the angle BGG is not unequal to the angle EHF ; that is, it is equal 
to it : and the angle at .A is half the angle BGG, and the angle at D half 
of the angle EHF ; therefore the angle at A is equal to the angle at D. 

PROP. XXVIIL THEOR. 

In equal eircleSt equal straight lines cut off equal arcs^ the greater equal to 
the greater ^ and the less to the less. 

Let ABG, DEF be equal circles, and BG, EF equal straight lines in 
them, which cut off the two greater arcs BAG EDF, and the two loee 
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BGC, EHF : the greater BAG is eqfiMl to tbe gremter EDF, |iid the leee 
B6C to the less EHf". 

Tske (1. 3.) K, L, the cenlies of the circles, sad joie BK, KG, EL» 
LF ; and because the circles are equal, the straight lines from their centres 





«e equal ; therefore BK, KG are equal to EL, LF ; hut the base BG is 
also equal to the base CF ; therefore the angle BKG b equal (8. 1.) to the 
angle £LF : and equal angles stand upon equal (26. 3.) arcs, when they 
are at the centres ; therefore the bxc BGG is equal to the arc CHF. 
But the whole circle ABG is equal to the whole EDF ; the remaining part, 
dierefore, of the circumference viz. BAG, is equal to the remaining part 
RDF. 

PROP. XXIX. THEOR. 
In equal ekdes equal arcs are subtended by equal siraighi Itnes. 

Let ABG, DEF be equal circles, and let the arcs BGG, EHF also be 
equal ; and join BG, EF : the atraight line BG is equal to the straight line 
IF. 

Take (1. 3.) K, L the centres of the circles, and Mn BK, KG, EL, LF : 
and because the arc BGG is equal to the arc EHF, the angle BKG is 
equal (27. 3.) to the angle ELF : also because the cirdes ABG, DEF are 
eoual their radii are equal : therefore BK, KG are equal to EL, LF : and 




<J E 



diey contain equal angles ; therefore the base BG is equal (4. 1.) to the 
basi» <SF. 
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to ELEMENTS 

PROP. XXX. THEOR.. 
To his$ei ti giten «fe, thai ti, to dwide it uUO two eqiud p&fU, 

Let ADB be the given arc ; it is required to bisect it. 

Join AB, and bisect (10. 1.) it in C ; from the point C draw CD at Jighi 
angles to AB, and join AD, DB : the arc ADB is bisected in the point D. 

Because AC is equal to CB, and CD common to the triangle ACD, 
BCD, the two sides AC, CD &re equal to the 
two BC, CD; and the angle ACD is equal to 
the angle BCD, becatuse each of them is a 
right angle : therefore the base AD is equal 

(4. 1.) to the base BD. BtU equal straight ^ _ 

lines cut oft equal arcs, (28. 3.) the greater ^ C S 

equal to the greater, and the less to the less ; and AD, DB are each of 
them less tban a semicircle, because DC passtes through the centre (Cor. 
1.3.); wherefore the arc AD is equal to the arc DB : and therefore the 
ipren arc ADB is bisected im D. 

SCHOLIUM. 

By the same construction, each of the halves AD, DB may be divided 
into two e(|ual parts; and thus, by successive subdivisioni, a giveaani 
may be divided into four, eight, sixteen, ^c. equal parts. 

PROP. XXXi. THEOR. 

In a eirete^ the angle in a semieirele is a right angle f Bui the angle m a seg^ 
ment greater than a semieirele is less than a right angle ; and the of^U in 
a segment less than a semieirele is greater than a xighi angle* 

Let ABCD be a circle, of which the diameter ia BC^and centre E ; 
draw CA dividing the circle into the segments ABC, ADC, and join BA, 
AD, DC ; the angle in the semicircle B AC is a right angle ; and the a»- 
gle in the segment ABC, which is greater than a semicirde, is less than a 
right angle ; and the angle in the segment ADC, which is less than a semi- 
circle, is greater than s: right angle. . 

Join AE, and produce BA to F ; and because BE is equal to EA, the 
angle £AB is equal (5. 1.) to EBA : also 
because AE is equal to EC, the angle EAC 
is equal to ECA ; wheiefore the whole an- 
gle BAC is equal to the two angles ABC, 
ACB. But FAC, the exterior angle of the 
triangle ABCris also equal (32. 1.) to ^e 
two angles ABC, ACB ; therefore the an- 
gle BAC is equal to the angle FAC, and 
. each of them is therefore a right angle (7. 
def. 1 .) ; wherefore the an^e BAC in a seoi- 
dfafcle is a ifight angle. 
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And because the two angles ABC, BAG of the triangle ABC are to- 
gether less (17. 1.) than two right an^ee^ and BAG is a right angle, ABC 
raust be less than a right angle ; and therefore the angle in a segmeni 
ABC, greater than a semicircle, is less than a right angle. • 

. Also boeavse ABCD is » quadrilateral figure in a circle^ smy two of ks 
o; mte angles are equal (32. 3.) to two rig& angles ; therefore the angles 
A. J 4 ADC are equal to two right angles ; and ABC is less than a right 
mngle ; wherefore the other ADC is greater than a right angle. 

COA. Ftom this it is manifest, that if one angle of a triangle be equal to 
tiie other two, it is a right angle, because the angle adjacent to it is equil 
to the same two ; and when the adjacent angles aie eqnal, they are riglhf 



PROP. XXXII. THEOR. 

IJ m straight Um twch a circle^ and jd^ the point cf contact a straight 
Kmo ho draion cutting the circle, the angles made hy this Une with the hne 
which touches the circle^ shall be eqwd to the angles in the alternate seg^ 
munts of the circle. 

Let the straight line EF touch the circle ABCD in B, and from the 
point B let the straight line BD be drawn cutting the circle : the angles 
which BD makes with the touching line £F shall be equal to the angles 
uf die alternate segments of the circle : that is, the ang^e FBD is equd to 
the angle which is in the segment DAB, and the angle DB£ to the angle 
in iie segment BCD. 

Ftom the point B draw (11. 1.) BA at right angles to EF, and take any 
poiBl C in the are BD, and join AD, DC, CB ; and because the suraight 
line EF touches the ekcle ABCD in the point B, and BA is drawn at right 
angles to &e touching line, from the point of contact B, the centre of the 
circle 18(19. 3.)inBA; therefore the an- 
gle ADB in a semkircle, is a right an- 
1^ (3*1 . 3.)» nnA oonaipteniljr Ae other two 
n|^ BAD, ABD, ans equal (32, 1.) to 
a right Mig^e ; but ABF is likewise a right 
an^e ;. therefbre the angle ABF is equal 
to the angles BAD, ABD : take from 
dbese equals the common angle ABD, 
and diere will remsSn the angle DBF 
eciial to the angle BAD, which is in the 
alteniate segment of die circle. And be- 
oanse ABCD is a quadrilateral figure in 
a ciroloy the opposite angles BAD, BCD are eqnal (22. 3.) to two ri^ 
angles ; therefbre the an^s DBF, DBE, being likewise ^ual (13. 1.) td 
two right angles, am eqiuti to the angles BAD, BCD ; and DBF has been 
proved equal to BAD : therefore the remaining angle DBE is equal to the 
angle BCD in the alternate segment of the circle. 

11 
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PROP. XXXIII. PROB. 




Upmt mgi^em sirmghi lin$ to describe a segment rf a ektU, anUmmmg m 
mngle equal to a given reaUiHeai angle 

IM AB be the given straight Une, and the4uigle at C the given recti- 
lineal angle ; it is required to describe upon the given straight line Afi a 
segment of a circle* containing an angle equal to the angle C. 

Fir8^ let the angle at C be a right angle j bisect (10. 1.) AB in F, aad 
fipom the centre F, at the distance FB, 
describe the semicircle AHB ; the an- 
gle AHB being in a semicircle is (31. 
3.) equal to the right angle at C.^ 

But if the angle C be not a rignfan- 
l^e at the point A, in the straight line JL V H 

AB, make (23. 1.) the angle4)AD equal 

to the angle C, and from the point A draw (11. 1.) AE at right an^^ to 
AD ; bisect (10. 1.) AB in F, and 
&om F draw (11. 1.) FG at right 
angles to AB, and join GB : then 
because AF is equal to FB, and 
FG common to the triangles AFG, 
. BFG, the two sides AF, FG are 
equal to the two BF, FG ; but the 
angle AFG is also equal to the 
angle BFG ; therefwe the base AG 
is equal (4. 1.) to the base GB ; and 
the circle described from the centre 
G, at the distance GA, shall pass 

through the point B ; let this be the circle AHB: and because from i 
point A the extremity of the diameter AC, AD is drawn at right an|^ lo 
AE, therefore AD (Cor. 1. 16. 3.) touches 
the circle ; and because AB, drawn from 
the point of contact A, cuts the circle, 
the angle DAB is equal to the angle in 
the alternate segment AHB (32. 3.) ; 
ent the angle DAB is equal to the an^e 
Cy therefore also the angle C is equal to 
the angle in the segment AHB : Where- 
fore, upon the given straight line AB 
tLe segment AHB of a circle is describ- 
ed winch contains an angle equal to the given an^e at C. 
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PROP. XXXrV. PROB. 

TV mU 9§ a tegmmufrom m gw€m ctreU loAtcA shall eaniain um angU Sfnti 
to m giv€n reeiUm$ai angU. 

Let ABC be the given circle, aad D the given rectilineal angle ; tt it 
required to cut off a segment from the circle ABC that shall contain an 
eagle equal to the angte D. 

Draw (17. 3.) the straight line EF touching the circle ABC in the point 
B and at the point B, in the straight 
liue BF make (23. 1.) the angle FBC 
equal to the angle D ; therefore, be- 
cause the straight line £F touches 
the circle ABC, and BC is drawn 
lirom the point of contact B, the an- 
gle FBC is equal (33. 3.) to the an-, 
^e in the altemate segment BAC ; 

biit the angle FBC is equal to the an- ^^ ^ 

gle D : therefore the angle in the ^ g 3 JF 

Sfligment BAC is equ^ to the angle 

D : wherefore the segment BAC is cqt oflT from the given circle ABC 
containing an angle equal to the given angle D. 

PROP. XXXV. THEOR. 

Tjf Iwe straight lines within a dreU cut ons another^ th$ rectangle contained 
hjf the segmetUs of one of them is equal to the rectangle contained by the 
segments of the other. 

Let the two straight lines AC, BD, within the circle A BCD, cut one 
another in the point E ; the rectangle contained by AB, EC is equal U 
the rectangle contained by BE, ED. 

If AC, BD pass each of them through the cen- 
tre, so that E is the centre, it b evident ,that AE, 
EC, BE, ED, being all equal, the rectangle AE. 
EC is likewise equal to the rectangle BE.GD. 

But let one. of them BD pass through the cen- ^\ 
tre, and cut Ae other AC, which does not pass 
through the centre, at right angles in the point E ; 
then, if BD be bis^ted in F, F is the centre of 
the circle ABCD ; join AF : and because BD, which 
centre, cuts the straight line AC, which does not. 
pass through the centre at right angles, in E, AE, 
EC are equal (3. 3.) to one another ; and because 
the straight line BD is cut into two equal parts 
in the point :F, and into two une<]ual in the point 
£, BE.ED (5. 2.) + EF* = FB« = AF^. But 
AF» = AE» + (47. 1.) EF«, therefore BE.ED + 
EF«, = AE* + EF», and taking EF« from each, 
BE.ED=AE«=AE.EC. 

Next, let ^p, which passes through the centre, 
eat the other AC, which does not pass throogh 
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the ceniTc, in £, but not aii rig^t angloa i theut aa before, if BD be biseec- 

ed in F, F is the centre of the circle. Join AF, 

nd froa F draw (12. ).) FG perpendioniar le 

AC ; therefore AG is equd[(9. 3v) loGC; whm- 

Q»rQ AE.EC + (5>. 2.) 1;G« = AG^, and a4ding 

GP» to both, AE.EC+EG»+GF«=AG»+GF». 

Now EG»+GF»=EFa, and AG2+GF«=AF»; 

therefore AE.EC+EF«:?:AP=xFB«. But FB« 

=BE.ED+(5. 2.) EF«, therefore AE,EC+EF» 

sBE.EIH-EF^^ 9nd taking EF> from both, AE. 

EC=:BE.ED. 

Lastly, let neither of the straight lines AC, 
BO'paes through the centre : take the cenire F, 
and through E, the intersection of the sti:aight 
lines AC, DB, draw the diameter GEFH : and 
beca«se, as has. been shown, AE.Eil=GE.EH, 
and BEJBD^GE.fiH ; therefore AE.EC;=BE. 




PROP. XXXVf. THBOR. 



Iffi^m any paint mtlUmi a circle two straight tines b& drawn^ one rf'wKek 
cuts the circle f and the other touches it ; the rectangle contained by the whoU 
Uno.wUehcutsthecirde^andthopenttofitvMmttJiecircU^is equal tio^ 
square ofik& lim.whkk touches it. 



Let D be any point without the circle ABC, and DCA, DB two strai^ 
line% drawn from it, of which DC A cuts the circle, and DB touches il * 
tVe rectanjdb AD.DC is equal to the square of DB^^ 

Either I>C A passes through the centre; or it 
does not ; first, let it pass through the centre E, 
and joiB EB ; dierefore the angle EBD is a 
right angle (IQ. 3.) : and because the straight 
line AC is bisected in E,^ and produced to me 
point D, AD.DC+EC»=ED« (6. 2.). But 
EC = EB, therefore AD.nC + EB« = ED*. 
Now EDa= (47. L) EBH BD«, because EBD 
is a right angle ; therefore AD.DC + EB^ = 
EB» 4- BDa, and taking EB« from each, AD.DC 
«BDa. 

But, if DCA does not pass through the cen- 
tre of the circle ABC, take (L 3.) the centre E, 
Uf^ drawEF perpen^cular (12. L) to AC, and 
•oin EB, EC, ED ; and because the straight 
ine EF, which passes thfao|^ the centre, cuts 
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dia struglH line AC, yiMch does nol pass 
throu]^ me centre, at riglil anries, it likewise 
bisects it (3. 3.) ; therefore AF is equal to FO ; 
and because the straight line AC is bisected in 
F, and ptDdnced to D (6. 2.), AD.OG+FO^sa 
F©»4 «dd PE» to both, then AD.DC+FC*+ 
PB*=FD»+FE«. But (47. 1.) EC*=FC«+ 
F£^ )md BD'sFD*+nS*, because DFE is 
ati^tang^; therefore AD.DC4-E€*=rED*. 
Now, becaiise EBD is a ri^t angle, BO^s 
E)B>+BD>sEC>+BDS and thetefbre, AD. 
DC-J-EC'sEG3+BD>, and AD.DCrrBD^ 

Co&. 1. If (torn any point without a circle, 
there be drawn two straight lines cutting it, as 
AB, AC, the rectaqglea o»maiiied bf the "kviiite 
lines and the parts of them without the circle, 
are equal to one another, viz« BA.AE:=CA. 
AF ; for each of these rectangles is equal to 
the square of the straight line AD, which touch- 
ed the drde. 

Cbk. ^. It follows, moreover, that two Mn- 
fenU drawmfram the same point are equal. 

CoR. 3. And since a radius drawn to the 
point of contact is perpendicular to the tangent, 
it follofirs that the angle included by Iwe tangents^ 
drmmfram the same pointy is bisected ly a Une 
irmmmfrom Ike centre of the circle to thatpeUU ; 
ftf <dus line forms the hypotenuse common to 
two equal n^ angled triangles. 




PROP. XXXVII. THEOR. 

If from a poini without a circle there be drawn two straight lines^ one oj 
wkiek tuU the oirch^ and ike Other moets it : if ^ rtetahgle ee/ntaiMi hy 
the whole linCf which cuts the circle^ and the part of it without the dn^le, 
ie equal to the square of the line which meeto it» tho lime Uikich meets sheUl 

' touek the drclok 

Let ao^ poiat D be taken without the circle ABC^ and from it let two 
straigfal lines DC A and DB be drawn, of which DCA ;uts the circle, ami 
DB meets it ; if the rectangle At).DC, be equal to the square of Dd, I)B 
touches the circle. 

Draw (17.^.) the straight line DE touching the circle ABC ; find the 
^a^txp F, and join FE, FB, FD ; then FED is a right angle (la. 3.) : aftd 
because DE touches the cirole ABC, and DCA eiits it, the rectangle AD 
DC is equal (36. 3.) to the square of DE ; but the rectangle AD.DC is 
If t^ydlkeiis^ e<^ to the iMpia^ of DB : therefore the equate of DA n 
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aqnal to ttie aqnard of DB ; aad the straight line 
D£ equal io the straight Une DB: but FE b 
equal to FB, wherefore DE.EF are equal to DB^ 
BF ; and the base FD is common to the two trian- 
gles DEF, DBF; therefore the angle D£F is 
equal (8. 1.) to the angle DBF ; and DEF is a 
right angle, therefore ako DBF is a right angle : 
biH FB, if produced, is a diameter, and the straight 
line which is drawn at right angles to a diame- 
ter, from the extremity of it, touches (16. 3.) the 
enrcle : therefore DB touches the circle ABC. 




ADDITIONAL PROPOSITIONS. 



PROP. A. THEOR. 

A diameter dimdesaeirA and its eirtnimferen^ itUo Iwe equalparU; 
werseify the hne which divides the cirekimto two eqwd partsisa 

Let AB be a diameter of the circle 
AEBD, then AEB, ADB are equal in 
surface and boundary. 

Now, if die figure AEB be applied to 
the ^gure ADB, their common base AB 
retaining its posidon, the curve line AEB 
must fall on the curve line ADB ; other- 
wise diere would, in the one or the other, 
be points unequally distant from the cen- 
tre, which is contrary to the definition of 
a circle. 



Cam^ersefy. The line dividing the eirele into two equal parts is a diameiar 

For, let AB divide the circle into two equal parts ; then, if the centre is 
net in AB, let AP be drawn through it, which is therefore a diameter, and 
consequently divides the circle into two equal parts ; hence the p<nrtioB 
AEF is equal to the portion AEFB, which is absurd. 

Con. The arc of a circle whose chord is a diameter* is a semicirennH 
ference, and the included segment is a semicircle. 

PROP. B. THEOR. 

Through three given paints which are not in the same straight Une^ »n$ dK 
emmferenea of a eirele may be made to pass^ and hut one. 

Let At B, G, be three points not in the same straight line : 
aO lie in the same circumference of a circle. 
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Fer, let the distances AB, BC be bisected bj the perpendiculars DV 
£F, which must meet in some point F ; for if they were parallel, the lines 
DBf CB, perpendicular to them would also be parallel (Cor. 2. 29. 1.), o 
ebo fcnrm but one straight line : but thej meet in B, and ABC is not a 
strmigfat line by hypothesis. 

Let then, FA, FB,and FC be drawn ; theA, 
because FA, FB meet AB at equal distandes 
from the perpendicular, they are equal. For 
simiUur reasons FB, FC, are equal ; hence 
khm pomts A, B, C, are all equally distant 
from the point F, and consequently lie in the 
circumference of the circle, whose centre is 
P, and radius FA. 

It is obvious, that besides this, no other 
circumference can pass through the same 
poiats ; for the centre, Ijring in the perpen- 
dicular DF bisecting the chord AB, and at the same time in the perpen^ 
dkulmr EF bisecting the chord BC (Cor. 1. 3. 3.), must be at the intersoo- 
tioii of these perpendiculars ; so that, as there is but one centre, there can 
be b«l cMie circumference. 

PROP. C. THEOR. 

(jf Iws eireles cut each other ^ the line which passes through their centres will U 
perpendicular to the chord which joins the points of intersection, and witt 
dtmde it into two equal parts. 

Let CD be the line which passes through the centres of two circles cut- 
^ each other, it will be perpendicular to the chord AB, and will divide it 
mto two equal parts. 

For the line AB, which jwns the points of intersection, is a chord ( 





B 

to the two circles. And if a perpendicular be erected from the middle 
of this ehord, it will pass (Cor. 1. 3. 3.) through each of the two centres 
and D. But no more than one straight line can be drawn through two 
points ; hence, the straight line which passes through the centres will !»• 
sect the chord at right angles. 

Con. Hence, this line joining the intersections of the circumferences §/ 
lios drdeSy witt be perpendicular to the line which joins their centres^ 

SCHOLIUM. 

I. If two circles cut each other, the distance between their centres will 
Is lets than the sum of their radii, and the greater raditti will be sko lees 
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thiol tLi) sum of ttuB smaller laid the distance betwamoi the centres. F#r, 
CD is less (20. 1.) than CA-fAD, and for the same reas<Hi^ AD^AC<4- 
CD 

2. And, cent«rsol]r, if the distance between the centres of tw4> cirdea 
be less than the sum of their radii, the greater radius being at the same time, 
less than the sum of the smaller and the distance between the centres, 
the two circles will cut each oUi«r. 

For, to make an intersection possible, ihe triangle CAD must be possi^ 
bfe. Hence, not only must we have CD<AC+AD, but also the greater 
radius AD<AC+CD ; And wfaenerer the triangle CAD can be con* 
structed, it is |dain that ^e circles described firom the centres C and D^ 
will cut each other in A and B. 

Cor. 1. Hence, if the distance between the centres of two eirdee be 
greater than the sum of their radii, the two circles will not intersect emcik 
ether. 

Cor. 2. Hence, also, if the distance between the centres be lessllMr 
the difference of the radii, the two circles will not citt each other. 

For, AC+CD>AD; therefore, CD>AD— AC ; that is, any Mmm 
a triangle exceeds the ^fference between the other two. Hence, the tn 
angle is impossible when the distance between the centres is less ihsft tlM 
difference of the radii ; and consequently the two circles cannot cut eacik 
ether. * 

PEOP. D. THEOR. 

In ihe same circle^ emtal angles at the centre are subtended 5y equat arts , 
«fMf, cemversely^ equal arrg subtend equal mngies of the centre. 

Let C be the centre of a circle, and- let the angle ACD Ve equal to the 
atagle BCD ; then the arcs AFD, DGB» subtending these angles, AM 
equal. 

Join AD, DB ; then ^e triangles ACD, 
BCD, having two sides and the included an- 
gle in the one, equal to two sides and the 
included angle in the other, are equal : so 
that, if ACD be applied to BCD, there shall 
be an entire coincidence, the point A coin- 
ciding with B, and D common to both arcs ; 
the two extremities, therefore, of the arc 
AFD, thus coinciding with those of the arc 
BGD, all the intermediate pans must coin- 
.cide« inasmuch as they are all equally dis- 
tant from the centre. 

Conversely. Let the arc AFD be equal to the arc BGD ; then the u- 
|le ACD is equal to the angle BCD. 

For, if the arc AFD be afifOied to the arc BGD, they would comcide ; 
so that the extremities AD of the chord AD, would coincide with those of 
the chord BD ; these chords are thereftnre equal : hence, the angle ACD 
k^t&tfml 10 tiM angle BCD (8. 1.). 
•*''CtaNik i, ItkUoWfjmnpfmt, that equal am^es at tKe centra ummjk 
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jMfcd hy Bfful dMndt : mid» conrenelj, equal chords idHeiid eqnil n^ 
fim ad dw ceam. 

Cor. 2. It is also erident, that equal chorda subtend equal arcs ; wad. 
eeuferselj, equal arcs are subtended by equal chords. 

Con. 3. If the anji^e at the centre of a circle be bisected, both the are 
nl the chord which it subtends shall also be bisected. 

Con. 4. It follows, likewise, that a perpendicular through the middle 
cTtfae chord, bisects the ang^e at the centre, and passes through the middle 
rf^e arc subtended by that chord. 

SCHOLIUM. 

The centre C, the middle point E of the chord AB, and the middle point 
Dof the are sdHended by this chord, are three pointa situated in the same 
liae perpendioahar to the chord. But two pointa are sufficient to detenniM 
tk^ position of a straight line ; hence every straight line wbich passes 
Ikmogh two of the points just mentioned, wili necessarily pass through the 
third, and be perpendicular to the chord. 

PROP. E. THEOR, 

TSbBmre9^u€m^mimtttpii9dbyiwoparaUeUar€0qmal; w^ttmm^Md^^iJ 
two straighi tines intercept equal ares of a cirele^ and do not cut each other 
within the drckf the Unes wiU be fordUeh 

There may be three cases : 

First, If the parallels are tangents ^ 
lo the circle, as AB, CD ; then, each 
of the arcs intercepted is a semi-cir- 
cumference, as dieir points of contact 
(Cor. 3. 16. 3.) coincide with the ex- 
tremities of the diameter. 

Second. When, of the two parallels 
AB, GH, one is a tangent, the other 
a chord, which being perpendicular to 
FE, the arc GCH is bisected by FE 
(Cor. 4. Prop. D. Book 3.) ; so that in 
this case also, the intercepted arcs 
GE, EH are equal. 

Third, If the two parallels are chords, as GH, JK ; let the diametei 
FE-be perpendicular to the chord GH, it will also be perpendicular to JK, 
smce they are parallel ; therefore, this diameter must bisect each of the 
arcs wtlch they subtend: that is, GE = EH, and JE=:EK ; therefore, 
JE— GE=EK— EH ; or, which amounts to the same thing, JG is equal 
to HK. 

CoKversefy. If the two lines be AB, CD, which touch the circumfer- 
snce, and if, at the same time, the intercepted arcs EJF, EKF are equal, 
EF must be a diameter (Prop. A. Book 3.) ; and therefore AB, CD (Cor. 
S. 16. 3.), are parallel. 

But if only one of the lines, as AB, touch, while the other, GH, cutK the 
drcmnfereuce, making the arcs EG, EH equal ; then the diameter FE 

13 
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which bisticts the arc 6EH, U perpendicular (SchoL D. 3.) to its cbofd 
GH : it is also perpendicular to the tangent AB ; therefore AB, GH am 
parallel "^ 

If both lilies cut the circle, as GH, JK, and intercept equal arcs GJ, 
HK ; let the diameter FE bisect one of the chords, as GH : it will also 
bisect the arc GEH, so that £G is equal to CH ; and since GJ is {by Ayp.) 
equal to HK, the whole arc £J is equal to the whole arc £K ; therefore 
the chord JK is bisected by the diameter F£ : hence, as both chords are 
bisected by the diameter F£, they are perpendicular to it ; that is, they are 
parallel (Cor. *28 1.). 

SCHOLIUM. 

The restrictkMi in the enunciation of the converse propoeition, namely, 
that the lines do'nol cut each other within the circle, is necessary ; for 
lines drawn through the points G, K, and J, H, will intercept equal area 
GJ, HK, and yet not be parallel, since they will intersect each other withis 
the circle. 

PROP. F. PROB. 
TV dram a tangent to any point in a cireular arc^ widmUfniing tk$ contra 

From B the given point, take two equal 
distances BC, CD on the arc ; join BO, 
and draw the chords BC, CD : make (23. 
L) the angle CBG=rCBD, and the straight 
line BG will be the tangent required. 

For the angle CBD=:CDB ; and there- 
fore the angle GBC (32. 3.) is also eqiuu 
to CDB, an angle in Jie alternate segnMHit ; 
heqee, BG is a tangent at B. 
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DEFINITIONS. 

1 A RBCTTLiNEAL figure 18 Mud to be inscribed in 
figure, when all Uie angles of the inscribed 
l^ure are upon the sides of the figure in which 
ii is inscribed, each upon eadL 

S In like manner, a figure is said to be described 
about another figure, when all the sides of the 
circumscribed figure pass through the angular 
points of the figure about which it is described, 
each through each. 

S A rectilineal figure is said to be inscribed in 
a circle, when ill the angles of the inscribed 
figure are upon the circumference of the cir- 
do. ^ 

4. A rectilineal figure is said to be described 
about a circle, when each eide of the circum- 
scribed figure touches the circumference of the 
circle. 

i. In like manner, a circle is said to be inscrib- 
ed in a rectilineal figure, when the circum- 
ference of the circle touches each side of the 
figure. 

fi. A circle is said to be described about a recti- 
ttneal figure, when the circumference of the 
circle passes throu^ all ^e angular points of 
the %ure about which it is descnbed. 

7. A straight line Is said to be placed in a drcle, 
when the extremities of it are in the circum- 
feimice of the circle. 
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8. Pifygcns of five sides are called pentagons ; those of six sides, i 
gans; those of seven sides, i^^pUigmit; those of eight sides, ociagmui 
andsooiL 

9 A polygon^ which is at once efiiilateral and equiangular, is called a 
tegular polygon. 

Regular polygons rxmj have anj number «f aides ; the equilateral tii 
angle is one ef thiM sides ; 4rtid iii» sqiwke is 4me 4tf four sides. 

LEMMA. 

Amiy regular polygon may he insom^ ma cif>ele,andeireumscrihed aboU one. 

liOt ABODE, Sic. be a regular polycon : describe a circle through Uie 
duee points A, B, C, the centre beuig O, and GP the perpendicular let laU 
firom it, to the middle point of BC : join AO and OD. 

lC4he l|uaMltteral OPCD be placed upon 
the quadrilateral OPBA, tliey will Coincide ; 
for the side OP is comma* : me angfo OPO:ai 
OPB, being right ; hence the side PC wiAep- 
plf to its e^al PB, and the point C will fall 
en B ; besides, from the nature^the polygon, 
<ie angle PCDsPBA; hence OD will take 
die direction BA, and since ODflsBA,UM porat 
D will fall on A, and the two ipiadiilatoniiB 
will entirety coincide. 

The distance OD is therefore equal to AO ; 
and consequently the circle which passes through tiie three peortB A, B, G^ 
will also pass tmough the poiitf D. By the same node of feasoning, il 
mifht be shoMm that the circle which passes timnigh the pointo B^ C^ O, 
wiu also pass through the point B ; and so of all the rest: hence the eir- 
^e which pa88^.s through the points A, B, 0, passes through the vertices 
of all the angles in the polyi^, which is therefore ineeribed in this circle^ 

Again, In reference to t^ circle, all th^ sides AB, BO, OD, iLe^, are 
eond chords ; they are u before equally distant ftoiii the centre (Th. 14^ 
$.) : hence, if from the point O with the distance OP, a circle be describ- 
ed, it will touch the side BC, and all the other sides of the polygon, each 
kk its middle point, and the circle will be inscribed in the polygc«,<Mr Ihi 
feljgon circumscr3>ed about the circle. 

Ooa. L Hence it is evident that a circle may he inscribed m, or eii^ 
eumscribed about, any regular polygon, and the circles so described have a 
common eentre. 

CoE. 2. Hemce it likewise follows, that if from a common ceJiUro^ dnjUe 
can he inscribed in, and drcumscrtbed about a polugon^ ikai polygon is r^gU' 
ifgr. For, suppostfig those circles to be described, the inner one wiU t^sMsh 
tH the sides of the polygon ; these sides are therefore equally distant fiom 
its Centre ; and, 6onsequently;» being chords of the circumscribed circle 
thdy a!^ eqiifd, atid therefore include equal angles. Hence the polyig^ is 
atondt ^qpulliteral and equiangular; that is (Def. 9. B. tV.), it is re|;i|Iar 
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SCHOLIUMS. 

1. The point 0^ the common centre of tiM inscribed mdl cwcnnsaib*! 
fficles, an-y alao be regarded as the centre of the ^cfygva ; aad upon thie 
ftuia^ the angle AOB & called the angle at the centre^ being fonnadfasr 
twa radii drawn to the extremities of the btaae side AB. 

Sinpe all the chords ajre equak all the ang^ee al the centre aiiBt evideni* 
~ U be equal likewise ; and therefore the vatee of each wjU be found by di« 
ndiqg four right angles by the number of the polygon's aides. 

2^ To inscribe %regula^ polyeon of a cettain number of sides in a givett 
^^e, we have onlj It divide the ciroumfereace into as many equal parts 
Bs the polygon has sides : for the arcabeing equal (see fig. PrQ|)u XY. B. 4X 
the chords AB, BC, CD, &c. will also be e<pial ; henoe, Ukeiwisey the te* 
'sMflri, ABGi, B6C; C€^ Ac. nmsl be equal, because Ihey are erpiiaafc 
gAr I keoee all iheaiigiee ABC, BCD, CI>E, Ae. wUl be eqpuil,.aad eoHf 
soqMitly the iguee ABCD^ Ac. will be a^iegvlai pelygoa.. 

PROP. I. PROB. 

Jk m ghen cMe to ptaae a Hraigkt line equal Is a given etrmgkt kne^ net 
greater than t&i diameter of the circle. 

Let ABC be the giren circle, and D the given stnight Kse,not giealef 
dian the diameter of the circle. 

Draw BC Ihe ^ameterof Ae circle 
ADC ; then, if BC is equal to D, the 
fting required iedone ;, for in the circle 
ABC a straight line BC is ^aced equal 
l» D; But, if it is not, BC is greater 
Ann D ; make CE equal (Prop. 3. 1.) 
C» Dy and from thtf centre C, at the dis- 
tance CE, deseribe the circle AEP, and 
jbiti CA; Theiefere, because C is the 
eenm of the circle AEF, CA Is equal 
to CF ; but D is equal to CE ; there- 
fi»e D is equal to CA : Wherefore, in the cirele ABC, a straight line is 
placed, equal to the g|fsn straight line D, wfaiiph is not greater than the 
diaaieter of the circle. 



PROP. 11. PROB, 
In agioen circle to inscribe d triangle equiangular to a given triangU. 

Let ABC be the given circle, and DEF the given triangle ; k is re- 
quired to inscribe in the circle ABC a triangle equiangular to the triangle 
DEF; 

Drsw(Prof. It. 3l) thrsMii^t line GAH touohingthe circle in the noim 
A, and at the point A, in the straight line AH, make (Prop. 23. l.>the aa- 
IJts HAC equal to the 9m^ DEF ; aad i* the point A, in ths mu^Um 
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AG, make the ande GAB equal 

to Ui6 ingle DFE, aiyl joia 

BC. Therefore, because HAG 

touches the circle A BC, and AC 

is drawn from the point of con* 

tod, the angle HAC^ is equal 

(32. 3.) to the ang^e 

alternate segment oi 

But HAC is equal i 

DEF ; therefore also 

ABC is equal to DEF ; for the 

none reason, the angle ACB is 

equal to the angle DFE ; therefore the remaining angle BAG is oqwil 

J4* Cor. 32. 1.) to the remaining angle EDF : Wherefore thei^ triangle ABC 

IS equiangular to the triangle D£Ff and it is inscribed in the circle ABC 



HAC is equal -^ 

^e ABC hi the V 

t of the circle : /\ 

ai to the angle / \ 

also the angle Z. ^ 



E F 




PROP. III. PROB. 
About a given eiuie io describe a triangle equiangukur to mgwem iriangU, 

Let ABC be the given circle and DEF the given triangle ; it is reqidiw 
od to describe a triangle about the circle ABC eqiuangular to the triaarie 
DEF. 

Produce EF both ways to the points G, H, and find the cenure K of the 
circle ABC, and from it draw any straight line KB^ at the point K in the 
straight line KB, make (Prop. 23 1.) the angle BKA equal to the anda 
DEG, and the angle BKC etjual to the angle DFH ; and through Uis 
points A, B, C; draw the straight lines LAM, MBN, NCL touching (Prop. 
17.3.) the circle ABC: Therefore, because LM,MN, NL touch the circM 
ABC ill the points A, B, C, to which from the centre are drawn KA, KB, 
KC, the angles at the points A, H« C, are right (18. 3.) angles. And bo- 
cause the four angles of the quadrilateral figure AMBK are equal to fow 
light angles, for it can be divided into two triangles ; and because two of 




diem. KAM, KBM, are right angles, the other two AKB, AMB are oqnml 
to »wo right angles : Bm tlie angles DEG, DEF are likewise equal (13.1.) 
to two right angles ; therefore the angles AKB, AMB are equal to the an 
fles DEG, DEF, of wliich AKB is equal to DEG ; wherefiire the reom^- 
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Bg angle AMB is equal to the remaining angle DEF. In like i 
Ae angle LNM may be demonstrated to be equal to DFE ; and therefove 
^ remaining angle MLN is equal (32. 1.) to the remaining angle EDF : 
Wherefore the triangle LM N is equiangular to the triangle DEF : and it 
ii described about the circle ABC. 

PROP. IV. PROB. 

To inscribe a circle in a given triangle. 

liCt the giren triangle be ABC ; it is required to inscribe a circle in 
ABC. 

Bisect (9. 1.) the angles ABC, BCA by the straight lines BD, CD meel- 
bkg one another in the point D, from which draw (12. 1.) D£, DF, DO 
perpendiculars to AB, BC, C A. Then be- 
cause the angle £BD is equal to the angle 
FBD, the angle ABC being bisected bj 
BD ; and because the right angle BED, is 
equal to the right angle BED, the two tri- 
mngles EBD, FBD luive two angles of the 
one equal to two angles of the other ; and 
the side BD, which is opposite to one of 
the equal angles in each, is common to 
both ; therefore their other sides are equal 
(26. 1.); wherefore DE is equal to DF. 
For the same reason, DO is equal to 
DF, therefore the three straight lines DE, DF, DG, are equal to one 
another, and the circle described from the centre D, at the disti.»ice of m 
of them, will pass through the extremities of the other two, and will toucl 
die straight lines AB, BC, CA, because the angles at the points E, F, G 
are right angles, and the straight line which is drawn from the extremity 
of a diameter at right angles to it, touches (1 Cor. 1 6. 3.) thecircle. There- 
finre the straight lines AB, BC, CA, do each of them touch the circle, and 
die circle EFG is inscribed in the triangle ABC 

PROP. V. PROB. 
# 
TV describe a circle about a given triangle. 

I^et the girea triangle be ABC ; it is required to describe a circle aboiD 
ABC. 

Bisect (10. 1.) AB, AC in the points D, E, and from these points drav 
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DF, EF at right anglM (11. 1.) to AB, AC ; DF» EF proaueed will mMt 
ioao another « for, if they do not meet, they are parallel, wherefiMre» AB» 
AC, which are at right angles to them, are parallel; which ia absurd : kc 
Ihem meet in F, and join FA ; also, if the point F be not in BC, join BF, 
CF : then, because AD is equal to BD, and DF common, and at ri|^ ai^ 
gies to AB, the base AF is equal (4. 1 .) to the base FB. In like manner, 
it may be shewn that CF is eqnsd to FA ; and therefore BF is equal to 
^ FC ; and FA, FB, FC are equal to one another ; wherefore the circle de- 
scribed from the centre F, at the distance of one of them, will pass 
through the extremities of the other two, and be described about tke trian- 
gle ABC. 

Coa. When the centre of the circle Tails withinj the triangjk, each of 
its angles is less than a right ang^e, each of them being in a segment great- 
er than a semicircle ; but when the centre is in one of the aides of the 
triangle, the angle opposite to this side, being in a semicircle, is a right fm«> 
gle : and if the cen^e falls without the triangle, the angle opposite to die 
side beyond which it is, being in a segment less than a semieirclOy is greater 
than a right angle. Wherefore, if the given triangle be acmte angled, the. 
centre of the cirde falls within it ; if it be a right angle triangle, the cei^ 
tre is in the side opposite to the right angle ; and if k be an oUuse angled 
triangle, the centre falls without the triangle^ beyond the side opposite to the 
obtuse angle. 

SCITOLroM, 

1. From the demonstration it is evident thi^t the diree perpendicnlani 
triaecting the sides of a triangle, meet in the same point ; that is, the centk« 
of the circumscribed circle. 

2. A circular segment arch of a gften span and rise, may he drawn by 
ir HMidificatien of the preceding problem; 

Let AB be th^ span and SR the rise. 

Join AR, BR, and at their respectiTe points of bisection, H, N, tntt 
the perpendicular MO, NO to AR, BR ; they 
will intersect at O, the centre of the circle. 
That OA=OR=OB, is proved as before. ^ 

The joints between the arch-stones, or 
vaussairs, are only continuations of radii 
diftWB iioai the tBatxe O of the cirde. 



PROP/VI. PROB. 
To inscribe a square tw m given etrcb. 

Let ABCD be the given drde ; it is required to inscribe a square in 
ABCD. 

Draw the diameters, AC, BD at right angles to one another, and join 
AB, BC, CD, DA ; because BE is equal to ED, E being the centre, wtA 
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is inscribed in the circle 



be^uise EA. is at right aagles to BD, sad 
common to the triangles ABE, ADE ; the 
base BA is eqnal (4. 1.) to the base AD ; and, 
for the same reason, BC, CD are each of 
them eqnal to B A or AD ; therefore vhe quad- 
lilateral figure ABCD is equilateral. It is 
ilao rectangular ; for the straight line BD be- 
iag a diameter of the circle ABCD, BAD is 
i semicircle ; wherefore the angle BAD is a 
nght angle (31. 3.) ; for the same reason each 
of the angles ABC, BCD, CDA is a right an- 
gle ; therefore the quadrilateral figure ABCD 
IB rectangular, and it has been shewn to be 
equilateral; therefore it is a square; and it 
ABCD. 

SCHOLIUM. 

Since the triangle AED is right angled and isosceles, we hare (Cor. 2. 
47. 1) AD : A£ : : '/2 : 1 ; hence the side of the inscribed square is te 
tk$ radius, as the squars root of 2, is to unity, 

PROP. VII. PROB. 

To describe a square about a given circle. 

Let ABCD be the given circle ; it is required to describe a square about it. 

Draw two diameters AC, BD of the circle ABCD, at right angles to 
one another, and through the points A, B, C, D draw (17. 3.) FG, GH, HK, 
KF touching the circle ; and because FG touches the circle ABCD, and 
EA is drawn from the centre E to the point of contact A, the angles at A 
are right angles (18. 3.) ; for the same reason, the angles at the points B, 
C, D, are right angles; and because the* angle A£B is a right angle, as 
likewise is EBG, GH is parallel (28. 1.) to AC ; for the same reason, AC 
is parallel to FK, and in like manner, GF, 
HK may each of them be demonstrated to be 
parallel to BED; therefore the figures GK, Q^ 
6C, AK, FB, BK are parallelograms ; and 
GF is therefore equal (34. 1 .) to HK, and GH 
to FK; and because AC is equal to BD, 
and also to each of the two GH, FK ; and 
BD to each of the two GF, HK : GH, FK 
are each of them equal to GF or HK ; there- 
fore the quadrilateral figure FGHK is equi- 
lateral. It is also rectangular; for GBEA 
being a parallelogram, and AEB a right an- 
gle, AG B (34. 1.) is likewise a right an^e : 
in the same manner, it may be shewn that the angles at H, K, F are right 
aiq^es ; therefore the quadrilateral figure FGHK is rectangular ; aiid it 
was demonstrated to be equilateral ; dierefore it is a square ; and it is de 
•eribed about the circle ABCD. 

13 
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PROP. Vni. PROB. 

To inscribe m mek m m ginm squtare^ 

L6^ ABCD btt the given square ; it is reqiiired to' inscribe a circle n 

ABCa 

Bisect pot 1.) each of the sides AB, AD, in the points F, E, antf 
Arough E draw (31. 1.) EH parallel to AB or DC, and through F draw 
FK parallel to AD or EC ; therefore each of the figures, AK, KB, AH, 
HD, AG, GC, BG, GD is a parallelogram, and their opposite sides are 
equal (Si, 1.); and because that AD is equal to AB, and that AE is tlne 
half of AD, and AF the half of AB, AE is equal to AF ; wherefore Ham 
sides opposite to these are equal, viz. FG to GE ; in the same manner bt 
may be demonstrated, that GH, GK, are each 
ef them equal to FG or GB ; therefore the 
four straight lines, GE, GF, GH, GK, are 
equal to one another ; and the civcle deeciibed 
from the centre G, at the distance of one of 
them, will pass tkrough.the extremiti^ of the 
other three ; and wiU also touch the straight 
lines AB, BC, CD, DA, because the anglea 
at the points E, F, H, K, are right angles 
(29. 1 .), and because the alraight line which 
is drawn from the extremity of a diameter at 
right angles to it, touches the circle (16u 3.) ; 
therefore each of the straight lines AB, BC^ 

CD, DA touches the circle, which is therefore ihseribed in the squa;reii 
ABCD. 

PROP. IX. PROB. 
To inerihe a eireie about « given square. 

Let ABCD be the given square ; it is required to describe a ciscle 
■bout it. 

Join AC, BD, cutting one another in £ ; and because DA is equal to 
AB, and AC common to the triangles DAC, BAC, the two aides DA, AC 
are equal to ^e two B A, AC, and the base DC is equal to the base BC ;^ 
wherefore the angle DAC is equal (8. 1.) to the 
angle BAC, a,nd the angle DAB is bisected by 
the straight line AC. In the same manner it may 
be demonstvatod, that the angles ABC, BCD, 
CDA are severally bisected by the straight lines 
BD, AC ; therSTore, because the angle DAB is 
equal to the angle ABC, and the angle EAB is 
the half of DAB, and EB A the half of ABC ; the 
aiurle EAB is equal to the angle EB A : and the 
side EA (6. 1.) to the side EB. In the same 
manner, it may be demonstrated, that the straight 

Bnes EC, ED are each of them equal to EA, or EB ; therefore the fiifr. 
straight lines EA, EB, EC, ED, are equal lo one another ; and the circle 
described from the centre £, al the distance of one of thom» ouii* i^Mt? 
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ihm^ dke cttirenitlw «f ikm otiwr dmo, and be iBwriUd about ihr 
■fUMftAIIClX 

PROP. X- PROB. 

n 4escrihe mm uoseeks triangte, hmnng each of ths mngits at ih$ Am# dauHU 
aftke third angle. 

Talbt aay ainifliilkie AB, ud divide (11. 2.) il in tke point C, eo 
AMt iha rectMigle AB.BC may be equal to the aquare of AC ;*aud from 
the centre A, at the dialance AB, deacnbe the circle BDE, in which^ 
place (1. 4.) the atraight line BD equal to AC, which is not greater 
than the diameter of the circle BDE ; join DA, DC, and about the tri- 
angle ADC describe (5. 4.) the circle ACD ; the triangle ABD is such 
as is required, that is, each of the angles ABD, ADB is double of the an- 
gle BAD. 

Because the rectangle AB.BC is equal to the square of AC, and AC 
equal to BD, the rectangle AB.BC is 
equal to the square of BD ; and because 
from ^e po;nt B without the circle ACD 
two strai^t lines BCA, BD are drawn 
to the circumference, one of which cuts, 
and the other meets the circle, and the 
rectangle AS.BC contained by the whole 
of the cutting line, and the part of it 
witbrmt the circle, is equal to the square 
<^ BD, which meets it ; the straight line 
BD touches (37. 3.) the circle ACD. 
And because BD touches the circle, and 
DC is drawn from the point of contact 
D, the angle BDC is equal (32. 3.>te 
the angle DAC in the alternate segment 
of the circle, to each of these add the angle CDA ; therefore tftie whole 
angle BDA is equal to the two angles CDA, DAC ; but the exterior angle 
BCD IB equal (32. 1.) to the angles CDA, DAC ; therefore also BDA is 
equal fo BCD; but BDA is equal (5. 1.) to CBD, beeaose the side AI> 
is equal' to the side AB ; therefore CBD, or DBA is equal to BCD ; and* 
consequently the three angles BDA, DBA, BCD, are equal to one another. 
And beeaeae the angle DBC is eami to the angle BCD, the ^ide BD is* 
equal (6. I.) to the side DC; but BD was made equal to CA; therefore 
ako GA is equal to CD, and the angle CDA equal (5. 1.) to the angle 
DAC; dierefore the an^s CDA, DAC together, are double of the angle 
DAC; tmt BCD is equal to the angles CDA, DAC (32. 1.) ; therefore 
fdso BCD is double of DAC. But BCD is equal to each of the angles 
BDA, DBA, and therefore each of the angles BDA, DBA, is- double of 
the angle DAB ; wherefore an isosceles triangle ABD is described, hav'- 
Ing each of the angles at the base double of the third angle. 

«'CoR. 1. The angle BAD is the fifth part of two right angles. 
* For since each of the angles ABD and ADB is equal to twice the an> 

ale BAD, they aie togetlrar equal le four limes BAD, and therefore all 
«4» ttee# ang^ ABOb M>f^ BAD, laksft tofeiher^MB equal le fifir 
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*' ttm«s die Migle BAD. But tbe tluree angles ABD, ADB, BAD an 

* equal to two right angles, therefore five times the angle BAD is «qual to 
" two right angles ; or BAD is the fifth part of two right angles." 

" Cor. 2. Because BAD is the fifth part of two, or the tenth part of 
'* four right angles, all the angles about the centre A are together equal to 
" ten times the angle BAD, and may therefore be divided into ten parts 
'' each equal to BAD. And as these ten equal angles at the centre, must 
*^ stand on ten equal arcs, therefore the arc BD is one-tenth of the cir- 
'' cumference ; and the straight line BD, that is, AC, is therefore equal to 
** the side of an equilateral decagon inscribed in the circle BDE.** 

PROP. XI. PROB* 

To inscribe on equilaieral and equiangular pentagon in a given arcle. 

Let ABCDE be the given circle, it is required to inscribe an equilateral 
and equiangular pentagon in the circle ABCDE. 

Describe (10. 4.) an isosceles triangle FGH, having each of the angles 
at G, H, double of the angle at F ; and in the circle ABCDE inscribe (2. 
4.) the triangle ACD equiangular to the triangle FGH, so that the angle 
CAD be equal to the angle' at F, and each of the angles ACD, CDA equal 
to the angle at G or H : where- 
fore each of the angles ACD, 
CDA is double of the angle 
CAD. Bisect (9. 1 .) the angles 
ACD, CDA by the straight lilies 
CE, DB ; andjoin AB,BC,ED, 
EA. ABCDE is the pentagon 
required. 

Because tbe angles ACD, 
CDA are each of them double 
of CAD, and are bisected by the 
straight lines CE, DB,the five angles DAC, ACE, ECD, CDB, BDA are 
equal to one another ; but equal angles stand upon equal arcs (26. 3.) ; 
therefore the &ve arcs AB, BC, CD, DE, E A are equal to (me another ; and . 
equal arcs are subtended by equal (29. 3.) straight lines ; therefore the 
five straight lines AB, BC, CD, DE, E A are equal to one another. Where- 
fore the pentagon ABCDE is equilateral. It is also equiangular ; be- 
cause the arc AB is equal to the arc DE ; if to each be added BCD, the 
whole ABCD is equal to the whole EDCB ; and the angle AED stands 
on the arc ABCD, and the angle BAE on the arc EDCB : therefore the 
angle BAE is e^ual (27. 3.) to the angle AED : for the same reason, each 
of the angles ABC, BCD, CDE is equal to the angle BAE or AED : there- 
f<Mre the pentagon ABCDE) is equiangular ; and it has been shewn that It 
is equilateral. Wherefore, in the given circle, an equilateral and eq;uiaa 
gular pentagon has been inscribed. 

Otherwise. 

^ *< Divide the radius of the given circle, so that the rectangle containod 
"^bf Ale whole and one of the parts may bo equal to the sqaave of tlM olk«r 
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*'(11. 2.). Apply in the circle, on each side of a given point, a line 
''equal to the greater of these parts ; then (2. Cor. IQ. 4.), each of thit 
** arcs cut off will be one-tenth of the circumference, and therefore the 
** arc made up of both will be one-fifth of the circumference ; and if the 
^ straight line subtending this are be drawn, it will be the side of an 
<«equi£teral pentagon inscribed in the circle.^ 

PROP. XII. PROB. 

T^ describe mn equUaUral a»d equiangular petUagtm about m gwen mreie. 

Let ABODE be the giren circle, it is required to describe an equilateral 
and equiangular pentagon about the circle ABODE. 

Let the angles of a pentagon, inscribed in the circle, by the last pro- 
position, be in the points A, B, C, D, E, so that the arcs AB, BC, CD, 
DE, EA are equal (11. 4.) ; and through ^ points A, B, C, D, E, draw 
GH, HK,.KL, LM, MG, touching (17. 3.) the circle ; take the centre F, 
and join FB, FK, FC, FL, FO. And because the straight line KL touch- 
es the circle ABODE in the point C, to which FC is drawn from the cen- 
tre F, FC is perpendicular (18. 3.) to KL ; therefore each of the angles 
at C is a right angle ; for the same reason, the angles at the points B, D are 
rigjit angles ; and because FCK is a right angle, the square of FK is equal 
(47, 1.) to the squares of FC, OK. - For the same reason, the square o1 
FK is equal to the squares of FB, BK : therefore the squares of FC, CK 
are equal to the squares of FB, BK, of which the square of FC is equal to 
^e square of FB ; the remaining square of CK is therefore equal to the 
remaining square of BK, and the straight line CK equal to BK : and be- 
cause FB is equal to FC, and FK common to the triangles BFK, CFK, 
the two BF, FK are equal to the two OF, FK ; and the base BK is equal 
to the base KC ; therefore the angle BFK is equal (8. 1.) to the angle 
KFC» and the angle BKF to FKC ; wherefore the angle BFC is double 
of the angle KFC, and BKC double of FKC : for the same reason, the an- 
gle CFD is double of the angle CFL, and OLD double of CLF : and be- 
cause the arc BO is equal to the arc CE^ the angle BFC is equal (27. 3.) 
to the angle CFD : and BFC is double of the angle KFC, &nd CFD 
double of CFL ; therefore the angle 
KFC is equal to the angle CFL : 
now the ri|rht angle FCK is equal to 
the right angle FCL ; and therefore, 
inlhe two triangles FKC, FLO, there 
are two angles of one equal to two an- 
gles of the other, each to each, and the 
aide FC, which b adjacent to the 
CN|oal angles in each, is common to 
both ; therefore the other sides are 
equal (26. 1 .) to the other sides,and the 
third angle to the third angle ; there- 
Sore the straight line KC is equal to 
CL, and the angle FKC to the angle 
PLC : and because KC is equal to CL, KL is double of KC : in the same 
yil niaj be ahewo that HK is doiMe of BK ; and because BK m 
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aooal to KC, tM was demonstrated, and KL is doubW of KC« and HK douUa 
of BK, HKls equal toKL ; in like manner, it may be skewn tbat GU» GMt 
ML ai e each of them equal to HK or KL : therefore the pentagon GHKLM 
is aquilatoraL It is alao equiangular » for, siace the angle FKC is equal to 
the angle FLC, and the angle HKL double of the angle FKC, and KLM 
double of FLC, as was before demoaatratedt the angle HKL is equal to 
KLM ; and in like maimer it may be shewn, that each of the angles KHG, 
HGM, GML is equal to the angle HKL or KLM ; therefore the B^e an- 
gles GHK, HKL, KLM, LMG, MGH being equal to one another, the pen- 
tagon GHKLM is eqwangnlar ; and it is equilateral as was ^eoMmstra 
ted r and it is described about the circle AUCDE. 

PROP. XIIL PROB. 

TV mserihe a drde in a. given equUaUrai and efuiai^gtuar pemiag§m. 

Let ABODE be the given equilateral and equiangdar pentagon ; it is 
required to inscribe a circle in the pentagon ABODE. 

Bisect (9. L) the angles BOD, ODE bv the straight lines OF, DF, and 
from the point F, in which they meet, draw the straight lines FB, FA, 
F£ ; therefore, since BO is equal to OD, and OF common to the trian- 
gles BOF, DCF, the two sides BO, OF are equal to the two DO, OF ; 
and the angle BOF is equal to the angle DCF : therefore the base BF is 
equal (4. 1 !) to the base FD, and the other angles to the other angles, to 
which the equal sides are opposite ; therefore the angle CDF is equal to 
the angle ODF : and because the angle ODE is double of CDF, and ODE 
ec^ual to CBA, and ODF to OBF ; OBA is also double of the ang^e CBF ; 
therefore the angle ABF is equal to the 
angle OBF ; wherefore the angle ABO 
is bisected by the straight line BF : in 
the same manner, It may be demonstra- 
ted that the angles BAE, A ED, are bi- 
sected by the straight lines AF, EF : 
from the point F draw (12. 1.) FG, 
FH, FK, FL, FM perpendicultfirs to 
the straight lines AB, BC, OD, D£, 
£A; and because the angle HOF is 
equal to KOF, and the right angle 
FHO eqi]^ to the right angle FKC ; in 
the triangles FHO, FKC there are two 
an^es of one equal to two angles of the other, and the side FC, which is 
opposite to one ii the equal angles in each, is common to both ; therefore, 
the other sides shall be equar(26. 1 .), each to each ; wherefore the per- 
pendicular FH is equal to the perpendicular FK : in the same manner it 
may be demonstrated, that J^L, fiM, FG are each of them equal to FH. or 
FK; therefore the ^yt^ straight lines FG, FH, FK, FL, FM are eqnal to 
one another ; wherefore die circle described from the centre F, at the diflh 
tance of one of these five« will pass through the extremities of the othei 
four, and touch the straight lines AB, BO, OD, DE, EA,becanae that tbe 
ajigles at the points G, H, K, L, M are right angles, and that a straight lint 
dUawn front iOf» «xtremi^ of the diameter of a circlt at right angl^ lp ijt 
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miclies (1 . C^. 16. 3.) the circle ; therefore each^f the ettaight liiiei A& 
BC, CD« D£, EA touches the eixcie^ wherefore the circle is lAScHibedib 
dip pe^ttgon ABODE. 

PROP. XIV. PROB. 
7t9 dt^hhe a tircU about a given trilateral and eqmangular pentagon. 

Lei ABODE be the fken equilateral and equiangular pentagon ; h iii 
required to describe a circle about it. 

Bisect <9. 1.) the angUs BCD, CDE by the straight ltn6S CP, FD, add 
from the poiftf F, in which they meet, dniw 
the straight lines FB, FA, FE to the points 
B, A« E. It may be demonstrated, in the 
same manner as in the preceding proposition, 
that the angles CBA, BAE, AED are bisect- 
ed by the straight lines FB, FA, FE : and 
because that the angle BCD is equal to the 
aiigle CDE, and that FCD is the half of the 
angle BCD, and CDF the half of CDE ; the 
angle FCD is equal to FDC ; wherefore tlie 
side CF is equal (6. 1 .) to the side FD : in 
like manner it may be demonstrated, that FB, 
th^ FE are each of them equal to^ FC, or FD : therefore the fire straiffbl 
fines FA, FIJ, PC, FD, FE are equal to one another ; and the circle de- 
scribed from the centre F, at the distance of one of them, will pass thnK^ 
^e extremities of the other four, and be described about the equilateral 
and equiangular pentagon ABODE. 

PROP. XV. PROB. 
To inscribe an equilateral and equiangular hexagon in a given circle. 

Let ABODEF be the given circle ; it is required to insc^be an equi- 
lateral and equiangular hexagon in it. 

Find the centre G of the circle ABODEF, and draw the diameter A6D : 
and from D, as a centre, at the distance DGj describe the circle EGCH« 
loin EG, CO, and produce them to the points B, F ; and join AB, BO, 
CD, DE, EF, FA : the hexagon ABODEF is equilateral and equiangular. 

Because G is the centre of the circle ABODEF, G£ is equal to GD: 
and because D is the centre of the circle EGCH, DE is equal to DO; 
wherefore OE is equal to ED, and the triangle EOD is equilateral ; and 
therefore its three andes EGD, ODE, DEG are equal to one another 
(Cor. 5. 1.) ; and the three angles of a triangle are equal (32. 1.) to tw^ 
ri|^ angles ; therefore the angle EGD is 4he third part of two right aft- 
gM8 : in the same manner it may be demonstrated that the angle DGO is 
also the third part of two right angles ; and because the straight ihie OC 
aakes with EB the adjaoent angles EGO, COB equal (13. 1.) to two 
right ungles ; the remaining angle COB is the third part of two right 
an^es ; therefore the angles EGD, DGO, CGB, are equal to one a«- 
other; aiui also the angles Yeitical to them, BOA, AQF, FG£ (15 
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1.); tharafoe the dx angles SGD, DGC, 
COB, BOA, AGF, FOE are equal to one an- 
other. But equal angles at the centre stand 
upon equal arcs (26. 3.) : therefore the six 
arcs AB, BC, CD, DE, EF, FA are equal 
to one another : and equal arcs are subtend- 
ed by equal (29. 3.) straight lines ; there- 
fore the six straight lines are equal to one 
another, and the hexagon ABCDEF is 
equilateraL It is also equiangular; for, 
since the arc AF is equal to ED, to each of 
these add the arc ABCD ; therefore the 
whole arc FABCD shall be equal to the 
whole EDCBA : and the angle FED stands 
qppn the arc FABCD, and the angle AFE 
i^pon EDCBA; therefore the angle AFE 
is equal to FED : in the same manner it may be demonstrated, that the 
other angles of the hexagon ABCDEF are each of them equal to the 
angle AFE or FED ; therefore the hexagon is equiangular ; it is also 
equilateral, as was shown ; and it is inscribed in the given circle ABCDEF* 

Cor. From this it is manifest, that the side of the hexagon, is equal to 
the straight line from the centre, that is, to the radius of the circle. 

And if through the points A, B, C, D, E, F, there be dtawn straight 
lines touching Sxe circle, an equilatersCl and equiangular hexajgron shall be 
described about it, which may be demonstrated from what nas been said 
of the pentagon ; and likewise a circle may be inscribed in a given equi- 
lateral and equiangular hexagon, and circumscribed about it, by a method 
like to that used for the pentagon. 

PROP. XVI. PROB. 

To inscribe an equilateral and equiangular qutndecagon in a given 
m circle. 

Let ABCD be the given circle ; it is required to inscribe an equilateral 
and equiangular quindecagon in the circle ABCD. 

Let AC be the side of an equilateral triangle inscribed (2. 4.) in the 
eircle, and AB the side of an equilateral 
and equiangular pentagon inscribed (11. 4.) 
in the same ; therefore, of such equal parts 
as the whole circumference ABCDF con- 
tains fifteen, the arc ABC, being the third 
part of the whole, contains five ; and the 
arc A B, which is the fifth part«of the whole, 
contains three ; theref )re BC their differ- 
ence contains two of the same parts : bi- 
sect (30. 3.) BC in E ; therefore BE, EC 
are, each of them, the fifteenth part of the 
whole circumference ABCD : therefore, if 
(be straif^t lines BE, EC be drmwn« mad 
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•might lines equal to them be placed (1.4.) around in the whole circle, 
an equilateral and equiangular quindecagon will be inscribed in it. 

And in the same manner as was done in the pentagon, if through the 
points of division made by inscribing the quindecagon, straight lines be 
drawn touching the circle, an equilateral and equiangular quindecagon maj 
be described, about it : andlikewise, as in the pentagon, a circle may be 
inscribed in a given equilateral and equiangular quindecagcm, and cii- 
eamscribed about 1^ 

SCHOLIUM. 

Any regular polygon being inscribed, if the arcs subtended by its sides 
be severally bisected, the chords of those semi-arcs will form a new regu- 
lar polygon of double the number of sides : thus, from having an inscri^d 
•quare, we may inscribe in succession polygons of 8, 16, 32, 64, &c, sides ; 
from the hexagon may be formed polygons of 12, 24, 48, 96, &c. sides; 
irofti the decagon "polygons of 20, 40, 80, &c. sides ] an4 from the pente- 
decagon we may inscribe polygons of 30, 60, &c, sides ; and it ib plaM 
that each polygon w^ll exceed the preceding in surface or area. 

It is obvious that any regular polygon whatever might be inscribed in a 
circle, provided that its circumference could be divided into any proposed 
A«oiber of equal parts ; but such division of the circumference like the tri- 
teetion of an angle, which indeed depends on it, is a problem which has 
not yet been jfTected. There are no means of inscribing in a circle a regu- 
lar heptagon, or which is the same thing, the circumference of a circle can- 
not be divided into seven equal parts, by any method hitherto discovered 

It was long supposed, that besides the polygons above mentioned, no 
other could fc^ inscribed by the operations of elementary Geometry, or, 
whal amounts to the same thing, by the resolution of equations of the first 
and second degree. But M, Gauss, of G6ttingen, at length proved, in a 
work entitled Disquisitiones Arithmetiea, Lipsie, 1801, that the circumfer- 
ence of a circle could be divided into any number of equal parts, capsd>le 
of being expressed by the formula 2*4' 1 1 provided it be a prime number, 
diat is, a number that cannot be resolved into factors. 

The number 3 is the simplest of this kind, it being the value of** the 
above formula when ii=l ; the next prime number is 5, and this is also 
eontained in the formula ; that is, when n=2. But polygons of 3 and 5 
•ides have already been inscribed. The next prime number expressed by 
the formula is 17 ; so that it is possible to inscribe a regular polygon of 
17 sides in a circle. 

For the investigation of Gauss's theorem, which depeni «» upon the the- 
mj of algebraical equations, the student may consult Ba ^as Thtoni of 
hwnbers. 

14 ^ 
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iv the demonstrations of this book there are ceitain ** signs or ekameisfstr 
wiaek it has been found conrsnient to employ. 

« 1. The letters A, B, C, ice, are used to denote magnitodes ofaajr kind. 
'*The letters m, n, b, 7, are used to denote numbers only* 
It is to be observed, that in speaking of the magnitudes A, B, C, Stc^ 

we mean, in reality, those which these letters are employed lo repre^ 

sent ; they may be either lines, surfaces, or Solids* 

* 3. When a number, or a letter denoting a nuadier, is written close lo 

^aiwiher letter denoting a magnitude ii any kind, it signifies that the 
^ nuigBitude is multiplied by the namber. Thus, 3A signifies throe 
' ^ times A; siB, m times B, 01 a nmkiple ef B hy m. .W^n the num* 
** her is intended to multiply two or more magnitudes that follow, H is 
^ written thus, m(A+B), which signifies the sum of A and B lakeii m 
^ times ; m(A-— B) is m times the excess of A above B« 

* Also, when two letters that denote numbers ^re written close to one asi* 

** other, they denote the product of those numbers, when multiplied into 
** one-another. Thus, mm is the product of m into n ; and mmA. is A fllnil* 
^tiplied by the productof m into n. 

DEHNITIONS. 

1 A less magnitude is said to be a part of a greater magnitude, when the 
less measures the greater, that is, when the less is contained a certain 
nmnber of times, exactly, in the greater. 

t. A greater magnitude is said to be a multiple of a less, when the greats 
is measured by the less, that is, when the greater contains the less a cer- 
tain number of times exactly. 

8. Ratio is a mutual relation of two magnitudes, of the same kind, to nnc 
another, in respect of quantity. 
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i. Mttgnitiidee are said to be of the aame kind, whea the leee ctn be meii^ 
tipUed so ?ui to exceed the greater ; and it is only auch magnitudea tLv 
are aaid to have a ratio to one another. 

5. If there be four magnitudes, and if any equimultiples whatsoeTec- be 
taken of the first and third, and any equimultiples whatsoever of the se- 
coftd and fourth, and i£^ according as the muhipie of the irst is grealelr 
thaa the multiple of the second, «qual to it, or lees, the multiple of the 
third is also greater than the multiple of the fourth, ei|ual to it, or leas ; 
iiieii the irst of the magnitudes is said to have to ^e second the salne 
ratio that the third has lo the HDurth. 

6. Magnitudes are said to be proportionals, when the first has the eaine 
ratio to the second that the third has to the fourth ; and the third to the 
hmik ihe sane ratio which the fifth has to the sixdi, and so on whatevset 
he their munher. 

.When four magnitudes, A, B, C, D are pr opor ti oaalsi it is usual to aaj 
^thal A istoBasC to D, and to wiilo thera thus,A rB::C : D,<» 
«« dnia, A : BnC : D." ^ 

7. When of the equimulliples of (bur magnitudes, taken as in the fifth 
definition, the mvkipie of the first is greater tlm that of the secdhd, 
but the multiple of the third is not greater than the multiple of the fourth : 
^etk the first is said to have to the second a greater ratio than the thM 
magnitude has to the fourth : and, on the contrary, the third b said to 
have to the iburth a less ratio than the first has to the second. 

tf^ When there is any number of magnitudes greater than two, of which 
the first has to the second the same ratio that the second has to the 
third, and the second to the third the same, ratio which the third has to 
the fiMirth, and so on, the magnitudea are said to be continual profior- 



9. When three magnitudes are continual proportionals, the second is said 
to be a mean proportional between the other two. 

M. When there is any number of magnitudes of the same kind, the first 
i» aaid to have to the last the ratio compounded of the ratio which (he 
first has to the second, and of the ratio which the second has to the 
third, and of the ratio which the third has to the fourth, and so on utHq 
the Isht magnitude, 

l^or example, if A, B, C, D, be four magnitude^ of the same kind, the 
first A is said to Lave to the last D, the ratio compounded of the ratio 
oi A to B, and of tho ratioof B to C, and of the ratio of C to D ; c&{ 
the ratio of A to D is said to be ccmpounded of the ratios of A loB, 
B«>C,and C toD. 

And if A : B::E :F; and B :C::G: H.andC : D::K: L,then,siilce 

5r this definition A has to D the ratio compounded of the ratios of A to 
, B to C, C to D; A may also be said to have to D the ratio compound^ 
ol' the ratios which are the same wi^ the ratios of E to F, G to H 
andKtoL. 
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(k kke manner, the same things being supposed, if M has tp N the aanie 
ratio which A has to D, then, for shortness* sake, M is said to have to 
N a ratio compounded of the same ratios which compound the ratio of 
A to D ; that ia, a ratio compounded of the ratios of £ to F, G to H^ 
and K to L. 

II. If three magnitudes are continual proportionals, the ratio of ih^ firsi 
to the third is said to be duplicate of the ratio of the first to the second 

^Thus, ifAbetoBas BtoC, the ratio of A to C is said to be duplicate 
** of the ratio of A to B. Hence, since by the last definition, ^e falio 
*" of A to C is compounded of the ratios of A to B, and B to C, a ratio, 
** which is compounded of two equal ratios, is duplicate of either of 
^ these ratios.* 



12. If four magnitudes are continual proportionals, the ratio of the i 
to the fourth is said to be triplicate of the ratio of the first to the aecond, 
or of the ratio of the second to the third, &c. 

*So also, if there are ^ve continual f^roportionals ; the ratio of the first 
** to the fifth is called quadruplicate of the ratio of the first, to the se- 
**cond ; and so on, according to the number of ratios. Hence, a ratio 
** compounded of three equal ratios, is triplicate of any one of those r»- 
** ties ; a ratio compound€>d of four equal ratios quadrui^cate," ^ic 

13. In proportionals, the antecedent terms are caHed ho&iologous to one 
another, as also the consequents to one another. 

Geometers make use of the following technical words to signify certain 
ways of changing either the order or magnitude of proportionals, so as 
that they contmue still to be proportionals. 

14. Permutando, or altemando, by permutation, or alternately ; this word 
is used when there are four proportionals, and it is inferred, that the first 
has the same ratio to the third which the second has to the fourth ; or 
that the first is to the third as the second to the fourth : See Prop. 15. 
of this Book. 

15. Invertendo, by inversion : When there are four proportionals, and it is 
inferred, that the second is to the firat, as the fourth to the third. Prop 
A. Book 5. 

16. Componendo, by composition : When there are four proportion's, and 
it is inferred, that the first, together with the second, is to the second as 
the third, together with the fourth, is to the fourth. 18th Prop. Book 5. 

17. Dividendo, by diyision ; when there are four proportionals, and it is 
inferred that the excess of the firet above the second, is to the second, 
as the excess of the third above the fourth, is to the fourth. 17th Prop. 
Book 5. 

18. Convertendo by conversion ; when there are four proportionals, and 
it is inferred, that the first is to its excess above the seco^ as the third 

o its excess above the fourth. Prop. D. Book 5. 



Digitized 



by Google 



Ol* GEOMETRY. BOOK V. 109 

19. ICx cqQafi (sc. distantia), or ex squo, (n>m eqnaliQr of distance 
when there is any number of magnitudes more than two, and as mant 
otdbrsy so that they are proportionals when taken two and two of each 
rai^L, and it is inferred, that the first is to the last of the first rank oi 
magnitudes, as the first is to the last of the others ; Of this there are die 
Iwo following kinds, which arise from the different order in which ib0 
magnitudes are taken two and two. 

80. £x aeqnali, from equality; this term is used Bin4>ly by itself, when 
tlM first magnitude is to the second of the first rank, as tne first to the 
second of the other rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other ; and so on in order, and'* 
the inference is as mentioned in the preceding definition ; whence this 
is called ordinate proportion. 

li is demonstrated in the 22d Prop. Book 5. 

81. Ex squally in proportione perturbata, sen inordinata : from equality, in 
perturbate, or disoiderly proportion ; this term is used when the first 
magnitude is to the second of the first rank, as the last but one is to the 
last of the second rank ; and as the second is to the third of the first 
rmnkf so is the last but two ta the last but one of the second rank ; and 
as the third is to the fourth of the first rank, so is the third from the last, 
to the last but two, of the second rank ; and so on in a cross, or inverst^ 
order ; and the inference is as in the 19th definition. It is demonstrated 
in the 23d Prop, of Book 5. 

AXIOMS, 

t. EamHUtTiPLss of the same, o^gf equal magnitudes, are equal to one 
another. 

2. Those magnitudes of which the same, or equal magnitudes, are equi- 
multiples, are equal to one another. 

Z. A multiple of a greater magnitude is greater than the same multiple of 
a less. 

4.* That magnitude of which a multiple is greater than the same multi- 
ple of another, is greater than that other magnitude. 

PROP. I. THEOR. 

If amy number t^magmiuies he equimultiples of as many others, each of 
oaeh what mu//i^ soever any one of the first is of its part, the same nni 
tipU is the sumofatt the first of the sum of all the rest. 

Let any number of magnitudes A, B, and be equimultiples of as many 
others, D, E, and F, each to each, A+B+C is the same multiple of D+ 
E+F, that A is of D. 

Let A contain D, B contain £, and C contain F, each the same number 
of times, as, for instance, three times 
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T&mi« lieeinse A emrtaim D three timet, AaBD-fD-fD. 

For the same reason, BtatE4-E4-E; 

And also, C«F+f4F. 

Therefore, adding equals to eqnali (Ax. 2. 1.), A-f-B+C is equal to 
D-fE+F, taken time times. In the same manner, if A, B, and C wae 
eaeh any other equimultiple of D, E, and F, it would %e shown that M+ 
B+C was the same multiple of D+ E+F. 

Coa. Hence, if m be any number, mD+mE+ifiFasm(D+E+FTiL 
For mD« mE, and mF are multiples of D, E, and F by m, therefore their 
sum is also amultiple of D+B+F by m. 

PROP. n. THEOR. 

IJ Ut 0. multiple of a magnitude by any number^ a multiple of the same mmg' 
mtude by any number be added^ the sum wiU be the same multtple eftM 
ma^itude that the sum of the two numbers is of umiy. 

Let A=mC,and B=nC; A-f-Bas(m4-ii)C. 

For, since A=mC, A=C+C+C+&c.»C being repeated mtiiMea* Eor 
Ae same reason, B==sC-f C+&e. C being repeated it times. Thenefere, 
adding equals to equals, A + B is equal to G taken m+'» ttmea; that is, 
A+B=(m+RVC. Therefore A+B containa C as oil as there are wHts 
in m+». 

CoR. 1. In the same way, if there be any number of multiples what-' 
soever, as A=mE, B=:nE, C=:/>E, it is shown, that A+B-fC=(m+ii 
+;»)E. 

Cor. 2. Hencealso, since A -fB4BCa:(iPi-fn+p)E, and since AaxmE; 
BxsitE, and C=:pE, m£+iiE+j)£=:(m+n+p)E. 

PROP. III. THEOR. 

If the first of three magnitudes contain the second as often as there are umts 
in a certain number^ awl if the second contain the third also, as often as ' 
there are units m # oertaim nundter^ the first will contain ike third ms eftem 
as there are units m the product of these two numbers. 

Let AssmB, and BsnC ; then A=miiC. 

Since HssnC, mBssn C 4- aC+^c. repeated m times. But nC+nC, 
Ac. repeated m times is equal to C (2. Cor. 2. 5.), multiplied by n+n+Ac 
n being added to itself m times ; but n added to itself m times, is u multf^ 
plied by m, or mn. Tlierefore «C+«C+&c. repeated m times anmC ; 
whence alt»o mBssmnC, and by hypothesis A=mB, therefore A^mmC 
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PROP. IV. THEOR. 

IftHmfirjA of Jimr magnitudes has the same ratio to tko second which fie MM 
Mas to thejmttlh, and if any equimultiples whatever be taken of the fir si qm4 
thirds OM any whatever of the second and fourth ; the multiple ojthefirsi 
shall have the same ratio to the multiple of the second^ that the muUiple of 
the thud has to the multiple of the fourth. 

iM k : B:: C : D, Mid let » and iibe anj twviramben; mA :iiB :: 
mC : nD. 

Take of mA and mC equimultiples by any number p, and of itB and nD 
equimultiples by any number q. Then the equimukiples of mA, and mC 
\ff pi are equimultif^es also of A and C, for they contam A and C as oil as 
iMPe we units in mi (3. &.), and are equal to pmK and smC. For the same 
reason t^e multipws of nB and nD by q^ are ^B, qnu. Since, therefore, 
A ? B : : C : D,and of A and C there are taken any equimultiples, yvz.pmA 
md/MtC, and of B and D, any equimuftiples qnB, qnD, if pmA be greater 
than ^B, pmC must be greater than ^D (def. 5. 5.) ; if equal, equal ; and 
if less, less. But /rniA, omC are also equimultiples of m A and mC, and 
^B, qnD are equimultijAes of nB and nD^ therefore (def. 5. 5.), mA : nB 
:: mC:»D. 

Cor. In the same manner it may be demonstrated, that M* A : B ii C ; 
D,«nd of A and C equimultiples be taken by any number m, viz. mX and 
siC, mA : B : : mC : D. This may also be considered as included in the 
pfoposition^ and as bein^the case when ussl. 

PROP. T. theob:. 

jf efie magnitude he the same rrmUipU of another^ which a magnitude taken 
fimn the first is of a magnitude taken from the other ; the remainder is the 
^ mult^fle of the remainder^ that the whole is of the whole 



Let mA and mB be any equimultiples of the two magnitudes A and B, 
of which A is greater than B ; mA — 'mB is the same multiple of A— 9 
ikai mA is of A, tkat is, mA— mBssm(A— B). 

Lei D be the excess of A abore B, tlien A— BssD, and adding B 19 
both, As=rD+B. Therefore (1. 5.) mAsmD+mB ; take mB from^ both, 
and mA— mBsEsmD ; but Ds=A—B, therefore mA— mB:=m(A— B). 

PROP. VL THEOR. 

^fjnma nmitifie of a magnitude hy any number a multiple^ the same mug* 
%itude by a less number be taken away^ the remainder will be the same mul 
tiple of that magnitude that the difference of the numbers is of unity, 

Ijet mA and nA be multiples of the magnitude A, by the numbers m vtiA 
a, and let m be ^^reater than n ; mA — nA contains A as oft as m— n con- 
lams maw^ or mA— iiAas(m— ii)A. 
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Lei fm— 11=9; then mssn+q. Therefore (2. 5.) mksxnk+qk ; take 
eA from both, and mA— nAss^A. Therefore mA— »A contains A as oft 
as there are units in ^, that U, in m — ii,or mA— itA=(m— ii)A. 

Com. When the difference of the two numbers is equal to um^ or si • 
hkI, then niA— nAssA. 

PROP. A. THEOR, 

Iffim-magnUudes be p roport U mtds^ ikew mre pnpmfwnals also wkem 

inversely. 

If A : B : : C : D, then also B : A : : D : C. 

Let mA and mC be any equimultiples of A and C ; nB and nD any equi- 
multiples of B and D. Then, because A : B : : C : D, if stA be less than 
»B, mC will be less than nD (def. 5. 5.), that is, if nB be greater than aiA« 
sD will be greater than mC. For the same reason, if nBssmA, ftDsmG, 
and if nB / mA, »D / mC. But nB, nD are any equimultiples of B aiid D» 
and mA, mC any equimultiples of A and C, therefore (def. 5. 5.), B : A * . 
D: C. 

PROP. B. THEOR. 

If the first be the samemuUiple of the second^ or the same part ofit^ thai the 
third is of the fourth ; the first is to the second as the third to the fourth. 

First, if mA, mB be equimultiples of the magnitudes A and B, mA : A : 
mB : B. 

Take of mA and mB equimultiples by any number n ; and of A and B 
equimultiples by any number p ; these will be nmA (3. 5.), jiA, nmB (3. 5.) 
pB. Now, if nmA be greater than jiA, nm is also greater than d ; and i^ 
nm is greater than^, nm'B is greater than />B, therefore, when nmA is greai* 
er than /»A, TimB is greater than oB. In the same manner, if nmAs=spA 
nmB=/>B, and if nmA^jiA, nmB/^pB, Now, nmA, nmB are any equi 
multiples of mA and mB ; and jiA, pB are any equimultiples of A tM B 
therefore mA : A : : mB : B (def. 5. 5.). 

Next, Let C be the same part of A Uiat D is of B ; then A is the san* 
multipie of C that B is of D, and therefore, as has been demonstrated, A : 
O ; : B : D and inrersely (A. 5.) C : A : : D : B. 

PROP. C. THEOR. 

If the first be to the second as the third to the fourth; and if the first be a 
muUiple or a part of the second^ the third is the same multiple or the smm 
part of the fourth. 

Let A : B : : C : D, and first, let A be a multiple of B, C N the same 
andliple of D, that is, if AcemB, CssmD. 

Take of A and C equimultiples by any number as 2, vis. 2A and 20 f 
and of B and D, take equimulUples by the number 2m, viz. 2mB, 2mD (a 
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A.) ; dien, because AsmB,2A=s2m6 ; and since A : B : : C : D, and since 
3A=2iiiB, therefore 2C=s8siD (def. 5. ^), and CesmD, that is, C contains 
D, M times, or as often as A contains B. 
Next» Let A he a part ot B, C b the same fiart of D. For^siace A ; B 
•CiDyinverselyrA.HB: A;: D: C. But A beingapartof B, Bis 
amahiple of A ; and therefore, as is shewn above, D is the same uudtiple 
of C, and therefore C is the same part of D that A is of B. 

PROP. VIL THEOB. 

Ef^ magnitudes hm)$ th$ same ratio to the same magnitude f and the same 
has the samie taiio to equal magnitudes. 

Let A and B be equal magnitudes, and any other; A : C : : B : C. 

Lei mAy mB, be any equimultiples of A and B ; and nC any multiple 
ofC. 

Because A=B, ihAsbhiB (Ax. 1.5.); wherefore, if mA be greater than 
%C, »B is greater than nC ; and if mA^nC, mB^nC ; or, if mA^nC, mB 
/nC. But 191 A and mB are anjr equimultiples of A and B, and nC is any 
multiple of C, therefore {de(. 5. 5.) A : C : : B : C. 

Again, if AtsB, C : A : : C : B ; for, as has been piored, A : C : : B • 
C,«iidkiTerseiy (A. ^.), : A : : C : B. 

PROP. Vm. THEOB- 

Of unequal magTtitudeSy the greater has a greater ratio to the same than the lem 
has ; and the same magnitude has a greater ratio to the less than it has to 
tkegreater. 

JM A + B be a' magnitude greater than A, and a third xnagnitude, 
A+B has to C a greater ratio Uian A has to C ; and C has a gf#at^r.retiO 
to A than it has to A+B. 

Let m be such a number that mA and mB are each of them greater than 
C ; and let nC be the least multiple of C that exceeds mA+mB ; then nC 
-^C, that is (n— 1)C (1. 5.) will be less than mA+mB, or mA+siB, that 
is, m(A+B)is greater dian (n— 1)C. But because nC is greater than 
mA+mB, and C less than fiB, nC-*C is greater than mA, or inA is less 
than nC-^C, that is, than (n— 1)C. Therefore the multifde of A+B by 
» exceeds the multiple of C by n-^l, but the multiple of A by mdoes not 
exceed the multiple of C by n— 1 ; therefore A+B hss a greater ratio is 
O Ihao A has to C (def. 7. 5.). 

Again, because the mubiple of C by •«— 1, exceeids the multiple of A by 
m« bvit dof 8 i>at exceed the multii4e at A+B 1^ #^ b«i a greater ratio te 
A than it has to A+B (def. 7. 5.). 

15 
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PROP. IX. TDEOR. 

Mtgmtudet wUek have tie tameratio to- th$ tame magnitude are eqm^ lame 
another; and those to wUek the same magnitude ias the tame ratuntrofftuC 

If A : C : : B : C, A=B. 

For if not, let A be greater than B ; then because A )8 greater than B, 
two numbers, m and n, may be found, as in th^ last proposition, such that 
mA shall exceed nC, while mB does not exceed nC. But because A : C 
: : B : C ; and if mA exceed itC, mB must also exceed nC (def. 5. 9.) i tM 
it is also shewn that mB does not exceed itC, which is impossible. Thexe- 
fore A is not greater than B ; and in the same way it is demonstrated thU 
B is not greater than A ; therefore A is equal to B. 

Next, let C : A : : C : B, A=B. For by inrersion (A. 5.) A : C : : B : 
C ; and therefore, by the first case, A=B. 

PROP. X, THEOR. 

Tkai magnitude^ whieh has a greater ratio than another hfts to the same wmgnt 
tude^ is the greatest of the two : And that magnitude, t0 which the oamo kai 
a greater ratio than it has to another magnitude^ is the least of the two* 

If the ratio of A to C be greater than that of B to C, A is greater than B. 

Because A : C / B : C, two numbers m and ii may be found, such that 
MA7iiC,and mB/iiC (def. 7. 5.). Therefore also mA7mB,an4 A/fi 
(Ax. 4. 5.). 

Again, let C : B/^C : A; B^A. For two numbers, m andu maybe 
found, such that mC/nB, and mC^nA (def. 7. 5.). Jherefbre, since nB 
is less, and nA, greater than the same magnitude mC,iiB^nA, and thwe- 

PROP. XL THEOR 
Ratios tnat are equal to the same ratio are equal to one another. 

If A : B : : C : D ; and alsoC : D : : E : F ; then A : B : : E : F. 

Take mA, mC, mE, any equimultiples of A, C, and E ; and »B; nD, tiP, 
any equimultiples of B, D, and F. Because A : B : : C : D, if mA ymSi 
mC7nD (def. 5. 5.) ; but if mC/nD, mE7yiF (def. 5. 5.), because C : D 
: : £ : F ; therefore if mA 7»B, mE 7iiF. In the same manner, irmAs 
iiB,mE3BfiF; and if mA^iiB, mE^nF. Now, mA, mB are any eqni* 
nultiples whaterer of A and E ; and )iB» fiFany whatever of Band Ff 
llMrefore A : B : : £ : F (def. 5. 5.). 
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PROP. XII. THEOR. 

ff^a^y nrnnher of magnitudes he proportionals^ as one of the antecedents ts ft 
its consequent^ so are all the antecedents^ taken together^ to all the cohm* 
qusnis, 

I:A : B : C : D,andC. D:.E : F ; then also, A : B :: A-fC+E: 
B+D+F. 

Take mA, mC, mE any eqnimultipi^^ci of A, C, and E ; and nB, nD, nFi 
way equimuUiples of B, L), and F. Then, because A : B : : C : D, if mA 
7 iiB,siC 7fiD (def. 5. 5.) ; and when mC JnD, mE 7iiF, because C : D 
: : £ : F. Therefore, if mA 7fiB, mA+mC+mE 7AB+nD-f nF : In tha 
same manner, if mAssiiB, mA+mC+^EssfiB+iiD+MF ; and if mA/ 
sB, mA-f mC-f mE/»B+ftD+iiF. Now, mA+mC+mE«:m(A+C4- 
£) (Cor. 1. 5.), so that mA and mA+mC+'nE are any equimultiples of 
A, and of A+C+B- And for the same reason nB, and iiB+nD+«iF are 
any equimultiples of B, and of B+D+F ; therefore (def. 5. 5.) A : B : : 
A+C+E : B+D+F. 

PROP. XIII. THEOR. 

^ the first have to the second the seam roHo which the third has to thefimrth^ 
hut the third to the fourth a greater ratio than the fifth has to the sixth; 
the first has also to the second-a greater ratio than the fifth has to the sixth. 

IfA:B::C:D;batC: D7E : F ; then also, A : B7E : F. 

Because : D 7 ^ ^ ^» there are two numbers m and n, such that mC/ 
nD, but mE /^ i»F (def. 7. 5.). Now, if mC 7 iiD, mA 7 nB, because A : B 
:: C : D. Therefore mA7nB, and mEZf^F, wherefore, A : B7£ : P 
(def. 7. 5.). 

PROP. XlV. THEOR. 

^ the first have to the second the same ratio > which the third has to thefoun^ 
ana if the first he greater than the thirds the second shall he greater than 
the fourth; if equals equal; and ifless^ less. 

If A : B:: C: D; then if A7C,B7D ; if A=sC,B=rD; and if A/ 
C. B/D. 

First, let A7C ; then A : B7C : B (8. 5.), but A : B : : C - D, ihdre- 
fere C : D7C : B (13. 5.), and therefore B7D (10. 5.). 

In tie same manner, it is proved, that if AsC, BasD; and if A/ C« 
B/D. 

PROP. XV. THEOR. 
MagKUtwdes laoe the same ratio to one another whkh their Sfuimfuk^plUs hofm 

If A and B be two magnitudes, and m any number, A : B . : mA : mB. 
Because A ! B : : A : B (7. 5.) ; A : B : : A+A : B+B (12. &.), «r A • 
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B : : 3A : ')B. And in the same manner, bince A : B : : 2A : 2B, A : B 
: : A+2A : B+2B (12. ^ Mr A : B ; : 3A : 3B ; and ao on, for all die 
equimultiples of A and B. 

PROP. XVI. THEOR. 

IffourtnagwUud$s tfthe same kind be nroportianalSf iheg totZZ also bsfinh 
partianah token taxen dttematdf. 

If A : B : : C : D, tkea alternately, A : C • ^ B : D. 

Take mA, mB any equimultiplee of A and B, and nC, s»D any equimid 
tiples of C and D. Then (15. 5.) A : B : : mA : mB ; now A : B : : C . 
D^ therefore (11.^.) C : D ;: mA : ma BntC : D :: nC ; s»D (15. 5.); 
thenfore «A : itA : : nC : nD (11. 5.) : wherefore if mhynC^ mB7nD 
(U. 5.); if »As:iiC,ffiB«3i»D,or if 0iA^»C,iBiB^nD; therelbia (dirf 
5w A.) A : C : : B : D. 

PROP. XVIL THEOR. 

If magnitudes^ taken jointly, be proportionals, they wUl also be proportionaU 
when taken separately ; that is^ if the first, together with the second, hav^ 
to the second the same ratio which the third, together with the fourth, has to 
ikefamth, tie first wiU haoe to the eeemid the earns rmtia wkieh ike Mfdk 
kastothefmurtk 

If A+B : B : : C+D : D, then ly division A : B : : C : D. 

Take mA and nB any multiples of A and B, by the numbers m and Jt ; 
and first, let mA 7 nB : to each of them add »B, then mA <|-mB 7«B+iiB. 
But iiiA+mB«:m(A-f B) (Cor. 1. 5.}, and mB+nB=:(m+ii)B (2. Cor Zi 
5.), therefore m(A+B)7(m+it)B. 

And because A+B : B :: C+D : D, if m(A+B)7(m+ii)B,m(C+D) 
7(m+n)D, or mC+mD7mD+»D,<hat is, taking mD from both, mC7 
fiD. Therefore, when mA is greater than nB, mC is greater than nD. In 
like manner it is demonstrated, that if mAssnB, mC=nD, and if mA^nB^ 
that mp/fiDi therefore A : B : : C : D (def. 5. 5.). 

PROP. XVIIL THEOR. 

Iftna^itudes, taken separately, be proportionals, they will also be properUon* 
ede when taken jointly, that %s, if the first be to the second as the third to the 
fourth, the first and second together will he to the second as the third and 
fourth together to the fourth. 

It A • B : : C : D, then, by composition, A+B : B : : C+D : D. 

Take m(A+B), and nB any multiples whatever of A+B and B; and 
first, let m be greater than n. Then, because A+B is also greater th^ 
B;m(A+=B)7«B. For the same reason, m(C+D)7nD. In this case, 
tlierefore^thatis, when m7ji, m(A+B) is greater tha^ nB, andm(C+D) 
IS greater than »D. And yi the same^mannor it may/be proved, that whsr 
n, m(A+6) is greater than nB, and m(C'4-D^ greater than nD^ 



DigitiEed 



by Google 



OF GEOMETRY. BOOK 'V. 117 

N«xl, Ifll «^%or flijfliy dieam(A+B) may be gieaur thin nB, or tuty 
be equal to it, or mtybelest; fir8t,letfii(A4>B)be mater than ftB; thet 
alao,«iA4-ifiB /iiB ; take aiB, which is lest than nB^ from both, and •• A 
7fiB— mB,or mA7(ii— i»i)B (6. 5.). But if mA7(ii*fii)B,mC7(f»*-m) 
O, because A : B : : C : D. Now, (n— m)D»JtD--sJ) (6. 5.), theiefim 
«iC7fiD--*mD, and adding mD to both, mC+mD^nD, that is (1. &.)^ 
m{C+D)7nD. If, therefore, m(A4-B)7iiB,M(C-f D)7iiD. 

In the same manner it will be proved, that if si(A4-B)=:irB, m{C+D) 
^nD ; and if m(A-f B)^«B, m(fi+D)Z, nD ; tbeiefore (def. 5. 5.), A+ 
B : B : : C-f D : D 

PROP. XIX. THEOR. 

/jf « wMe magnitude be to a whoU^ as a magnitud^takenjrom thefirstvs a 
magnitude taken from the otker; the r^tuuMder wM be to the r emai nd e r as 

If A : B:: C: D.andifCbelessdum A, A— C ; B— D : : A : B. 

Because A : B : : C : D, alternately (16. 5.), A : C : : B: D ; and there- 
fere by division (17. 5.) A— C : O : : B— D : D. Wherefore, again alter* 
nately^ A— C : B—D : t C : D; bet A : B : : C : D^ therefore (11.5.) A 
-*C : B— D : : A : D. 

Cor. A-^G : B— D : : C : D. 

PROP. D. THEOR. 

If four magnitudes be froporUonals^ they are also proportionaisbf eomferstan, 
that is^ the first is to its excess above the second^ as the third to its excess 
above the fourth. 

If A: B::C:D»byconyersion»A;A— B ::C:C— D. 

For^siBoe A ; B : : C : D, by division (17. d.)^ A— B ; B ; : C— D : D. 
and inversely (A. 5.) B : A*-B : : D : 0— O ; dieiefore, by composition 
(18. 5.), A : A— B : : C : C—D. 

Con. In the same way, h may be proved that A ; A+B : : C : C+l>. 
PROP. XX. THEOR. 

ffthare be three magnitudes^ and other three^ which taken two and two^ hmy 
thesame ratio; ij the first be greater than the thirds the fourth is greait 
than thesixth; ifequat^ equai; and ifMss^ less* 

If there be three magnitudes, A, B, and C, and other three D, E, and F ; 
eudif A: B:: D: £; andaisoB : C:: E : F.thea 
if A7C,D7F; if A=rC, D = F; and if AZC,D 



A. B, C, 
D E, P. 



Pirst,letA7C; then A : B7C : B(8,6.). ButA : B : : D : E. there- 
fafeateO : S7C : £(13.5.). Now B : C : : fi : F^and Invetsely (A 
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^y, C : B ? F : E ; and it has beeii ahewn tliat D : E7C : B, UiMdbjre 
D : E/T . £ (13. 5.), and conaequenily D7F (10. 5.). 



Next^latAsC; thenA : B : : C : B(7.5.)«biitA : B : : D : £ ;i1mto* 
fbre, C : B : : D : £, but C i B : : F : E, therefore, D : E : : F : E (: !. 
ft.), and DssF (9. 5.). Laatly, let A^ C. Then C 7 A, and becaoae, as 
was already ahewn, C : B :: F : £,andB : A ::£ : D; therefiNne, by th» 
firat case, if C7A, F7D, that ia, if A^C, D^IF. 

PROP. XXI. THEOR. 

Ifihere he three magnitudes^ and other three^ whi^ have the safne ratio taken twa 
and two^ hut in a cross order; if the first magnitude he greater than the thirds 
the fourth is greater than the sixth ; ifeqwd^ equal ; and if less, less. 

If there be three mafnitudea, A, B, C, and other three, D^ E, and F, 
anchthatA: B :: E: F,andB: C :: D: E; ifA7C,D7F; if AarC, 
D=F; andifA/C,D/F. 

Firat, let A 7C. Then A : B 7C : B (8. 5.), but 



A, B, C, I 
D, E, F, I 



A : B : : £ : F, therefore £ : F 7C : B (13. 5.). Now, 
B : C : : D : £, and inrersely, C : B : : £ : D ; there- 
fiMe,£ : F7E : D (13. 5.), wherefore, D 7F (10. 6.). 

Next, let A=C. Then (7. 5.) A : B : : C : B ; but A : B : : E : F, 
therefore, C : B : : £ : F (11. 5.) ; but B :t) : :'D : £,and inyersely, C: 
B : : £ : D, therefore (11. 5.), £ : F : : E : D, and, conaequently, DacF 
(9. 5.). 

Laatly, let A/C. Then C7 A, and, aa was already prored, C : B : • 
E : D; and B : A : : F : £, therefore, by this first caae,8inceC 7 A, F 7 

D, thati8,D^F. 

PROP. XXII. THEOR. 

^ there he any nund>er ofmagnitudes^andas many others, which, taken two mta 
two in order, have the same ratio ; thejhrst wUl hone to the last ef thefirsi 
magnitudes, the same ratio which the first of the other has to the lasiJ* 

First, let there be three magnitudes. A, B, C, and other three, D, E, F, 
which, taken two and two, in order, hare the same ratio, riz. A : B : : D : 

E, and B : C : : E : F ; then A : C : : D : F. 

Take of A and D any equimultiples whatever, mk, mJ) ; and of B and 
D any whatever, nB, nF : and of p and F any whatever, ^C, ^F. Because 
A : B : : D : £, stA : fiB : : ffiD : n£ (4. 5.) ; and 
finrthe aame reaaon, nB : ^C : : nE : ^F. Therefore 
(20. 5.) according as iTiA is greater than ^C, equal to 
^ or less, mD is greater than ^F, equal to it, or 
k»s ; but mA, mD-are any equimultiples pf A and D ; 



1 



A, B, C, 

D, E, P, 

mA, nB, 9O, . 

mP, hE, 4F. I 



and gC.jF are any equimuhiplea of C and F ; therefore (def. 5. 5.), A : C 
: D : F. 
Again, let there be four magnitudes, and other four which, taken twd 

•ILB. lliii|mpMitiflBMaaa«Uyaitodb]rtiMwotd»*«M«qaa]i/*«f *<fic 
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A, B, C, D, 
E, F, G. H. 
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MiA twain order, have the same ratio, vis. A:B:: E:F; B:C**F. 
0; : D:: G:H,AenA: D:: E :H. 
For, since A, B, C are three magnitudes, and 

E, F, G other three, which, taken two and two, 
hare the same ratio, by the foregoing case, A : 
C : : E : G. And because also G ; D : : G : H, by that same case, A : D 
: : £ : H. ju the same manner is the demonstration extended to any num 
ber of magnitudes. 

PROP. XXIII THEOR. 

If there be any number of magnitudeSy and as manif others^ wkkk, taken iwe 
and two, in m cross order, have the same ratio ; the first mU have to the kiH 
of the first magnitudes the same ratio which the first of the others has to 
thelast.^ 

First, Let there be three magnitudes, A, B, C, and other three, D, £, and 

F, which, taken two and two in a cross order, have the same ratio, viz. A 
r B : : E ; F, and B : C : : D : E, then A : C : : D : F. Take of A, B, 
and D, any equimultiples 171 A, mB, mD ; and of C, E, F any equimultiples 
ftC, nE, nF. 

Because A : B : : E : F, and because also A : B : : mA : mB (15. 5.), 
and E : F : : i»E : nF ; therefore, mA : mB : : nE : nF (11. 5.). Again, 
because B : : : D : E, mB : nC : : mD : nE (4. 



5.); and it has been just shewn that mA : mB 
nE : nF; therefore, ifmA7nC,mD7nF (21. 5 
if mA=nC,mD=:foF; and if mA^^nC, mD^n 



k 



A, 


B, 


c. 


D, 


E, 


F, 


mA, 


mB, 


«C, 


mD, 


«B. 


nF. 



Now, mA and mD are any equimultiples of A and 

D, ttid nO, nF any equimultiples of G and F ; therefore, A : G : : D i I^ 

(def. 6. 5.). 

Next, Let there be four magnitudefl|. A, B, G, and D, and other four, E, 
F, G, and H, which, taken two and two in a cross order, have the same 
ratio, Tiz. A : B : : G : H ; B : G : : F : G, and 



A, B, G, D, 
E, F, G, H. 



C : D : : E : F,then, A : D : : E : H. For.since 

A, B, G, are three magnitudes, tAd F, G, H, other 

tluree, which, taken two and two, in a cross order, 

have the same ratio, by the first case, A : G : : F : H. But : D : : B •; 

F, therefore, again, by the first case, A : D : : E : H. In the same mannoi 

may the demonstration be extended to any number of magnitudes 

PROP. XXIV. • THEOR. 

ff the first has to the second the saihe ratio which the third has tothefoattk, 
and the fifth to the second, the same ratio which the sixth has to the fourth ; 
the first and fifih together, shall have to the second, the same ratio wkiek 
the third and sixth together, have to the fourth. 

Let A : B : : G : D, and also i; : B : : F : D, then A+E • B : : C+F : D. 

* N. B. Hum proposition it usually cited by ths woida *' «z vquidi in proportiont psrtw 
tiU:f Off " ex aquo inreisely.** 
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Becabse B : B : : F : D, by inTersion, B : E : : D : F. But by bjrp*> 
thesis, A : B : : C : D, therefore, ex asquali (22. 5.), A : £ : : C : F ; aai 
by composition (18. 5.), A4>E : E : : C+F : F. And again by hypothe- 
sis, E : B : : F:D,thereibM,exaKiU8li(22.5.),A+E:B:: C+F : D. 

PROP. E. THEOR. 

Iffmwmagmtudes he proportionals^ the nun of the first two is to their iijfih 
rence as the sum of the other two to their difference. 

LetA : B :: C : D; thenifA/B, 

A+B: A-B:: C+D : C-D; orifA^B 

A+B : B-A : : C+D : D— C. 
I^ir,if A7B,thenbecaii8e A : B :: C : D, by diviskm (17. 6.), 

A— B : B . : C— D : D, and by inversion (A. 5.), 

B : A— B : : D : C— D. But, by composition (18. 5.), 

A+B : B : : C+D : t), therefore, ex asquali (22. 5.), 

A+B : A— B : : C+D ; C-D. 
fn the same manner, if B 7 A, it is proved, (hat 

A+B : B— A : : C+D : D— C. 

PROP. F. THEOR 
Raiios which are eompotinded of epud raiioSf are eqitai to one anoikef. 

Let the ratios of A to B, and of B to Ci" which compoimd the ratio.of A 
io C, be eqnal, each to each, to the ratios of D to £, and £ to F, whidi coop-, 
pomid the ratio of D to F, A : C :.: D : F. 
. For, first, if the ratio of A to B be equal to that of 
D to E, and the ratio of B to C equal to that of £ to 
F, ex «quali (22. 5.), A : C : : D : F. 

Andnext,iftheratioof A to B be equal to thai of £ to F, and the ratio 
•f B to C equal to that of D to £, ex equali inversely (23. 5.), A : C : 3 D 
: F. In the same manner may the proposition be demonstrated, whatever 
be the number of ratios. '^ 

PROP. G. THEOR. 

If a tnagnitude measure each of two others, it wiU also measure their sum and 

difference. 

Let C measure A, or be contained in it a certain number of times ; 9 times 
kx instance : let C be also ccnitained«in B, suppose 5 times. Then A=9C, 
and Bs5C ; consequently A and B.together must be equal to 14 times C, 
so that C measures the sum of A and Bs likewise, since the difierence of 
A and B is equal to 4 times C, C also measures this difference. And had 
any other numbers been chosen, it is plain that the results would have been 
sindlar. For, let AssmC, and Bssi»C ; A+Bs:(f»+fiVC^ and A«*B=> 
Op-»)C. 

Com. If C measure B, and tdso A.'^B, or A+B, tt musf measure A §m 
ihe sum of B and A^B is A, and the difference of B ap4 A VB is alau A 



A, • B, C 
D, E, F. 
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DEFINITIONS 




1 Similar reciiUneal figures are - 

ibo9e which have their sereral 

•ogles equal, each to' each, and 

the sides about the equal angles 

nroportionals. 

In two similar figures, the sides which lie adjacent to equal angles, are 
called homologous sides. Those angles themselves are called homo* 
logons angles. In different circles, similar areSf sectors^ and segmenis^ 
are those of which the arcs subtend equal angles at the centre. Two 
equal figures are always similar ; but two similar figures may be very 
unequal. 

1 Two sides of one figure are said to be reciproeany proportional to two 
aides of another, when one of the sides of the first is to one of the 
■idee of the second, as the remaining side of the second is to the re* 
maining ude of the first. 

S. A straight line ik said 16 be cut in extreme and mean ratio, when Um 
whole ie to the greater segment, as the greater segment is to the less. 

4. The altitude of a triangle is the straight line 

drawn from its vertex i>er|)endicular to the base. 

The attitude of a parallelogram is the perpendicu- 
lar which measures the distance of two oppo* 
site sides, taken as bases. And the altitude of 
a trapezoid is the perpendicular drawn between 
Its two parallel sides. 

PROP. I. theorT 

Trutm^s and parallelograms^ rfthe same akitMd§^aan ana to anotJiar as ikm 

bases. 

.Let the triangles ABC, ACD, and the parallelograms EC, CF hare tne 
^ame ^itTfude, viz. the perpendicular drawn from the point A to BD : Then, 

16 
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fts the baso BC, is to the base CD, so is the triangle ABC to the triangle 
ACD, and the parallelogram EC to the parallelogram CF. 

Produce BD both ways to the points H/L, and take any number oi 
straight lines BG, GH, each equal to the base BC; and DK, KL, anj 
number of them, each equal to the base CD ; and join AG, AH, AK, AL. 
Then, because CB, BG, GH are all equal, the triangles AHG, AGB, ABC 
are all equal (38. 1.) ; Therefore, whatever multiple the base HC is of tha 
base BC, the same multiple is the triangle AHC of the triangle ABC. Fcff 
the same reason, whatever the base LC is of the base CD, the same mul- 
tijde is the triangle ALC of 
the triangle ADC. But if 
the base HC be equal to the 
base CL, the triangle AHC 
is also equal t6 4he triangle 
ALC (38. 1.): and if the 
base HC be greater than the 
base CL, likewise the trian- 
gle AHC is greater than the 
triangle ALC ; and if less, 
less. Therefore, since there 

are four magnitudes, viz. the two bases BC, CD, and the two trianjgTea 
ABC, ACD ; and of the base BC and the triangle ABC, the first and tlurd, 
any equimultiples whatever have been taken, viz. the base HC, and the 
triangle AHC ; and of the base CD and triangle ACD, the second and 
fourth, have been taken any equimultiples whatever, vix. the base CL and 
triangle ALC ; and since it has been shewn, that if the htM HC be greater 
than the base CL, the triangle AHC is greater than the triangle ALC ; 
apd if eqfial, equal ; and if less, less ; Therefore (def. 5. 5.), as the base 
BC is to the base CD, so b the triangle ABC to the triangle ACD. 

And because the parallelogram CE is double of the triangle ABC (41. 
1.), and the parallelogram CF double of nhe triangle ACD, and became 
magnitudes have the same ratio which their equimultiples have (15. 5.) ; 
as the triangle ABC is to the triangle ACD, so is the parallelogram ECto 
the parallelogram CF. And because it has b^n shewn, that, as the base 
BC is to the base CD, so is the triangle ABC to the triangle ACD ; and 
as the triangle ABC to the triangle ACD, so is the parallelogram EC to 
the parallelogram CF ; therefore, as the base BC is to the base CD^ so is 
(11. 5.) the parallelogram EC to the parallelogram CF. 

CoR. From this it is plain, that triangles and parallelograms thit have 
equal altitudes, are to one another as their bases. 

Let the figures be placed so as to have their bases in the same straight 
line ; and having drawn perpendiculars from the vertices qf the biangles to 
the bases, the straight line which joins the vertices is parallel to that in 
which their bases are (33. 1.), because the perpendiculars are both equal 
and parallel to one another. Then, if the same construction be made a« n 
dM proposition, the demonstration will be the same. 
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PROP. IL THEOR. 

(f mstrmgki Ime be draumparaXUH to one of the sides of a triangle^ it wiL aU 
the 9ther sideSy or the other sides produced^ proportionally : And iftht 
sideSf or the sides produeed^ he out proportionally^ the straight line which 
joins the points of section iM be parallel to the remaining side of the <f> 
4mgle. 

Jjel D£ be drawn parallel to BC, one of the sides of the triangle ABC * 
BD is to DA as CE to £A. 

Join BE, CD ; then the triangle BDE is equal to the triangle CDE (37. 
1.), because they are on the same base D£ and between the same paral- 
Ms DE, BC : but ADE is another triangle, and equal magnitudes hare, 
10 the same, the same ratio (7. 5.) ; therefore, as the triangle BD£ to the 
triangle ADE, so is the triangle CD£ to the triangle ADE ; but as the 
iriiBiigle BDE to the triangle ADE, so is (1. 6.) BD to DA, because, hay- 
ing the same altitude, viz. the perpendicular drawn from the point £ to AB, 
diey are to one another as their bases ; and for the same reason, as the 
triangle CDE to the triangle ADE, so is CE to EA. Therefore, as BD 
10 DA, so is CE to EA (11. 5.). 

Next, let the sides AB, AC of the triangle ABC, or these aides produced. 




be cat proportionally in the points D, £, that is, so that BD be to DA, i» 
C£ to EA, and join D£ ; DE is parallel to BC. 

The same construction being made, because as BD to DA, s^i is CE t6 
EA ; and as BD to DA, so is the triangle BDE to the triangle A.DE (1.6.): 
ttiid as CE to EA, so is the triangle CDE to the triangle ADE ; therefore 
die triangle BDE, is to the triangle ADE, as the triangle CDE to the tri* 
angle ADE ; that is, the triangles BDE, CDE hare tlM same ratio to the 
ttian^e ADE ; and therefore (9. 5.) the triande BDE is equal to the tri- 
angle COE : And they are on the same base DE ; but equal triangles on 
dw same base are between the same parallels (39. 1.); therefore DE m 
fueSM to BC. 
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PROP. III. THEOR. 

^tlm mtgk tfu tfiangk he hueeUd hf a strmglU Htm wkk k ^ l f €ui9 ika lMf#^ 
the segments of the base skM hmoe the stum ratio wkkk tke other sidm tf 
the triangle htme to one another; And tfthe s^^tmmUs efthe haso hmm tha 
same ratio whiehthe other sides of the tnatu^le hem to one another^ the straight 
Une drawn from the vertex to the paint of section^ bisects the vertical OMgle* 

Let the angle BAG, of any triangle ABC, be dbided into two eq^ai aa* 
gles, by the straight line AD ; BD is to DC aa BA to AC 

Through the point C draw CE parallel (Prop. 31. 1.) to DA, aad Id BA 
prodnced meet C£ in E. Because the straight lino AC meets the paxal* 
tela AD, EC, the angle ACE is equal to the alternate angle CAD (29. i.)? 
But CAD, by the hypothesis, is equal to the ani^ BAD ; wheratora BAD 
is equal to the angle ACE. Again, 
because the straiw line BAE meets 
the parallels AD, EC, the exterior an* 
^e BAQ is equal to the interior and 
Ofmosite angle AEC; But the angle 
ACE has been proved equal to the an- 
gle BAD; therefore also ACE is 
equal to the angle AEC, and conse- 
quently the side AE is equal to the 
side (6. 1 .) AC. And because AD is 
drawn parallel to one of the sides of 
the triangle BCE, viz. to EC, BD is 
to DC, as BA to AE (2. 6.); but AE is equal to AC; therefore,as BDto 
DC, so is BA to AC (7. 6.). 

Next, let BD be to DC, as BA to AC, and Join AD ; the angle BAC is 
divided into two equal angles, by tlie straight line AD. 

The same construction being made * because, as BD to DC, so is B A 
to AC ; and as BD to DC, so is BA 
to AE (2. 6.), because AD is paral- 
lel to EC : therefore AB is to AC, as 
AB to AE (11. 5.): Consequently 
AC is equal to AE (9. 5.), and the 
angle AEC is therefore equal to tho 
angle ACE (5. 1.). But the angle 
AEC is equal to the exterior and op* 
podte angle BAD ; and the angle 
ACE is equal to the alternate an^e 
CAD (29. 1.): Wherefore also the 
■igle BAD is equal to the angle 
CAD : Therefore the angle BAC is cut into two equal angles bjrthe atiaigjbl 
line AD. 
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PROP. A. THEOR- 

r^ th€ exterior angle of a triangie be hiseeied by a straight Ime tnhieh also euis 
the base produced ; the segments between the bisecting line and the exiremitiss 
of the base have the same ratio which the other sides of the triangles haoe ie 
one another ; And if the segments of the base produced have the same mtfM 
which the other sides of the triangles have, the straight line, drawn from the 
vertex to the point of section, bisects the exterior angle of the triangle, 

Letihe exteiior angle CAE, of any triangle ABC, be bisected by the 
soraight line AD which meets the base produced in D ; BD is to DC, as 
BA to AC. 

Throug:h C draw CF parallel to AD (Prop. 31. 1.): and because the 
ftiaighl line AC meets Uie parallels AD, EC, the angle ACF is equal t0 
liuo alternate angle CAD (29. 1.): But CAD is equal to the angle DAE 
(Hjrp*) : therefore also DAE is equal to the angle ACF* Again, becaiis# 
the straight line FAE meeU the parallels AD, FC, the exterior angle DAS 
IS eciual to the interior and opposite angle CFA; But the angle ACF haf 
befn prored to be equal to the an- 
gle DAE ; therefore also the angle 
ACF is equal to the angle CFA, 
and consequently the side AF is 
equal to the side AC (6. 1.); and, 
because AD is parallel to FC, a 
side of the triangle BCF, BD is to 
DC, as BA to AF (2. 6.) ; but AF 
is equal to AC ; therefore as BD 
is to DC, sols BA to AC. 

New let BD be to DC, as B A to AC, and join AD ; the angle CAD is 
equal to the angle DAE. 

The same construction being made, because BD is to DC as BA to AC $ 
^ni also BD to DC, BA to AF (2. 6. ) ; therefore BA is to AC, as BA te 
AF (11. 5.), wherefore AC is equal to AF (9. 5.), and the angle AFC 
equal (5. 1.) to the angle ACF : but the angle AFC is equal to the exta- 
rior angle EAD, aud die angle ACF to the alternate angle CAD ; there- 
fore also EAD is equal to die angle CAD 

PROP. IV. THEOR. 

The sidesahout the equalangles of equiangular triangles are proportionals; aim 
those tihieh are opposite to the equal angles are homologous sides, that is, ate 
the antecedents or consequents of the ratios 

Let ABC, DCE, be equiangular triangles, having the angle ABC eqnri 
lo the angle DCE, and the angle ACB to the angle DEC, and cenee- 
^ently (4. Cor. 32. 1.) the angle BAC equal to the angle CDE. Thto 
eides about the^ equal angles of the triangles ABC, DCE are proportional^, 
and those are the homologous x sides which ai« opposite to the equal an- 
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Let the triangle DCE be placed, so that ito aide CE may be contigaous 
10 BC, and in the same straight tioe with it : And because the angles ABO, 
ACB are together less than two right angles (17. 1.), ABC and D£C!» 
which is equal to ACB, are also less than y^j, 
|wo right angles: wherefore BA, ED pro- -*^/ 
ducedshaUnieet(l Cr.29. 1.);letthem be pro- 
duced and meet in the point F ; and because 
Ihe angle ABC is equal to the angle DCE, 
BF is parallel (28. lr> to CD. Again, be- 
cause the angle ACB is equal to the angle 
DEC, AC is parallel to FE (28. 1 .) : There- 
fore FACD is a parallelogram ; and conse- 
quently AF is equal to CD, and AC to FD j- =, 

(34. 1 .) : And because AC is parallel to FE, J^ O Ih 

one of the sides of the triangle FBE, BxV : AF : : BO : CE (2. 6.) : M 
AF is equal to CD ; therefore (7. 5.) BA : CD : : BC : CE ; a^d altei^ 
nately, BA : BC : : DC : CE (16. 5.) : Again, because CD is parallel to 
BF, BC : CE : : FD : DE (2. 6.) ; but FD is equal to AC ; therefore BC 
; CE : : AC : DE ; and alternately, BC : CA : : CE : ED. Ther«fort 
because it has been proved that AB : BC : : DC : CE ; and BC * C A 
CE : ED, ex aequali, BA : AC : : CD : DE. 

PROP. V. THEOR. 

If the sides of two triangles, about each of their angles, he vroportumeds, tts 
triangles shall be equiangular, and have their equai angles opposite to tks 
homologous sides. 

Let the triangles ABC, DEF have their sides proportionals, so that AB 
u to BC, as DE to EF ; and BC to CA, as EF to FD ; and consequently 
ex equali, BA to AC, as ED to DF ; the triangle ABC is equiangular to 
the triangle D BF, and their equal angles are opposite to the homologoiis 
sides, viz. the angle ABC being equal to the angle DEF, and BCA to 
EFI), and also BAC to EDF. 

At the points E, F, in the straight 
line EF,.make ( Prop. 23. 1.) the an- 
gle FEG equal to the angle ABC, 
and the angle EFG equal to BCA, 
wherefore the remaining angle BAC 
is equal to the remaining angle 
EOF (4. Cor. 32. 1.), and the trian- 
gle ABC is therefore equiangular to 
Uie triangle 6EF ; and consequently 
they have tneir sides opposite to the 
«|ttid an|les proportionals (4. 6.). 
Wherefore, 

AB: BO :: GE : EF; but by supposition, 

AB : BC : : DE : EF, therefore, 
D£ : EF : : GE : EF. Therefore (11. 5 ) DE and G£ i 
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ihs Mine ratio to EF, and oonaequently are equal (9. 5.). For the same 
reason, DF is equal to FG : And because, in the triangles DEF, GEF 
D£ is equal to EG, and EF common, and also the base DF equal to the 
base OF ; therefore the angle DEF is equal (8. 1.) to the angle GEF, and 
the oiher angles to the other angles, which are subtended by the equal 
sides '(4. 1.). Wherefore the angle DFE is equal to the angle GFE, and 
EDF to EGF : and because the angle DEF is equal to the angle GEF, 
and GEF to the angle ABC ; therefore tlie angle ABC is equal to the an- 
jrie DEF : For the same reason, the angle ACB is equal to the angle 
DFE, and the angle at A to the angle at D. Therefore the triangle ABC 
b equiangular to the triangle DEF. 



PROP. VI, THEOR. 

J^iwo triangles have one angle of the one equal to one angle of the other ^ ami 
the sides about the equal angles proportionals^ the triangles shall he equiem' 
gtUar^ and shall have those atigles equal which are opposite to the hotnoUh 
gous sides. 

Let the triangles ABO, DEF hare the angle BAG in the one equal to 
the angle EDF in the other, and the sides about those angles proportioA- 
als ; that is, BA to AC, as ED to DF ; the triangles ABC, DEF are equi- 
angular, and have the augle ABC equal to the angle DEF, and ACB to 
DFE. 

At the points D, F, in the 
straight line DF, makb (Prop. 
23. 1.) the angle FDG equal to 
either of the angles BAG, EOF ; 
and the angle DFG equal to the 
angle ACB ; wherefore the re- 
maining ang^e at B is equal to 
lite remaining one at G (4. Cor. 
32. 1.), and consequently the 
triangle ABC is equiangular to 
the triangle DGF ; and therefore 

BA : AC : : GD (4. 6.) : DF. But by hypothesis, 

BA : AC : : ED : DF ; and therefore 

ED : DF : : GD : (11. 5.) DF ; wherefore ED is equal (9. 5.) lo 
DG ; and DF is common to the two triangles EDF, GDF ; therefore the 
two sides ED, DF are equal to the two sides GD, DF; but the ang^e 
EDF is also equal to the angle GDF ; wherefore the base EF is equal to 
the base FG (4. 1.), and the triangle EDF to the triangle GDF, and tho 
remaining angles to the remaining angles, each to each, which are sv^ 
tended by the equal sides : Therefore the angle DFG is equal to the angle 
DFE, and the angle at G to the angle at E : But the angle DFG is eqna! 
to the angle ACB ; therefore the angle ACB is equal the angle DFE, and 
the angle BAC is equalno the angle EDF (Hyp.) ; wherefore also the «o> 
maining angle at B is equal to the remaining angle at E. Therefore ths 
triangle ABC is equiangular to the triangle DEF 
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PROP. VII. THEOR. 

tft9uo hiangles haoeone tmgieoftke &ne eqtud io &ne m^gk of the oiheft tmi 
tke sides abinU two other angUsproparltanah^tken^ if each rf remaining 
mngles he either iess^ or not less, than a right angte^ the iriangUs skmli M 
equiangular, and have tAJse angles equal about which the sides are propor* 
tionals. 

Let the two triangles ABC, DEF have one an^ in the one equal to one 
angle in the other, viz. the angle BAG to the angle EDF, and the aidee 
about two other angles ABC, DEF proportionals, so that AB is to BC« as 
DE to EF ; and, in the first case, let each of the remaining angles at C, F, 
be less than a right angle. The triangle ABC is equiangular to the tri- 
angle DEF, that is,.the angle ABC is equal to the angle DEF, and the 
remaining angle at C to the remaining angle at F. 

For, if the angles A3C, DEF be not equal, one of them is mater than 
the other : Let ABC be the greater, and at the point B, in the straight 
line AB, make the angle ABG equal 
to the angle (Prop. 23. l.)DEF : and 
because &e angle at A is equal to the 
angle at D, and the angle ABG to 
the angle DEF; the remaining an- 
|le AGB is equal (4. Cor. 32. 1.) to 
Uie remaiiiing angle DFE; There- 
fore the triangle ABG is equiangular 
to the triangle DEF ; 

wherefore (4. 6.), AB : BO 
by hypothesis, DE : EF : 
therefore, AB : BC 

and because AB has the same ratio to each of t£e lines BC, BG ; BC is 
equal (9. 5.) to BG, and therefore the angle BGC is equal to tl^ angle 
BCG (5. 1.) ; But the angle BCG is, by hypothesis, less than a right an- 
gle ; therefore also the angle BGC is less than a right angle, and the adja* 
cent angle AGB must be greater than a right angle (13. L). But it wm 
proved that the angle AGB is equal to the angle at F ; therefore the angle 
at F is greater than a right angle : But by the hypothesis, it is less than a 
right angle ; which is absurd. Therefore the angles ABC^ DEF are not 
unequal, that is, they are equal : And the anf^e at A is equal to the angle 
at D ; wherefore the remaining ang^ at C is equal to the remaining angle 
at F ; Therefore the triangle ABC is equiangular to the triangle DEF. 

Next, let each of the angles at C, F be not less than a ri^t angle ; th« 
triangle ABC is also, in this case, equiangular to the triangle D£F« 

The same construction being 
made, it may be proved, in like 
manner, that BC is equal to BG, 
and the angle at C equal to the 
angle BGC : But the angle at C 
is not less than a right angle; 

therefore the angle BGC is not .^ - ««= ^ 

less than a right anele : ^here- B C Ifl Jf 




DE 
AB 
AB 



EF ; but, 
BC 

BG*(u. ay, 
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tew, two utjjim of ih^ triangle BGC *ro together not lees than ^wo tigbi 
aagleSy m^ch is impossible (17. 1.) ; and therefore the triangle ABC may 
be proredto be eqiiiangular to the triangle D£F, as in the first case. • 

PROP. VIII. THEOR. 

Im a ^ht angled triangle if a perpendicular be drawn from the ngkt angle it 
the base ; the triangles an each side efit are similar to the whole triangis^ 
and to one another. 

Let ABC be a right angled triangle, havinff the right ande B AC ; anid 
from the point A let AD be drawn perpendicular to the base BC : the trian- 
gles ABD, ADC are similar to the whole triangle ABC, and to one another. 

Because the angle BAC is equal to the an^e ADB^ each of them being 
a right angle, and the angle at B com- 
mon to the two triangles ABC, ABD ; 
the remaining angle ACB is equal to 
the remaining anj^e BAD (4. Cor. 32. 
1.): therefore the triangle ABC is 
equiangular to the triangle ABD, and 
the sides about their equal angles are 
proportionals (4. 6.) ; wherefore the 
triangles are similar (def. 1. 6.). In 
like manner, it may be demonstrated, that the triangle ADC is eqniangnlai and 
similar to the triangle ABC : and the triangles ABD, ADC, being each equi- 
mngular and similar to ABC, and equian^ar and similar to one another. 

Coft. From this it is manifest, that the perpendicular, drawn from the 
right angle of a right angled triangle, to the base, is a mean proportional 
b^wfeo the segments of Sie base ; and also that each of the sides is a mean 
prbportionai between the base, and its segment adjacent to that side. For 
in 6ke triangles BDA, ADC^ 

triangles 
trian^es 






BD : DA : 


: DA : DC (4. 6.) ; and in Hu, 


ABC, BDA, 


BC : BA : 


: BA : BD (4. 6.) ; and in ili. 


ABC, ACD, 


BC : CA : 


: CA : CD (4. 6.). 



PROP. IX. PROB. 

From a given straight line to cut off any part required^ that is^ a part wknJi 
shall be contained in it a given nmmber of times* 

Let AB be the giren straight line ; it is required 
lo cot off from AB, a part which shall be contained 
in it a given number of times. 

From the point A draw a straight line AC mak- 
ing any angle with AB ; and in AC take any point 
D, and.lake AC such that it shall contain AD, as 
ofi as' AB is to contain the part, which is to be cut 
offftom it ; join BC, and draw DE parallel to it : 
then AE is the part required to be cut off. 

Because BD is parallel to one of the sides of the 

17 
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mm^ ABO, TO. to BC, CD : DA : : BE : EA (2.1.) ; watAhfi 
WUL aa 5), CA : AD : : BA : A£: But CA is a mid^U of AD; 
fare (C. 6.) BA istUewnne multiple of A£, oroontaiBS AEdieaum 
ber of times that AC contains AD ; and therefore, whatever part AD is of 
AC, AE is the sanae of AB ; ir^ref9T9f from the straight line AB the psf 
required is cat off. 



PROP. X. PROB. 

To dimi$0givem straifkt Ime similarly to agipmdk^uMsirmgkilm^iktilU. 
intomrts that sJuUl have the same ration to one 0m>tker toA^ tkopmiWft 
tk^ awidedghen straight Urns havs^ 

Let AB be the straight line given to be divided, and AC the divided Ime, 
it is required to divide AB similarly to AC. 

I^t AC be divided in the points D, E ; and let AB, AC be placed ao s^ 
to contain any angle, and join BC, and through the ppints D, £« draw 
(Prop. 81. 1.) DF, EG, parallel to BC ; and 
through D draw DHK, parallel to AB ; there- 
fore each of the figures FH, HB, is a parallelo- 
gram: wheriafeve DH is equal (34. 1.) to FG« 
and HK lo GB : and because HE is parallel 
to KC, one of the ^ides of the triangle DKC» 
CE : ED : :J2. 6.) KH : HD ; But KH=BG. 
and HD s= GF ; therefore CE : ED : : BG : 
GP; Again, because FD ia parallel to EG, 
one of the sides of the triangle AG E, ED : DA 
: ^ GF : FA ; But it has been proved that CE 
:ED; — -^"^ * ' 
10 AC. 




B K 

; : BG : GF ; therefore the given straight line AB is divided simBnlf 



PROP. XI. PROB. 
To find a third proportional to two given straight lines. 

Let AB, AC be the two given strai|^t lines, and let them be placed 
as to contain any angle ; it is required to 
find a third proportional to AB, AC. 

Produce AB, AC to the points D, E ; and 
make BD equal to AC ; and having joined 
BC, through D draw DE parallel to it (Prop. 
31.1.) ^ ^ 

Because BC is parallel to DE, a side of 
the triangle ADE, AB : (2. 6.) BD . : AC : 
CE ; biit BD=AC: therefore AB : AC : ; 
AC : CE. Wherefore to the two given 
straipfht lines AB, AC a third proportional, 
rv m found. 
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FROP« XIL PROB. 

Uei A« B» C te the three givea stiajight Udm ; it is leiiiiiied |o fl 
ftwgt^iiro|MirtienrfiaA»^(I . 

Take t%o straight tines DE, DF, containing anjan^ EDF; and i ^ 
diese make DO equal to A, GE equal to B, and DH equal to C ; and &▼-> 
iBg joined GH^- draw EF parallel (Piop. 81. 1.) l» it throuj^ tke poial B 

3) V 




And because GH is parallel to EF, one of the sides of the triangle DEF, 
DG : GE : : Dii : UF (2. 6.) ; but DGx=A, GE^B^ and DH»C ; and 
IhMEefoire A : B : : C : IIF. Wherefoie to the three given straight lines, 
A* Bfr C^ a fouith proportional HF is (band. 

PROP. XIIL PROB. 
To find a fMOH proportional between two given straight linu* 

Let AB, BC be the tw0 givemstraii^ lines; it isie^ed lo finds mefn 
proportional between them. 

Place Afi, BC in a straight line, and upon AC describe the semicircle 
ADC, and from the point B (Prep. 1 1. 
1.) draw BD at right angles to AC, and 
join AD, DC, 

Because the sngle ADC in s send- 
circle is a ri^ht angle (31. 3.) and he- 
sause in the riglu angled triangle ADC, 
DB is drawn from tlie right angle, per- 
pendicular to the baae, DB is a mean 
woportional between AB, BC, the seg- 
ments of the base (Cor. 8. 6.) ; therefore between 4ke two girsA slni|^ 
lines AB, BC, a mean propmiooal DB is found. 
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PROP. XIV. PROB. 

Equal pmMkgramB wkiek kmfe one angU ef ike mu ^quai tg tiii0 m%le t 
tht^ othtTf have their sides about the equal angles reeiproeaUw praportum^ 
Alii foreXM^ams which have one angle ^ the one equal to one-angle ei 
the othety and their sides about the equalangles reeifroeaUy propofS o nA 
are equcd to one another. 

■ Let AB, BC be eqpial paralleK 
ograms, which have the angles at B 
eqaal, and let the sides DB, BE be 
placed in the same straight line ; 
wherefore also FB, BG are in 6ne 
straight line (14. 1.) ; the sides of the 
parallelograms AB, BC, about the 
equal angles, are reciprocally propor- 
tional ; that is, DB is to BE, as OB 
toBF. 

Complete the parallelogram FE ; and because the parallelograms AB, 
BC are equal, and FE is another parallelogram, 

AB : FE :: BC : FE(7. 5.): 
bat because the parallelograms AB, FE have the same altitude, 

AB : FE : : DB : BE (1. 6.)^ also; 

BC : FE : : GB : BF (I. 6.) ; therefore 

DB : BE : : GB : BF (11. 5.): Wherefore, the ddeii 
of the parallelograms AB, BC about their equal angles are reciprocally pro* 
portional. 

But, let the sides about the equal angles be reciprocally proportional, vis. 
as DB to BE, so GB to BF ; the parallelogram AB is equal to the pardlel* 
ogram BC. 

Because DB : BE : : GB : BF, and DB : BE : : AB : FE, and GB : 
BF : : BC : EF, therefore, AB : FE : : BC : FE (11. 5.) : wheiefore the 
parallelogram AB is equal (9. 5.) to the parallelogram BC. 

PROP. XV. THEOR. 

Equai triangles which have one angle of the one equal to one angle ofAi 
oiher have their sides about the equtU angles reciprocally proporiionat ; And 
triangles which have one angle in the one equal to one atfgle in the tdhetm 
and their sides about the equal angles reciprocally proportional^ are equm 
to onfi another. ^ 

Let ABC, ADE be equal triangles, which have the angle BAC eqiial «oi 
the angle DAE : the aides about the equal angles of the triangles, are ve* 
ciprocally projwrtional ; that is, CA b to AD, as EA to AB. .. ; 

Let the triangles be placed so that their sides CA, AD be in one strughl 
(ine ; wherefore also EA and AB are in one straight line (14. 1.) ; join BD. 
Because the triangle ABC is equal to the triangle ADE, and ABD is an« 
other triangle; therefore, trian^e CAB : triangle BAD : : triangle EAD 
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. unau^ BAD ; InA CAB : 
BAD::CA: AD^andEAD: 
BAD : : EA : AB; therefor^ 
CA: AD::£A: AB(11.5)» 
wberolbro the sides of the tria»* 
1^ ABOy AD^aboiitthe equal 
ingles are reciprocally proper- 
lional. 

But let the sides of the trian- 
gles ABC, ADE, about the 
equal angles be reciprocally 
nn^portkHial, viz. CA to AD, as 
E A fo AB ; the triangle ABC is 
eipial to the triangle ADE. 

Having joined BD as before ; because C A : AD : : EA : AB ; and Mace 
CA : AD : : triangle ABC : triangle BAD (1. 6.) ; and also EA : AB : : 
triangle EAD : triangle BAD fU. 5.) ; therefore, triangle ABC : triangle 
BAD : : triangle EAD : triangle BAD ; that is, the triangles ABC, EaD 
have the same ratio to the triangle BAD ; wheref(H:e the triangle ABC if 
equal (9. d.) to the triangle EAD. 




PROP. XVI. THEOR. 

Iffimr Uraight Unetbe proportiamals^ the rectangle cmUwMi hy ihe extremes u 
equal tet^ rectangle contained bi/ the means; And if the rectangle wntaimei 
by the extremes be equal to the rectangle eonimined by thewteaHS^ the four 
straight lines are proportionals. 

Let the four straisht lines, AB, CD, E, F, be proportionals, yiz. as AB 
to CD, so E to F ; Uie rectangle contained by AB, F is equal to the reel 
mrie contained by CD, E. 

From the points A, C draw(ll. 1.) AG, CH at risht angles to AB, CD ; 
a&d make AG equal to F, and CH equal to E, and complete the parallel- 
ograms BG, DH. Because AB : CD : : E : F ; and since ErsCH, aiMi 
F=: AG, AB : CD (7. 5.) : : CH : AG ; therefore the sides of the parallel- 
ograms BG, DH alM>ut the equal angles are reciprocally proportional ; but 
parallelograms which have their sides about equal angles reciprocally pro- 

S>rtional, are equal to one another (14. 6.); Uierefbre the parallelogram 
Gis equal to the parallelogram DH : ]g[-. 
and the parallelogram BG is contain- 
ed by the straight lines AB, F ; be- £1- 
oaiise AG is. equal lo F ; and the pa- 
rallelogram DH is contained by CD 
and £, becaime CH is equal to E : 




liiexiefore the rectangle contained by 
the straight lines AB, F is equal to that 

which ie contained by CD and E. ^ Y> 

And if the rectangle contained by -A. B C JJ 

liie stiaiglit lines AB, F be equal to that which is contained by CD, E ; 
4M»ibmr liasB are pioportioiiids, ris. AB ki to CD as E to F* 
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The same oonstnction being made, because ihiB rectangle tontttned by 
the stnUgbt lines Afi« F is equal to that wbick ie contained by CD, B,m 
the rectangle BC is contained by AB, F, bocause AG is equd to F ; end 
the rectaagle Dll^ by CD, £, because CH is equal to £ ; Cherefi>re the pe>» 
nllelogram EG is equal to the jparaUelogram DH, and they are eqidangv* 
nr : but the sidee about the equal anglee of equal paiallelograme ate reel* 
procally proportional (14. 6.) : wherefore AB s CD : : CU : AGf b«l CH 
«>E, and AG:^F; therefore AB : CD : : £ : iF*. 

PROP. XVII. THEOR. 

If three stroi^lU Unes be proportumdUy IhereetamgUematnmei Inf ikB mt$ 9 mf $ M 
equai to the square oftke mean : And if the reeimngh eemiamed kf tkem^ 
tremesbe equal to the squareofthe mean^ the three siraighi knesm ^if^^i fm^ 



Let the three straight lines. A, B, C be proportionals, viz. as A to B, so 
B to C ; the rectangle contained by A, C is equal to the square of B. 

Take D eoual to B : and because as A to B, so B to C,and that B ie 
equal to D; A is (7. 5.) to B, as D to C : but if four straight linea be pro- 
portionals, the rectangle contained by the ejLtremes is equal to that whidi 
IS contained by the means (16. G.) ; therefore the 
rectangle A.C = the rectangle B.D ; bat the rect^ ^ """" 

angle B.D is equal to the square of B, because B= ^ __ __ ^ 

D ; therefore the rectangle A.C is eqael to the j; ~*****"'***'*^ 
•qnare ef B. ^ — ~— 

And if the reetengle eoMained by A, C be equal to the sqnaie of B ; A : 
B::B;C. 

The same construction being made, because the rectangle contained by 
A, C is equal *o the square of B, and the square of B is equal to the recU 
angle contained by B, D, because B is equal to D ; therefore the rectaagle 
contained by A, C is equal to that contained by B, D ; but if the rectangle 
contained 1^ the extremes' be equal to that contained by the means, the 
four straight lines are proportionals (16. 6.) : therefore A : B : : D : C«but 
BssD ; wherefore A : B : : B : C. 

PROP. XVIII. PROB. 

Upem agioen etranghttine to desenhe a rectilineal Jtgure sindtar^ and ramfaf^ 
situated to a given reetilineaH figure. 

Let AB be the given straight line, and CD£F the given recUHneel finre 
of four sides ; it is required upon the given straight line AB to^Mcffte e 
rectilineal figure similar, and similarly situated to CDEF. 

Join DF, and at the points A, B in the straight line AB, make (Pi«^. te. 
1.) the angle BAG equal to the angle at C, and the angle ABG equal le 
the angle CDP ; therefore the remaining angle CFD is eqnai U the re*> 
msining angle AGB (4. Cor. 32. 1.) : wherefore the triangle FCD Is eqtii* 
angular to the triangle GAB : Again, at the points G, B in the etreight 
line GB make (Prop. 23. 1.) the angle BGH equal to the angle DFE, and 
f}«e angle GBU equal to FDE ; therefore.the veraaining Mgle FED it 
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i^lMt m Ihe MRiilttlfiil atigki GH&, «ad the triMigle FDB eqntaBgiilir to 
the triangle GBH : then, because the mn^ AGB is equal to the angkl 
CFO BGHtoDFE the whole angle AGU u equal to the whole CFE 




tot the «ame reason, the angle ABH is equal to the angle CDE ; riso lie 
Mgle at Ajs equal to the angle at C, and tlie angle GHB to FED ; Tbst^ 
(4)re theTecHiliseal figure ABHG is equiangular to CDEF z but likewise 
tliese figures hate their sides about the equal ai^rles pK^rtionals : for the 
triangles GAB, FCD being equiangular, 

BA : AG : : DC : CF (4* 6.); ibr the eanae teaeoA, 
AG : OB : : OF : FD ; end because of the equian> 
gdar triangles BGH, DFE/GB : GH : : FD : FE ; therefore, 

ex squall (22. 5.) AG : GH : : CF : FE. 
In the same inanner,it may be proved, that 

AB : BH : : CD : DE. Also (4. 6.), 
GH 2 UB : : FE : ED. Wherefore^ beeeuse the reetdl- 
«eil'ftg«es ABHG, CDEF are equiangular, and have their sides ahHH 
the equal angles proportionals, they are similar to one another (def. 1 . 6.)» 
Next, Let it be reql^d to describe upon a given straight line AB^ m 
•lectilineal figure sin^iler, and similarly situated te the rectilineal figiH^ 
CDKEF. 

"^ Join DE, and up6n the given straight line AB describe the rectilineil 
fifittre ABHG sidiilar, and similarly situated to the ^adrilateral figoft 
CI)£F, by the former case ; and at the potnte B, H in the straight lin# 
BH, make the ahgle HBL equal to the angle EDK, and the angle BHti 
equal to the angjk DEK ; therefore the remaining angle al K is equal It 
d» remaiitftig Anglo at L ; and becailse the figures ABHG, CDEF ave 
dfllihnr, the angld GHB ie equid to the sngle FED, and BHL is eqiial 1^ 
DEK ; wherefore the whole angle GHL is equal to the whole angle FEJii 
ton the same reason the angle ABL is equal to the angle CDK : therefore 
die five-eided figures AGHLB, CFEKD are eqniattguUr ; and becami 
ll» iguree AGHB, CFED are similar, GH is to HB as FE to ED ; and 
as HB to HL, so is ED to EK (4. 6.) ; therefore, ex squaU (22. 6 )< OH 
IB to HL, as FE to EK : for the same reason, AB is to BL, as CD to DK : 
Mri BL ie to LH, as (4. 6.) DK to K£, because the triengles BLH, DKE 
-«M eqtitangalar : therefore, because the five-sided ^ures AGHLtt 
CFEKD are equiangular, and have their sides about the equal anglee {»»> 
portionali, they are similar to one another ; and in the same manner a Te»* 
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of nZyOFlBorev sides may be deseribed upon • givda«ti«M||jhl 
to one giren, siid so on. 




PROP. XIX. THEOR. 

Stmilar irumgieM 4n'e to one another tn the duplicate rmtio of the homologoms 

tides. 

Let ABC, DEE be simi- 
lar trian^^, having the an- 
^e B equal to the angle B, 
and let AB be to BC, as 
DE to EF, so tbat the side 
BC is homologous to EF 
fdKef. 13. 5.): the triangle 
ABC has to the triangle 
DEF, the duplicate ratio 
•f that which BC has to 
EF. 
Take BG a third proportional to BC and EF (11. 6.)» or such that 
BC : EF . : EF : BG, and join GA. Then, because 
AB : BC : : DE : EF, alternately (16. 0.), 
AB : DE : : BC : EF ; but 
BC : EF : : EF : BG ; theiefore (11. 5.) 
AB : DE :: EF : BG; whereforocthe sides of the triangles 
ABG, DEF, which are about the equal angles, are reciprocally propor- 
lioBal ; but triangles, which have the sides about two equal angles mcipie^ 
cally proportionid, are equal to 
•ne another (15. 6.) : therefore A 

til* triangle ABG is equal to 

thetriangle DEF; and because y i \ -wv 

yial BC is to EF, as EF to / / \ 4> 

BG; and that if three straight 
lines be proportionals, the first 
has to the third the duplicate 

fatio of that which it has to the r ■■ 

second ; BC therefiwe has to B O . C IQ F 

BG the dupKcate ratio of that which BC has to EF. But as BC to BG 
so is (1. 6.) the triangle ABC to the triangle ABG : therefore the triangle 
ABC has to the triangle ABG the duplicate ratio of thai which BC baste 
EF : and the triangle ABG is equal to the triangle DEF ; wherefore also 
^ triangle ABC has to the triangle DEF the duplicate ratio of that which 
lie has to EF. 

CoR. From this, it is manifest, that if three straight lines be proper- 
IKinals, as the first is to the third, so is any triangle upon the first to • 
'Wnilar» andsimilariy described triangle upon the second. 
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PROP. XX. THEOR. 



SimiUar ptdygatu may he divided into the same number ofnmUar triangles^ ktf^ 
tAg" the same ratio to one another that the polygons have ; and the polygons 
haoe to one another the duplieate ratio of that toAtcA their homologous sUm 
have* 

Let ABODE, FGHKL, be similar polygons, and let AB be the hon» 
logous side to FG: the polygons ABODE, FGHKL, may be divided into 
the same number of similar triangles, whereof each has to each the sasM 
ratio which the polygons have ; and the polygon ABODE has to the poly<* 
gon FGHKL a ratio duplicate of that which the side AB has to the ude 
FG. 

Join BE, EG, GL, LH : and because the polygon ABODE is similar 
to the polygon FGHKL, the angle BAE is equal to the angle GFL (deC 
1. 6.). and BA : AE : : GF : FL (def. 1. 6.) : wherefore, because the tri- 
angles ABE, FGL have an angle in one equal to an angle in the other 
and their sides about these equal angles proportionals, the triangle ABE is 
equiangular (6. 6.), and therefore similar, to the triangle FGL (4. 6.) : 
wherefore the angle ABE is equal io the angle FGL : and, because the 
polygons are similar, the whole angle ABO is equal (def. 1. 6.) to the whole 
angle FGH ; therefore the remaining angle EBO is equal to the remain- 
ing angle LGH : now because the triangles ABE, FGL are similar, 

EB : BA : : LG : GF ; and also because the 
polygons are ttmilar, AB : BO : : FG : GH (def. 1. 6.) ; therefore, ei 
«quali (22. 5.) EB : BO : : LG j GH, that is, the sides about the equal 
angles EBO, LGH are proportionals ; therefore (6. 6.) the triangle EBG 




b eqmangular to the triangle LGH, and similar to it (4. 6.). For the 
same reason, the triangle EOD is likewise similar to the triangle LHK ; 
therefore the similar polygons ABODE, FGHKL are divided into the saijiie 
amnber of similar triangles. 

Also these triangles have, each to each, the same ratio which the poly^ 
gons have to one another, the antecedents being ABE, EBO, EOD, and 
the consequents FGL, LGH, LHK : and the polygon ABODE has to the 

Klygon FGHKL the duplicate ratio of that which the side AB has to Um 
mologous side FG. 

Because the triangle ABE is similar to the triangle FGL, ABE has tQ 
FGL the duplicate ratio (19. 6.) of that which the side BE has to the side 

18 
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GL ' foi the same reason, the triangle B£C has to 6LH the duplicate 
ratio of that which BE has to GL: therefore, as the triangle ABE to the 
triangle FGL, so (1 1. 5.) is the triangle BEG to the triangle GLH. Again, 
because the triangle EBC is similar to the triangie LGU« EBC lus !# 
LGU the duplicate ratio of that which the side EC has to the side LU : 
tat the same reason, the trian|^e EGD has lo the triangle LUK« the du« 
plicate ratio of that which EG has to LH : therefore, as the triangle £QC 
to the triangle LGH, so is (1 1. 5.) the triangle EGO. to the triangle LHK ; 
but it has been proved, that the triangle £BG is likewise to the triangle 
LOH, m the triangle ABB to the triangle FGL. ThereTonei as thettim' 

feAB£ is to the triangle FGL, so is the triangle EBG to the triangllr 
H, and the triangle EGD to the triangle LHK : and therefore, as one 
gf ihe antecedents to one of the consequents, so are all the antecedeAtoli 
^ the consequents (12. 5.). Wherefore, as the triangle ABE to thetli. 




angle F6U so is the polygon ABGDE to ihe polygMi FGHKL: tat <Im 
trittigle ABE has to the triangle FGL, (he duplieaie mtio of that whkHk 
Hkm mdm AB haa to the homologons side FG. Therefore also die polygei 
ABGDE has to the polygon FGHKL the duplicate ratio of that which 
AB has to the homologous side FG. 

GoR. L In like manner it may be proved, that dfmilar fioares of four 
sides, or of any number of sides, are one to another in the diqiifcate ratio of 
their homologous sides, and the same has already*been proved of triangles : 
therefore, universally, similar rectilineal figures are to one another in the 
duplicate ratio of their homologous sides. 

GoR. 2. And if to AB, FG, two of the horfiologous sidef^ a third pro- 
portional M be taken, AB has (def. 11. 5.) to M the diipUcato ratio of that 
which AB has' to FG : but the four-sided figure, or polygon, upon AB has 
to thj four-sided figure, or polygon, upon FG likewise the duplicate ratiif 
of that which AB has to FG : therefore, as A B is to M, so is the ftmjre 
tipon AB to the figtu-e upon FG, which was also proved in triangles ^Gor« 
19. 6.). Therefore, universally, it is manifest, that if three straight lines 
be proportionals, as the first to the third, so is an^ rectilineal figure upon 
fhe first, to a similar, and similarly described rectihneal figure upon the ae* 
ednd. 

CoR. 3. Because all squares are similar figures, the ratio of any two 
iquaros to one another is tne same with the duplicate ratio of their sido^t 
and hence, also, any two similar rectilineal figures are to one another aa the 
squares of their homologous sides. 
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SCHOUUM. 

If two polygons are composed of the same number of triangles simiLi, 
ktkd sioularlv iituatedy those two polygons will be similar. 

For the stKiilarity of the two triangles will give the angles EABsLFQ 
ABEsFGU £BC=LGU : henoe, ABC=FGH, likewise BCD^GUK 
«». Moreom, woshaU haye,£A : LF s : AB : FG s : £B : LG : : BC 
: GH, dtc. ; hence the two polygons have their angles w^nal aftd their ndm 
fjopsmoMJ ; iSOnsoqueaily they are similar* 

PROP. XXI THEOR. 

ReeiiUneal figures which are similar to the same rectiUniatfigure^ are also 
similar to one another. 

Let each of the rectilineal figures A, B be similar to the rectilineal figure 
: The figure A is similar to the figure B. 

Because A u similar to C, they are equiangular, and also have their 
sides about the equal angles proportionals (doi, 1. 6.)« Again, because B 
is similar to C, they are equiangular, and hate their sides about the equal 
angles proportionals (def. 1. 6.) : therefore the figures A, B, are eachol 




tibem equiangular to C, and have the sides about the equal an^ of eaeh 
of them, and of C, proportionals. Wherefore the rectilineal figures A aad 
B are equiangular (1. Ax. 1.), and have their sides about the equal angles 
l^x^rUonals (11. 5.). Therefore A is similar (def, 1. 6.) to B. 

PROP. XXII THEOR» 

^foar straight lines be proportionals, the similar rectilineal figures stmilario 
^oorihU upon thmskaU also UptoportionaU;wkd if the simiUrreetih^ 
figures smtilarlf dcscrihed upon four straigki linssbo oroportionals, thorn 
olrmght linos shall be proportionals. 

Ls4 the four straight lines, AB, CD, EF, GH be proportionals, viju AB 
•» CD, as EF to GH, and upon AB, CD let the similar rectilineal figurot 
IkAU, LCD be similariy described ; and upon CF, GH the similar reeli» 
Kneai figures MF, NH, in like manner: the remilineal figure KAB » le 
LCD, as MF to NH. 

To AB, CD take a third proportional (11. 6.) X ; and to EF, GH,s 
mid proportional O ; and beoauae 
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AB : CD : : EF : GH, and 

CD : X : : GH : (11. 5.) O, ex «qiiaU (22. fl.) 

AB:X::£F:0. Bm 

AB : X (2. Cor. 20. 6.) : : KAB : LCD ; ud 

EF:0::(2. Cor. 20. 6.) MF:NH; th«nCm 
KAB : LCD (2. Cor. 20. 6.) : : MF : NH. 

And if the figure KAB be to the figure LCD, «• the fignre MF to dM 
igore NH, AB ie to CD, m £F to GH. 

Make (12. 6.) as AB to CD, so £F to PR, and iqion PR desoiibi (18. 
6.) the rectilineal figure SR similar, and similarly situated to either ot tha 




E P G H O J? R 

figures MF, NH : then, because that as AB to CD, so is EF to PR, and 
apon AB, CD are described the similar and similarly situated rectilineala 
&AB, LCD, and upon EF, PR, in like manner, the similar rectilineala , 
MF, SR ; KAB is to LCD, as MF to SR ; but by the hypothesis, KAB 
it to LCD, as MF to NH ; and therefore the rectilineal MF having the 
tame ratio to each of the two NH, SR, these two are equal (9. 5.) to one 
another ; they are also similar, and similarly situated ; therefore GH is 
equal to PR : and because as AB to CD, so is EF to PR, and because PS 
isequal to GH, AB is to CD, as EF to GH. 



PROP. XXHL THEOR. 

Equiamgular parallelogrmM have to om another the ratio which is compounded 
of the ratios ofthevr sides. 

Let AC, CF be equiangular parallelograms having the angle BCD 
equal to the angle ECG ; the ratio of the parallelogram AC to Uie paral 
lelogram CF, is the same with the ratio which is compounded of the ndoi 
of their sides. 

Let BC, CG be placed in a straight line ; therefore DC and CE are also 
In a straight line (14.1.); complete the parallelogram DG ; and, takin| 
any straight line K, make (12. 6.) as BC to CG, so K to L ; and as D€ 
to CE, so make (12. 6.) L to M : therefore the ratios of K to L, and L lo 
M, are the same with the ratios of the sides, viz. of BC to CG, and of DO 
to CE. But the ratio of K to M, is that which is said to be compounded 
(def. 10. 5.) of the ratios of K to L, and L to M ; wherefore also K has lb 
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M the nrtiooonpoaoded i>f the ntioe of 
the sides of the parallelograms. Now, 
because as BCto€G/so is the parallel- 
amm AC to the parallelogram CH (1. 
60 ; and as BC to CO, so is K to L; 
therefore K is (1 1. 5.) to L, as the paral- 
lelogram AC to the parallelomm CH : 
agaio, because as DC to CE, so is the 
.parallelogram CH to the parallelogram 
CF : and as DC to C£, so is L to M ; 
dierefore L is (11. 5.) to M, as the paral- 
lelogram CH to the parallelogram CF : 
therefore, since it has been proved, that 
uf K to L, so is the parallelogram AC 
to the parallelogram uH { and as L to M, so the parallelogram CH to the 
parallelogram CF ; ex squall (22. 5.), K is to M, as the parallelograor 
AC to the parallelogram CF ; but K has to M the ratio which is con^ 

Cided of the ratios of the sides ; therefore also the parallelogram AC 
to the parallelogram CF the ratio which is compounded of the ratioe 
of the sides. 

CoR. Hepce, any two rectangles are to each oiher as the products (^ 
Aehr bases multiplied by their altitudes, 

SCHOLIUM. 

Hence the product of the base by the altitude may be assumed as the 
neasure of a rectangle, provided we understand by this product the pro- 
duct of two numbers, one of which is the number of linear units contained 
in the base, the other the number of linear units contained in the ahitude. 

Still thb measure is not absolute but relative : it supposes that the area 
of any other rectangle is computed in a similar manner, by measuring its 
sides with the same linear unit ; a second product is thus obtained, and 
the ratio of the two products is the same as that of the two rectangles, 
agreeably to the proposition just demonstrated. 

For example, if the base of the rectangle A contained three miitb, and its 
altitude ten, that rectangle will be represented by the number 3 X 1 0, or 
30, a number which signifies nothing while thus isolated ; but if there is a 
second rectangle B, the base of which contains twelve units, and the alti- 
tude seven, this rectangle would be represented by the number 12 X 7=584 ; 
and we shall henc^ be entitled to conclude that the two rectangles are to 
eaeh other as 30 is to 84 ; and therefore, if the rectangle A were to be as- 
somed as the unit of measurement in surfaces, the rectangle B would thesi 
have f} for its absolute measure ; or, which amounts to the same thing, it 
would be equal to fj of a superficial unit. 

It is more common and more simple to assume the squares as the unit of 
smface ; and to select ^t square whose side is the unit of length. ^ In 
^ case, the measurement which we have regarded merely as relative^ 
«^comes absolute : the number 30, for instance, by which the rectangle A 
was measured, now represents 30 superficial units, or 30 of those squares 
which have each of their sides equal to uni^. 
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Co.i X. Hence, the area of anp p&nM^Ufgram %g agmtU $§> ik^ p n i m t Iff 
Us base 5y i£f mtiitude^ 

CoK^ 2. It likewise follows, thai ika area ef ray friangU is equtd ia ftii 
frodue$ ofiU base by half its altitude, 

PROP. XXIV. THEOH. 

The paraiWegrams abmU the diameier of amf parallelogram^ are gmtffar f^ 
toholOf and io ame another. 

I^t ABCD be a parallelogram, of whieh the diameter is AC ; and EO| 
HK ihe iiarallelograms about the diameter : the parallelograms EG, UK 
•re similar, both to the whole paraUi^gniiii ABCD, and to one anotiwr. 

Because DC, 6F are parallels, the augie ADC is equal (29. i.) to the 
mm§ia AGP : for the same reason, because BC, £F are paniHels, the aa» 
pie ABG is equal to the angle A EF : and each of the angles BCD, EFG 
IS equal to the opposite angle DAB (34. I.), and therefore are equal fee om 
another, ndierefore the parallelograms ABCD, AEFG are equiangidar 
And because fehe angle ABC is equal to the angle AEF, and the ao^ 
BAC common to the two triangles BAG, 
{!AF, they are equiangular to one another ; 
dierefore (4. 6.) as AH to BC, so is A£ to 
EF ; and because the opposite sides of paral- 
lelograms are equal to one another (84. 1.), 
AB is (7. 5.) to AD, as AG to AG ; and DC 
to CB, as GF to FE ; and also CD to DA, 
es FG to G A : therefore the sides of the pa- 
rallelograms ABCD, AGFG about the equal 
angles are proportionals ; and they are 
dierefore similar to one another (def. 1.6.); for the same reason, the jp»> 
rallelogram ABCD is similar to the parallelogram FHCK. Wherefoie 
each of the parallelograms, GE, KH is similar to DB : but rectUinee. 
figures which are similar to the same rectilineal fignre, are also similar t? 
one another (21. 6.) ; therefore the parallelogram GE is similar to KHL 

PROP. XXV. PROS. 

Te describe a reettlineaH figure which shall be similar to one^ and equatts 
another given rectilineal figure, 

fjet ABC be the given rectilineal figure, to which the figore to be de- 
eeribed is required to be similar, and D that to which it must be equal. If 
b required to describe a rectilineal figure similar to ABC, and equaJ to D. 

Upon the straight line BC describe (Cor. Prop. 45. 1.) the pnrall#dograiii 
BE equal to the figure ABC ; also upon CE describe (Cor. Prop. 45. 1.) 
die parallelogram CM equal to £>, and having the angle FCE equal to th» 
angle CBL : therefore BC and CF are in a straight line (29. Lor 14. 1.), ai^ 
also LE and EM ; between BC and CF lind (13. 6.) a mean proportional 
GH, and upon GH describe (18 6.) the rectilineal figure KGH similar, 
vkI similarly situated, to tlie ngnre ABC. And because DC is le GH ae 
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611 to OF, and if three straight lines be proportionals, as the first is to thf> 
third, so is (2. Cor. 20. 8.) die figure upon the first to the similar and siml 
lariy described figure upon the second ; therefore as BC to CF, so is the 




figure ABC to the figure KGH : but as BC to CF, so is (1. 6.) the paral 
Mogram BE to the parallelogram EF : therefore 'as the figure ABC nvb 
Ae figure KGH, so is the parallelogram BE to the parallelogram £F (11 
5.) : but the rectilineal figure ABC is equal to the parallelogram BE ; there 
lore the rectilineal figure KGII is equal (14. 5.) to the parallelogram EF : 
hOL EF is equal to the figure D ; wherefore also KGH is equal to D ; and 
i% is similar to ABC. 'nierefore the rectilineal figure KGH has been de» 
scribed similar to the figure ABC, and equal to D* 



PROP. XXVI. THEOR. 

Ifiwo similar ftardllelograms have a e e mman ar^^ andh$ simihrly n f ii f l w^ 
thty are about the tame diameter. 

Let the parallelograms ABCD, AEFG be similar and similarly sitoaledv 
and hare th« angle DAB common ; ABCD. and AEFG are about tb» 
•mne diameter. 

For, if wsi, let, if possible, the parallelogram 
BD hare its diameter AHC in a ilifierent 
straight line frwn AF, the diameter of the pa- 
rallelogram EG, and let GF meet AHC in H ; 
ttud through II draw HK parallel to AD or 
BC ; therefore the parallelograms ABCD, 
AKHG being about the aame diametec, are 
similar to one another (24. 6.) : wherefore, as 
DA to AB, so is (def. I. 6.) GA to AK; but 
because ABCD and AEFG are similar paral- 
lelograms, as DA is to A13, so is GA to AE ; therefore (11. 5.) as GA If 
AE, so GA to AK ; wherefore G A has the same ratio to each of the straight 
lines A E, AK ; and consequently AK is equal (9. 5.) to AE, the less^ to 
die greater, which is impossible ; therefore ABCD and AKHG are not 
about the same diameter \ wherefore ABCD and AEFG must be about 
4ie isme diameter. 
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PROP. XXVIL THEOB. 

Ofatt the rectangles contained hy the segments of a given straight fine, the 
greatest is the square which is described m half the Une. 

Let A6 be a givea straight line, which is bisected in C ; and lei D be 

•ny point in it, the square on AC is greater ^ ^^ ~ 

Ihan the rectangle AD, DB. ^ C D B 

For, since the straight line AB is divided into two equal parts in C, and 
into two unequal parts in D, the rectangle contained by AJD and DB, to- 
gether with the square of CD, is equal to the square of AC (5. 2.). The 
square of AC is therefore greater than the rectangle AD.DB. 

PROP. XXVIIL PROB. 

To dwide a gwen straight line^ so that the rectangle eaniained by its segments 
may be equal to a given space ; but that space must not he greater than tks 
jfguare of half the given line. 

Let A B be the given straight line, and let the sqoare upon the giv^sfi 
straight line C be the space to which the.rectangle contained by the 8^ 
ments of AB must be equal, and this square, by the determination, is nol 
greater than that upon half the straight line AB. 

Bisect AB in D, and if the square upon AD be equal to the square upon 
C, the thing required is done : But if it be not equal to it, AD must be 
greater than C, according to the deter- 
mination : Draw DE at right angles Id 
AB, and make it equal to C : pn>duce 
ED to F, so that EF be equal to AD 
or DB, and from the centre E, at the 
distance EF, describe a circle meeting 
AB in G. Join EG ; and because AB 
is . divided equally in D, and unequally 
in 6, AG.GB+DO»=(5.2.) DB'a 
EG». But (47. 1.) ED2+DG«=EG»; therefore, AG.GB+DG«=E1)»^ 
+DGa, and taking away DG«, AG.GB=ED». Now EDssC, therefore 
the rectangle AG.GB is equal to the square of C : and the given line^ Att 
is divided in G, so that the rectangle contained by the segments AG, GB 
is equal to the square upon the given straight line C. 

PROP. XXIX. PROB. 

To produce a given straight line, so that therectangU contained hy the segments 
between the extremities of the given line^ and the points to whidi it is prO' 
dueedy may he equal to a given space. i 

Let AB be the given straight line, and let the square upon the given 
straight line C be the space to which the rectangle under the segments of 
\B produced, must be equal. 
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Bisect AB in D» and draw BE at right angles to it, so that BE be eqoa 
to C ; and hairing joined DE, from tl^ centre D at the distance DE de 
•cribe a circle meeting AB produced in G. 
And becauM AB is bisected in D» and 
produced to G, (6. 2.) AG.GB+DB^;^ 
DG2=aDE». 

But (47. 1.) DE»=DB«+BE«, there- 
fore AG.GB + DB> » DB' + BES and 
xaOBasBE^ Now, BE == C ; where- 
fore the straight line AB is produced to 
O, so that the rectangle contained by the 
•egments AG, GB of the line produced, 
is equal to the square of C. 




B 



PROP, XXX, PROB. 

To euia given straight Une in extreme and mean raiio. 

Let AB be the giren steight line ; it is required to cut it in extreme mhI 
mean ratio. 

Upon AB deseribe (Prop. 46. l.)die square BC, and produce CA to D, 
so Uiat the rectangle CD.DA may be equal to die square GB (29. 6.). 
Take AE equal to AD, and complete the reotan^e DF under DC and 
AEy or under DO and DA. Then, because the 
rectangle CD.DA is equal to the square CB, ^ 
rectangle DF is equal to CB. Take away the 
common part CB from each, and the remainder 
FB is equal to the remainder DE. But FB is 
the rectangle contained by FE and EB, that is, 
by AB and BE ; and DE is the square upon AE ; 
therefore AE is a mean, proportional between 
AB and BE (17. 6.), or AB is to AE as AE to EB. 
Bm AB is greater than AE; wherefore AE is 
neater than EB (14. 5.): Therefore the straight 
fine AB is cntm extreme and mean ratio in E (def. 
3,6.). ; . 

Otherwise. 

Let AB be ihe ^ven straight Ime ; it is required to cot it in extteine 

1 mean ratio. 

Divide AB in the point C, so that the rectande contained by AB, BO 

be equal to the square of AC (11. 2.): Then be- ' •■ 

cause the rectangle AB.BC is equal to the square \ C H 

of AC, as BA to AC, so is AC to CB (17. 6.) ; ^' 

Therefore AB is cut in extreme and mean ratfo in C (ded 3. 6.). 

19 
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PROP. XXXI. THSOIL 

!n i%jU mtgled inanghs, the reet&inetd figufif i$9&riM mpm 9k0$Mcjfi0' 
sit€ H the right '(mgl&^ is equtd tv tm mtmUt^ 4md ^MmAnriif ii»jttnM 
fyures t^poii the sides containing the right angle. 

Let ABC be a right angled triangle, baving the rigbl aii|^ BAG) Tb« 
rfietiiinea} figure dea rr ib e d upon BC ia eqtai to Ae aiittilar, and aittttlaii/ 
d'oacftfted figurea upon BA, AC. 

Draw tlie peipendicular AD ; therefore, beeewse in the xif^ aagled tri« 
angle ABC, AD ia drawn from the fighl anf^e at A perpandteukur lo Uie 
baae BC, the trianglea ABD, ADC are similar to the whele triai^^le ABO^ 
and to one another (8. 6.), and because the triangle ABC ia similar to 
ADB, as CB to BA, ao ia BA to BO (4. 6.) ; and because these three 
straight lines are proportionals, as the first to the third, so is the figure upon 
the first to the similar^ and similarly described figure upon the aecond (2. 
Cor. 20. 6.) : Therefore, aa CB to BD, 
ao ia the figure upen CB to the aimilar 
and similarly described figure upon 
BA : and invera^y (B. 0.), aa DB to 
BC, aa ia the figim 19011 BA to that 
opon BC ; for tin same reaaon aa DC 
to CB, so is the figure upon CA to that 
upon CB. Wherefore, aa BD and DC 
together to BC, 80 are the figures upon 
BA and on AC, together, to the figure 
upon BC (24. 5.) ; therefonre the figures on BA, and oa AC, are togetlMf 
equal to that on BC ; and they are similar figurea* 

PROP. XXXIL THEOB. 

fftwo triangles^ which hme two sides ^ the ens prsfo^tismsd to tmo Hie^ of 
the other ^ be joined at one at^hy soao to have tMr homeiiogaus sidoi pm 
raUel to one another ; their remaining sides shtdl hoinm struigkt Km. 

Let ABC, DCE be two triangles which have two sides BA, AC propor- 
tional to the two CD, DE, viz. BA to AC, as CD to DE ; and let AB be 
parallel to DC, and AC to DE ; BC and C£ are in a straight line. 
> Because AB is parallel to DC, and the straight line AC meete ^n^ the 
alternate anglea BAC, ACD are equal (29 1.) ; for the same sea^oni tbo^ 
cn^e CDE ia equal to the angle 
ACD ; wherefore also BAC ia equal 
O CDE : And because the trianglea 
ABC, DCE have one angle al A 
equal to oae at D, and the aidee about 
these angles proportionala, viz. BA to 
AC, as CD to DE, the triangle ABC 

ia equiangular (6. 6.) to DCE : ^ ^- 

'rherefoni the angle ABC ia equal to B v 
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iM Mcle DC£ t Atid Ae Migle BAC #ag |m>ifed to b« eqml to aCD : 
TlMPmr^ th# whole stigl« ACE is e^vmt tothtf two MRgle* ABC, BAC ; 
«M ch« etmtnoo angle AOB, then th« aiiglM ACE, ACB are eqoal to ^ 
angles ABC, BAC, ACB But ABC, 6aC, ACB are e<}tial lo two rlgttl 
•nileB (93. 1.) ; therefofe Also the angles ACE; ACB are equal to two 
rt^t SMgle« : And mttt at the poittt C,{ti the straight line AC, the two 
•ttSBght lines BC, C£, whieh are (M the opposite tides of it, make the ^*- 
|tK!«nt angles ACE, ACB e^ttal to two right tingles ; theiofore (14. 1.) EC 
Md CR ftre in a straight line. 

PROP. XXXIIi: THEOR. 

fn efiudeircUSi angles^ wkHker at the centres (Mr ekeua^^ 

miowkkk the arcs^ an tMch they standi have to one another i SoaUohm^ 
the metoTM. 

Lcjt ABC, DEF he equal circles ; and at their centres ^e anfl[Ies BGC. 
EHP, and the angles BAC, EDF at their circumferences ; atf the arc BC 
to the arc EF, so is the angle BGC to the angle EHP, and the angle BAC 
CO the angle EDF : and also the sector BGC to the sector £HP. 

Take any number of arcs CK^ KL, each equal to BC, and any nuinber 
whatever FM, MN each eonal to EF ; and join GK, GL, ItM, HN. Bo- 
cttuse^e arcs BC, CK, KL are all equal, the angles BGC, CGK^KOti 
are also all equal (27. 3^.) : Therefore, what muttip^ soerer the arc BL ia 
lyfthe arc BC, the same multiple is the hngle BGL of the angle BGC : For 
the same reason, whatever multiple the arc EN is of the arc EF the same 
multiple is the angle EHN of the angle EHF. But if the ftreBL, be equal 
to the arc EN,.che angle BGL is also equal (27. 3.) to the aKgle EHN ; 
or if the arc BL be greater than EN, liki^wise the angle BGL is greater 
than EHN : and if less, less : There being then four magnitudei^ the two 
arcs, BC, £F, and the two angles BGC, EHF, add of ^Ihe arc BC, and of 
Jhe angle BGC, have beeii taken any eqUfmultiplei whatever, vii. the arc 
'BL, and the angle BGL ; and of the arc BF^tfnd of the ande fiHF, any 
equimuhiple^ whatever, vii;. the arc G[N, and the angle kHN : And u 
has been proved, that if the arc BL be grealef than EN, tho ,#ngle BGL 
• greater than CKN ; and if eipal, equal ; aniif losarIea|; As dierefore, 
liie arc BC to the am EF, so (def. 5. 5.) is the angle BTO to the an|^ 
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EHF But as the an&le BGC is to tho angle EHF, so is (15 5.) tke aa- 
gle B AC to the angle EOF, for each is double of each (20. 3.) : Therefore, 
as tho circumference BC is to EF, so is the angle BGC to the angle EHF. 
and tho angle BAG to the angle EDF. 

Also, as the are BC to EF, so is the sector BGC to the sector EHE. 
Join BC, CK, and in the arcs BC, CK take any points X, O, and join BX, 
XC, CO, OK : Then, because in the triangles GBC, GCK, the two ndee 
BO, GC are equal to the two CG, GK, and also contain equal angles ; the 
base BC is equal (4. 1.) to the base CK, and the triangle GBC to the tri- 
angle GCK : Aitd because the arc BC is equal to the arc CK, the remain- 
ing part of the whole circumference of the circle ABC is equal to the re- 
maining part of the whole circumference of the same circle : Wherefore 
the angle BXC is equal to the angle COK (27. 3.) ; and the segment 
BXC is therefore similar to the segment COK (def. 9. 3.) ; and they an 
npon equal straight lines BC, CK : But similar segments of circles npoo 
equal straight lines are equal (24. 3.) to one another : Therefore the seg- 
ment BXC is equal to' the segment COK : And the triangle BGC is equal 
to the triangjle CGK ; therefore the whole, the sector B&C is equal to the 
whole, the sector CGK : For the same reason, the sector KGL is equal la 
each of the sectora BGC, CGK ; and in the same manner, the secton 
EHF, FHM, MHN, may be proved equal to one another : Therefore, what 
multiple soever the arc BL is of the are BC, the same multiple is the see- 
tor BGL of the sector BGC. For the same reason, whatever multiple tEe. 
are EN is of EF, the same multiple is the sector EHN of the sector EHF ; 
Now if the arc BL be equal to EN, the sector BGL is equal to the sector 




EHN ; and if the are BL be neater than EN, the sector BGL is greater 
than the sector EHN ; and if less, less : Since, then, there are four mag- 
nitudes, the two arcs BC, EF, and the two sectors BGC, EHF, and of the 
are BC, and sector BGC, the are BL and the sector BGL are any equi- 
multiples whatever ; and of the are EF, and sector EHF, the are EN and 
sector EHN, are any equimultiples whatever ; and it has been proved, that 
if the arcBL be greater than EN, the sector BGL is greaterthan the see- 
^m EHN ; if eqiuJ, equal; and if less, less ; therefore (def. 5. 5.) as the 
sre BC is to the are EF,so is the sector BGC to the sector EHF 
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fftm ungleofa triangle he bisected by a straight Une^ wkiek Ukewue euis tk» 
lm$$; tke reeUmgk eotUained by the sides rftks triangls is efual to $k$ 
rsdmigU eantaiMed by the segments of the baie^ together miik the squaro if 
the straight line bisecting the angle. 

hfft ABC be a triimgle, and let the angle BAQ be bitected by Um 
•lia^lift line AD ; the lectangle BA.AC is equal to the reetangle BD.DC, 
tofettier with the square of AD. 

Describe&e circle (Proi>. 5. 4.) ACBaboot 
the triangle, and produce AD to thq«circum- 
ferevce in £• and join EC Then« because 
the ani^e-'BAD is equal to the angle CAE, 
a^i the angle ABD to the angle (21. 3.) 
ABC^ for they are in the same segment ; the 
trian^es ABD, AEG are equiangiUar to one 
anocher : Therefore BA : AD : : EA : (4. 6.) 
AG^: ai^d consequently, BA.ACs (16. 6.) 
AD.A£ss>£D.DA (3. 2.) + DA^. But ED. 
DAsBD.DC, therefore BA.AC s BD.DC 
+DA«. 




PROP. C THEOR. 

If from any anghofa triangle a straight line be drawn perpendicular to the 
ia^f the reetangle contained by the sides of the triangle is equal to A$ 



foctangle contained by the perpendicular^ 
oeribedabout the triangle^ 



the diam^or ef thedrdo de- 



Let ABC be a triangle, and AD the perpendicular from the aagle A to 
the base BC ; the rectan^e BA.AC is equal to the rectangle contained by 
AD and the diameter of the circle described about the triangle. 

Describe (Prop 5. 4.) the circle ACB 
about die triangle, and draw its diameter 
AE, and join EC; Because the right 
angle BDA is equal to the angle ECA in 
a encircle, and the angle ABD to the 
angle AEC, in the same segment (21. 
8 ); the triangles ABD, AEC are equi- 
angular : Therefore, as (4. 6.) BA to 
AD, so is ^A to AC : and consequently 
im recungle BA.AC is equal (16. 6.) to 
d^ rectangle EA.AD. 
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PROP. D. THEOR. 




Tke f4ftangl^ eamiained hy the diaganab of « quadrilateral inscribed m a 
eirele^ i$ ejual to both the reetanglee^ cont ain ed by iU^Ofpotile sides. 

IieC ABCD be Anvqutdribteial inseribed ui»cir€le««iidlai AC,.BDIm 
ifmwm ; ih» raotuigle AC.BD is eqoal to Iht two lipctMisiM AE£D, and 
AD.BC. 

Ma]^e the angle AB^ equal to the angle DBC ; add lo each of those 
the common angle E3Dy then the angle ABD ie equal to the angle EBC : 
Anu the ang^e BDA is equal to (21. 3.) die angfo BC£, beoaaee ikef mm 
in the same segment ; therefore the triangio 
ABD it equiangular to the trian^e BCJjB. 
Whereftnvd {i. 6.), 3C : CE : : BD : DA, 
and consequenthF (j6. 6.) BC.DAssBD.CE. 
4fein» heoause ike angle ABE is equal to 
the angle PBC, and the angle (21. S.) BAE 
to the angle BDC, the triangle ABE is equi- 
angular to 4ie triangle PCD; therefore BA 
: AE :: BD : DC, and BA.DCsBD.AE: 
But it was shewn that BC.DAssBD.CE ; 
wherefore BaDA + BA.DC » BD.CE-f 
BD.A£aBD.AC (1. 2.). That is, thereeV> 
angle contained by BD and AC, is equal to the rectangles contakied by 
AB,.CD,andAD, BC. 

PROP. E. THEOR. 

tf'an atoefaiMe he bisected^ and from the eatremties of the are^ and from 
the jpemi efbisee^on^ sifaight lines be drawn to any J^etiil in the eiremn^ 
forence, the sum of the two lines drawn from the eatremiiiesefihe ase will 
have to the line draw^from the point oj bisiection^ the same ratio phich the 
straight Hne subtending the ore has tQ the straighi Hne subtending haiftke 
arc* 

Let ABD be a circle, of which AB is an are bisected in C« end fmm A, 
C, and B 10 D, any point whatever in the cireumfereoee, Wt APt CP» BD 
be drawn ; the sum pf the two lines AD 
and PB has to pC the same ratio thel 
BAbastoAC 

For einee ACBD is a qusidrilaterfd in- 
scribed ino circle, of which the diagonals 
are AB end CD, AD.CB+DB.AC (D 
6 ) e: AB.CP : but Ap.CB+D&AC*««> 
AD.AC + DB.AC, \^cwx%e CB » AC, 
Therefore. AD.AC+DB. AC, that is (1. 
2.),(AD+DB) A€=AB.CD. And be- 
cause the sides of equal rectangles are re- 
ciprocally proportional (14. 6.), AD-f-DB 
. 5c : - AB : AC. 
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■.m0 9fmmr<$ffiktr&diMUt^ m^dtf/xim ik€Mpmm$s kD0str0igkl Un$4 is limwm 
i^mti^pmni wk0tsatvtr i»tMe eirmmfsr^nse ^ ike tirekf ikt nUio 4ifti0s$ 
Unes unll b9ik§Mam$mUk tk$ rtiii^ irf tkg s^;m$u$s tMterifsptmi bu^semikt 
two first mentumed points and the circumference of the circle. 

: iM ABC be a circle, of wlAth the eeatre i$ D, a^iin DA pioduoedi lal 
tk» pnate B and FIm such that the reciaogie £D, DF ia eqaal loiba 
aquaiiQof AD ; from £ and F to any point B in the circumference, let EB, 
FBMdrawn; FB : JUEl :: FA : A£. 

JoinBD, and lyBcause the rectangle FD, DE is equal to the square of 
AD, thiu is, of pB, FD : DB : : DB : D£ (17. 6.). 

The two triangles^ PDB, BD£ have therefore the sides proportional 
that ar4 ahoMl th» common angle D ; therefore they are equtangular (6. 
6.), iH$e ai^ DEB heiag eqitsl to the sngle DBF, and DBB to DFR 




M^w; tjhiee liie sides about these eqtnl angles are slsoproportional (4. 6.), 
FB : BD : : BE : ED, and ahemately (16. 0.), FB : Hf: : ; BD : ED, or 
FB : BE : : AD : DE. But because FD : DA : : DA : DE, bydiiisM 
(17. 5.% FA : DA : : AE : ED, and alternately (11. 6.), FA : A£ : : DA 
: ED. Now it has been slkswa that FB : Vfi ; ( AD : DE, therefore FB 
• BE : : FA : AE. 

€(NL If AD Ve dira#ii, beeaiise PB : BE r : PA : AC, the angle PSE 
IS bisected (3. 6.) by AB. Also, since FD : DC : ! DO : DE, by compo- 
sition (18. 5X PC : DC : : CC : ED, and since it has been shewn 4iat 
ti ; AD (DC) : : AE : ED, therefore, ex aeqoo, PA : AJT : ; PC : (JE. 
But PB : BE : : PA : AE, therefore, FB : BE : : PC : CE(11.5),soth«t 
if PB be produced to G, and if BC be drawn, the angte EBO is bisected 
lqrAelineBC(A.6.}. ^ 



Digitized 



by Google 



■LEBfENTS 



PROP. G. THEOR, 



Iffrmn the extremUy oftkt diameter of a cvrele a straight Km he frawti tn the 
eMe^ and tf either wUhin the drde oryrodueed witl^mt if, it meet a kmefo^ 
' pemdieMla r to the same diameter^ the rectangle contained by the straight Urn 
drawn in the eMe^ and the e^ment tifit^ tfOere^ed between theeairemit^ 
ef the diameter and the p^rpet^Hcular^ is equal to the rectangle contained b^ 
Skediam^erandthesegmaU ofitcut offbj^ theperpendieuUar. 

Let ABC be a circle, of which AC is a diameter, let DE be perpendicu* 
lar to the diameter AC, and let AB meet DE in F ; the recuuigle B AJIF 
ii eqinal to the rectangle CA.AD. Join BC, and because ABO is «■ an^ 




gle in a semicircle, it is a right angle (31. 3.): Now, the angle ADF is 
also a right angle (Hyp.) ^ and the angle BAC is either the same widi 
DAF, or vertical to it ; therefore the triangles ABC, ADF are equiangular, 
and BA : AC : : AD : AF (4. 6.) ; therefore also the rectangle BA JiFf 
contained by the extremes, is equal to the rectangle ACAD contained by 
t)Mmeans(l(S.6.). 



PROP. H. THEOR. 

Tkeperpeniitalari drawn from the threi angles (fany triangle to the ofpomte 
sides intersect one another in the same point* 

Let ABC be a triangle, BD and CE two perpendiculars intersecting one 
another in P ; Let AF be joined, and produced if necessary, let it meet BC 
in 6, AG is perpendicidar to BC. 

Join DE, and about the triangleAEF let a circle be described, AEI* 
then, because AEF is a right angle, the circle described about the triangle 
AEFwill have AF for its diameter (31. 3.). In the same mannor, Uie 
circle described al)Out the triangle ADF has AF for its diameter ; there- 
fore the pmnts A, £, F and D, are in the circumference of the tame circle 
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But because the angle EFB is equal 
to the angle DFC (15. 1.), and also 
the angle BEF to the angle CDF, 
being Iwth ridit angles, the triangles 
BEF, land CuF are equiangular, and 
therefore BF : EF : : CF ^ FD (4. 6.), 
or alternately (16. 5.) BF : FC : : £F 
: PD. Since, theft, the sides about 
die equal angles BFC, EFD are pro- 
pnrtionals, Che triangles BFC, EFD 
are also equiangular (6. 6.) ; where- 
(bre the angle FOB Is equal to the an- 
gle EDF. But EDF is equal to EAF, 
because they are angles in the same 
segment (21. 3.); therefore the angle 
EAF is equal to the angle FOG : Now, the angles AFE, CFG are also 
equal, because they are vertical angles ; therefore the remaining angles 
AEF, FGC are also equal (4. Cor. 33. 1.) ; But AEF is a right angle, 
therefore FGC is a right angle, and AG is perpendicidar to BC. 

Cor. The triaQgle ADE is similar to Ihe trianrie ABC. For the two 
triangles BAD, CAE having the angles at D and £ right angles, and the 
angle at A common, are equiangular, and therefore BA : AD : : CA : AE, 
and alternately BA : CA : : AD : AE ; therefore the two triangles BAC, 
DAE, have the an^e at A common, and the sides about that angle pro- 
portionals, therefore they are equiangular (6. 6.) and similar. 

Hence ^ reetaaf^ BA.AE, CAAD are equal . 

PROP. K.' THEOR. 

Ifjram any angie of a triangle a perpendicular be dratm to the omaeite stde 
or bate : the rectangle contained 6y the sum and difference of the other tw^ 
sides^ is equal to the rectangle contained by the sum and difference eftke 
segments^ into which the base is divided by the perpendicular. 

Let ABC be a triangle, AD a perpendicular drawn from the angle A on 
%e base BC, so tlMt BD, DC are the segmenu of the base ; (AC-I-AB) 
*C-AB)«(CD-|-DB) (CD-DB.) 
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FiGm A as a centre with the radius AC» fth^ gfeater of Ihe two fideiL 
descrlDe the circle CFG : produce AB to neet the circttoMereiice in C aqd 
F, and CB^ to meet it i|i 6. Then because AFs>?AC, BF^sAB i-AC, 
the sum of the pidee ; and since AEssAC, BEssAC— ABss the diiTe* 
rence of t)ie sides. Also, because AD drawn from the centra cutu .6C al 
right angles, il bisects it ; therefore, when the perpendiejEdKur falls wjthyi 
the triangle. BG=:DG— DBi^DC— DBs t^ differeoce of ihe eegnienti 
of the heaa, and BCs=BD-^DC=: the sum of the segments^ But wbm 
AD faUs without the triu^Oi BG=?DG+DB»kCD+DBss the mm e( 
the segments of the base, and BC=CD-*^DBb«i the diDlereaca of the eef^ 
menta of the base. Nqw,' in both cases, because B 13 die intersectipn of 
the two lines F£, GC, drawn in the circle, FB.BE3;CB.BG ; that is^ «i 
hM been shewn, (AC^-AB) (AC-AB)r^(CD+DB) (CP-DB) 



PROBLEMS 

BELATINO TO THE SIXTH BOOtL 



PRO^.L- PROBLEM. 
To construct a square thai shaU he equwaUwt to a 



Let A be the given rectilineal figure ; it !• H(i«ired to describe a eqnve 
that shall be equivalent to A. 

Dewmbe(PiFop. 45. l.)the 
rectangular parallelof^m 
BCDE equivalent to the ree* 
tilineal figure A; produce 
one of the sides BE, of this 
rectangle, and make EFs= 
ED ; bisect BY in G, and 
from the centre G, at the 
dbtance GB, or GF, de- 
scribe the aemicircle BHFi 
and produce D£ to H. 

HE«9t:BE X EF, (1 a. 6.) ; therefore the aquai^ deM»ibed upon ^E will 
be equivalent to the r^ctilineai figure A^ 

SCHOLIUM. 

This problem may be cousidered as relatin^^td the second Book 7 Thus, 
join Glf, the rest of the 'construction beivg the eame^ as ahove ; because 
the straight line BF Is divided into two equ^ parts in ^e point G, and into 
two unequal in the point E, the rectangle BE.EF, toge^er wit|| the square 
of EG, is eqaal (5. 2.) to the square of GF : butf^F is equal to GH ; 
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f||fri9f«r« ibQ lyteta^gle BE, EF»U)fether wHli A« mvwi of EG. is ^^Lal 
tpl^ mffm^ of QU ; B)4 lihe tquax^ of HE «[id FG. 976 (^quiii (47. ) ) 
to the square of GH : Therefore also the rectangle BE.EF, t(PUZ^^ 
the square of EG, is equal to the squares of HE and EG. Take awar 
the square of EG, which is commoB to both, and the remaining rectangle 
. A£.EP is eqinsl lo the squsni of £H : BiA BD is the rsc^wgla contsineJ 
il^Be Sjs4 £F,bee«iiseEF is equal t« ED; therefore BD is ^uaJ t« ib^ 
square of EH ; and BD is also equal to the rectilineal figure A ; tbqrei'mf 
the rectilineal figure A is equal to the square of EH : Wherefore a square 
has been made equal to the gWep re^tiliaml 6gvae A, viz. the square de- 
scribed upon EH. 

, J^a((. This opprstiom j« ^sUed squarimg the reptilineal tfpgx^f, or fiodjiy 
Qie quadrature of it . 

PROP.M. PROBv 

To construct a rcctangU that shall ho equivakmi U^agivp^ squamt tmd tk$ 
difference of whose adjacent sides shall i$ pqutd tO0gi^m Un^. 

Suppose C equal to the given squsre, an4 
AB the di^GweneeL ofthe sides. 

Upoi^ me given Uoe AB as a diameter, 4^ 
scribe a circle ; at the extreniity of thf diam* 
etet dbsw the tangent AD equal to the side 
of Ae square C ; through ths point 0» |nd the 
centre O, draw the seMut DF ; then will DE 
«id PF Imi tbs sdjacent sides of thq rfctannjio 
r«%«lred^ 

. Fit«i» (he Hfpjen^ of their si4«S is ^qusl 
U^ ih9 diimieter f F or AB ; secoodiy« iJiie rect^ 
angle DE.DF is equal to AD' (36. 3.) ; hence 
th^ rectangle is equivalent to the given square C. 




?ROP. N. PROB. 

IV ttmstmci m feetangU ofmmedmU to m gwm squm^ mni h&n^mg $A$ sum 
of its adjacent sides equal to a given Une.^ ■ ' 

Let C be the flhren square, and AB equal to the tob of the si(^ pf the 
foquired rectaqgle 

Upon A^ as a ^isnpteter, 
deecrib^^ semicircle ; d^sw 
the.Khe DE parallel to the 
tom ele Fy at <^ di s tmos AD 
mm it, equal to the sMe of 
the given square C ; from the . 

point E, where the parallel ^ P B 

ests the circumference, draw EF perpendicular to the disaster; /iF 
iia FB will be the sides of the rectangle requirfkL 
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Fot their sum is equal to AB ; and their rectangle AF.FB is equal to tbi 
square EF, or to the square AD ; hence that rectangle is equivalent to the 
giren square C. 

SCHOLIUM. 

To render the probiem possible, the distance AD must not exceed the. 
radius ; that is, the side m the square C must not exceed the half e( tbe 
GaeAB. 

PROP, O. PROB. 



To construct a gquare thatshaUbeto agwensquarc asagwen Une toagwm 

Une, 

Upon the indefinite straight line GHtake GK=r£,and KH=:F; de* 
scribe on GH a semicircle, and draw the perpendicular KL. Through 
Ae points G, H, draw the 
straight hues LM, LN, mak- 
ing the former equal AB, the 
side of the given square, and 
through the point M, draw 
MN parallel to GH, then will 
LN be the side of ihe square 
sought. 

Tor, since MN is paraUel 
to GH,, LM : LN : : LG : 

tM ; consequently^LM* : LN> : : LG* : LH*(22, 6.); but, since the tria» 
sli LGif is right angled, we have LG* : LH' : : GK : KH ; hence LM> : 
LN«::GK:KH; but, by construction GK=sE, and KHsP, also LM 
asAB ; therefore, the square described on AB is to that described on LN, 
as the line £ is to the line F. 




PROP. P, PROB. 

To divide a triangle into two parts hy a Une from the vertex of one of its angles^ 
so tiUUtkoforUme^ be to oaeh other as a straight ImeM to another siraigki 
Une N. 

Divide BC into paits BD, DC raopor- 
tional to M, N; draw the line AD, and 
the triangle ABC wilT be divided as re- 
quired. 

For, since the'bianglesof the same 
altitude are to each other as their bases^ 
we have ABD : ADC : : BD : DC : : 
MN. 

SCHOLIUM. 

A triangle may evidently be divided into any number of parts pzopof 
tional to fiven lines» by dividing the base in the same proportion 
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PROP. Q. PROB. 

TV Jnmlf « Iriaii^ mf • liM Mff « ^ a Ime Ay^ 

90 iluUth$9BparUwmf bete mch other as iwo straight Umes M^ N 

As iff N : N, 80 make AB« to AD> 
(Prob. 4.) ; Draw DE parallel to EC, 
Old the triaagle is divided as required. 

For the tnangl& ABC, ADE being 
similar, ABC : ADE : : AB^ : AD^ ; hut 
M+N : N : : AB« ; AD^ therefore ABO 
: ADE : : M+N : N ; consequentlr- 
BDEC:ADE::M:N. 




PROP R. PROB. 

7*s dknde a triangU tnto two parts^ by a line draton from a g^ven potnt m 
one of its sides^ so that the parts may be to each other as two gioen lines 

M,N. 

Let ABC be the given triangle, and P the given point ; draw PC, and 
divide AB in D, so that AP is to DB as M is to N ; draw DE parallel to 
EC9 j<Hn PE,and the triangle will be divid- 
ed by the line PE into the proposed parts. 

For join DC ; then because PC, DE are 
parallel, the triangles PDE« ODE are equal ; 
to each add the triaa^e DEB, then P£B=« 
DCB ; and consequently, by taking each from 
the triangle ABC, there results the quadri- 
lateral ACEP equivalent to the triangle 
ACD. 

Now. ACD : DCB : : AD : DB : : M : N ; cMsequontly, 
ACEP : PEB : : M : N 




SCHOLIUM. 

The above operation, suggests the method of dividing a triangle into any* 
Bunber of equal parts by tines drawn from a given point in one of its sides f 
Iw if AB be divided in€o equal parts, and Unes be drawn from^ the points of 
equal division, parallel to PC, they will intersed BC, a«d AG i md froni 
Iheee severalpointsof intersection if lines be drawis to P» they will divide 
die triBiigle into equal parte. 
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PBOF. S. PROBi 

' liMf «f 4» «a^^ t^tk§90m^p&ini mlkm ik§ irumgle* 

Make BD equal to a third part of BC, and draw DB parallel lo BA^the 
aide to which m) ia adjacent. Ftom F^ the Biid^e of D£, draw the 
atraight linea FA» FB, FC, and they wUl 
divide the triUngle ai required. 

For, dfiw DA » then aince BD ia one 
third of BC, the triangle ABD ia «hvi 
third, of- the tri angl e ABC ;^^feut ABD» 
ABF (37. 1.) ; therefore ABF ia one 
third of ABC ; alao, aince DFsFE, 
BDF = AFE ; likewiae CFD = CFE , 
conaequemly the whole trkMigfo FBC 
la equal to the whole triangle FCA ; and 
FBA haa been ahown to he equal to a third part of the whole trianglf 
ABC ; eonaeqpently the trianglea FBA, FBO^FCA, lure each equaf to k 
third part lif ABC. 

PRO^ T. PROB. 

To dMk m trumgU mto three equivalent parts, hy tmM drawm frem a^ gmi^ 

paiiU witkui ii*, 

Ditide BCinto three equal pane in die pointa D, E, and draw PD, PB j 
draw ala6 AF paiallel to PI>, and AG paratlM to P£; thett if the linea 
PF^ PO, PA be drawn, the trian* j. 

^6 AHC Will be dkided bythem ^ 

luli^ ihred oqu i wd e nt flarta. 

For, j«rtn AD, A E ; then becauae 
AF, PD are payAlM, tiMf triatlgl«i 
AFP ia equivalent to the triangle 
AFD ; consequently, if to each of 
these there be added the triailgla 
ABF, there will reault the quadbi- 
htvral ABFP equivmleiit to thff 
Ui< ifc |lo ABD r b«t aince BD ia a 
Mid part of BCv the ihani^ ABD 
»a thtii patt «f tlH triittgto ABC ; 

96naf{mmlf die qMadriiatdnil ABFP ia athiid part of tka triangla ABfll 
Again, becauae AG, PE are parallel, the triangle AGP ia equivafenl la 
the triangle AGE and if to each of these there be added the triangle AOG 
the quadrilateral ACGP will be equivalent to the triangle ACF : but thia 
triangle ia one third of ABC ; hence the quadrilateral ACGP ia one third 
of the triangle ABC : conaequendy, the apacea ABFP, ACPG, PFG are 
each equal to a third part of the trianj^e ABC. 
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ToiimdfagmtinihimtflimiotvmpMrU hy astrcdght line irawmfrim th verim 
rf WM ofiU angUs^ so that the parts may he to each tether as a Une M <• w- 

Draw CC pei|tendtci]lar to AB, and consOmef a rectaiigk atpurafeMlla 
the given quadrilateral, ef which one side mj be CR ; let the oikei eidA 
be EF ; and divide £F hi G, so that ^ 

M : N : : OF : EG ; take BP eiraal ^ 

to twic^ E6f thd join PC, then tiia 
quadriiauiktiJ will* he divided as i^ 
quired. 

For, by constructbn, the triangb 
CPB 18 equivalent to the rectangle 
CE.£G ; therefore the rectangle €£» 
GF is to the triangle GPB as OF is 
ta EG. Now CE.GF is equivaient 
Ifr the quadrilateral DP, andGF is toEOasMisloN; 

DP : CPB : : M : N J 
Amm, the qaaAilatttral iv divided, as re^oirsd. 




PROP. W. PROBL 



To dwide a quadrUattralintb two parts hf a Kne' parallel to one of its sides 
so that these parts may be to each other as the line M, is to the lii^e N. 

Produce AD^BG till they meetia E ; diaw tlie perpendicular EF ancl 
bisect it in G. Upon the side GF construct a rectangle equivalent to the 
Hitmgfo EDO, and let HB be eq\pl 
to the other aide of this rectangle. 
Divide AH in K, so that AK : KH 
: : M : N, and «fe AB is to KB, so 
make ZA^tir'E^: draw ab paral- 
lel ta AB, and it wiU divide the quad- 
rilateral into the reqiiked paru. 

For since the triangles EAB, Eab 
are similar, we have th^ pniportion 
EAB .EabiiBA} : E^-^ but by 
cenctTnetion, EA^ : to^ :-: AB : 
KB ; so that EAB : Ea& : : AB : KB : : AB.GF 7 Rd.OF ; and eOtfM^^ 
qiieutly, since by construction EABssAB.GF, it fefficnn that EoftasKB' 
GF, and therelbre AK.GF^A^ and since by eonstmctkm AH.GFittAC 
ft follows chat KH.OF^^oC. Now AK.GF : KU.QV : : AK : KH ; »# 
AK : KH i : M : N i eonsequently, 

Afrs«6;;M:N; 
that is, the quadrilateral ii divided, Ai re<tiiited. 
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PROP, X, PROB. 

To divide a quadrikUeral into two parts hy a Uno drawn from apahU m ano of 
^ Um sides^ so that the parts may oe to each other as a kne Mis to a Una N. 

Draw PD, upon which construct a rectangle equTiIent to the gxraa 
quadrilateral, and let DK be the other 
«de of this rectangle ; divide DK in 
L, eo that DL : LK : : M : N ; make 
DFs2DL, and F6 equal to the per- 
pendicular Aa; draw G^ parallel to 
DP ; join tlw .points P, 0, and the 
qua^ateral figure will be divided, 
as required. 

For draw the perpendicular pb ; 
dien \)y construction, PD.DK sa AC, 
and PD.DF r=PD.Aa + FD.pb, that 
k* PD.DF is equivalent to twice the 
sum of the triangles APD, pPD^ 
consequently! since DL is half DF, 
PD.DLs=AP/»D ; and therefore PD. 
LK=PBC/> ; but PD.DL : PD.LK : : DL : LK : : M : N ; 

AP;;D : PBCji : : M : N ; 
hence the quadrilateral is divided, as required. 




PROP. Y. PROB. 

To dmde a quadrilateral by a line perpendicular to one rfits sides^ so thai the 
two parts may he to each other as a bne Mis to a Ime N. 

Let ABCD be the given quadrilateral, which is to be divided in the nJia 
of M to N by a perpendicular to the side AB. 

Construct on D£ perpendicular 
to AB, a .rectangle D£.£F, equi- 
valent to the quadrilateral AC, 
and divide F£ in 6, so that FG : 
GE : : M : N. Bisect A£ m H, 
and divide die qnsdrilateral £C 
into 4wo parts by a line PQ^ |mral- 
lei to D£, 80 that those parts inay 
be' to each other as FG is to OH, 
then PQ will also divide the quadri- 
*lslond AC as required. 

For, hj construction D£.LF=3AC, and DE.EHaDAE ; hence DB« 
QFsbEC, and consequently, since the quadrilateral EC is divided in th« 




I proportion as the base FH of its equivalent rectangle, it follows thai 
QCssDE.FG, and £P»D£.GH, also AP=DE.GE; consequently, 

QC:AP:.:FG2GE::M:N; 
mat is, the qua dri lateral is divided, as required. 
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end to iktoiher.is hnger thorn iheenv€lopedlm0. 

Let AMB be the eaveloped line ; then will it be leee Att the Mas 
Ai*DB which envelopes it. 

We have ttreadf Mid that by the 
lena convex line we understand a line, 
pd/gooal, or curve, or partly curve and 
nuOf pefygonal, sneh that a straight 
fine cannot cut it in more than two 
poioHs. If in the line AMB there were 
mny sinuosities or re-entrant portions, it 
wouM cease to be convex, because a . 
a s iaigki line migfat cut it in more diaa 
S«Mi poiiMs* Hie arcs of a circle are essentiaily convex; bift ^ present 
ptoposition extends to any line which fulfils the required conditions. 

This being premised, if the line AMB is not shorter than any of these 
wUch envelope it, there will be found among the latter, a line shorter thaa 
sB the fttfit, which is shorter than AMB, or, at most^ equid to it Lei 
ACDEB be Ais enveloping line : any where between those two lines^ 
draw the straight line PQ, not meeting, or at least only touching, the line 
AMB. The strai^C line PQ is shorter than PCDEQ ; hence, if instead 
of die part PCDEQ, we substitute the straight line PQ, the enveloping line 
APQB will be shorter than APDQB. But, by hypothesis, this latter was 
shorter dia 4 any other ; hence that hypothesis was false ; hence all of thr 
envei0|ttng lines are kmger than AMB 
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Cok 1. Mence the perimeter of any polygon inscribed in • eirda it 
less than the circomference of the circle. 

Cor. 2. If from a point two straight lines be drawn, touching a circle, 
these two lines are together greater than the arc intercepted between 
them ; and hence the perimeter of any polygon described about a circle is 
greater than the circumference of the circle. 

PROP. I. THEOR. 

Ifjram the greater of two unequal magmiudes there be taken away Us kalft 
and from the remainder its half; aiA soon; There wOl at length rsmaim 
a magnitude less than the least of the proposed magnitudes. 

Let AB and C be two unequal magnitudes, of which AB is the greater. 
If from AB there be taken away its ludf, and from the 
remainder its half, and so on ; there shall at length 
remain a magnitude less than C. 

For C may be multiplied so as, at length, to be- 
come greater than AB. Let DE, therefore, be a 
multiple of C, which is greater than Ad, and let it 
contain the parts DF, FG, GE, each equid to C 
From AB take BH equal to iu half; and from the 
remainder AH, take HK equal to its half, and so on, 
until there be as many divisions in A B as there are 
m DE ; And let the divisions in AB be AK, KH, 
HB. And because DE is greater than AB, and EG 
taken from DE is not greater than its half, but BH 
taken from AB is equal to its half; therefore the re- 
mainder GD is greater than the remainder HA. 
Again, because 6D is greater than HA, and GF is 
not greater than the half of GD, but HK is equal to the half of HA ; there- 
fore the remiunder FD is greater than the remainder AK. And FD ii 
equal to 0, therefore C is greater than AK ; that is, AK is less than 0. 



X:- 



H:- 



B C S 



PROP. II. THEOR. 

Equilateral polygons, of the same number of sides, inscribed in cireks^ «rs 
similar^ and are to one another as the squares of the diameters of the 
eireles. 

Let ABCDEF and GHIKLM be two equilateral polygons of the saoM 
number of sides inscribed in the circles ABD and GHK ; ABCDEF sad 
GHIKLM are similar, and are to one another as the squares (tf the diame- 
ters of the circles ABD, GHK. 

Find N and O the centres of the circles, join AN and BN, as also GO 
and HO, and produce AN and GO till they meet the circumferences in 5 
and K* 

Because Ae straight lines AB, BC, CD, DE, EF, FA, aw all muui 
the arcs AB, BC, CD, DE, EF, FA are also equal (28. 3.). For tha 
aune reason, the area GH, HI, IK, KL. LM, M6 are aV eipial, and Avy 
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■re eqnal in number to the others ; therefore, whaterer pan the ate AB » 
of the whole circumference ABD, the same b the arc GH of the circnin- 
feren^^ GHK. But the angle ANB is the same part of four right ang^as^ 
^hat t)^ arc AB is of the circumference ABD (33. 6.); and the anrie 
GOH Is the same part of four right angles, that the arc GH is of the cir^ 
cumference GHK (33. 6.), therefore me angles ANB, GOH are each of 
them the same part of four right angles, and therefore they are equal to 
one another. The isosceles triangles ANB, GOH are therefore equian- 
gular, and the angle ABN equd to the angle GHO ; in the same mannor, 
by joining NO, 01, it may be proved that the angles NBC, OHI are equal 
to one ajdoUier, and to the angle ABN. Therefore the whole angle ABO 




is equal to the whole GHI ; and the same may be prored of the anglea 
BCD, HIK, and <if the rest. Therefore, the polygons ABCDEP and 
GHIKLM are equiangular to one another ; and since thev are equilateral, 
the sides about the equal angles are proportionals ; the polygon ABCDEP 
is therefore similar to the polygon GHIKLM (def. 1 . 6.). And because simi- 
lai polygons are as the squares of their homologous sides (20. 6.), the pOf> 
lygon ABCDEF is to the polygon GHIKLM as the square of AB to the 
square of GH ; but because the triangles ANB, GOH are equiangular, 
the square of AB is to the square of GH as the square of AN to the square 
of GO (4. 6.), or as four times the square of AN to four times the square 

J 15. 5.) of GO, that is, as the square of AD to the square of GK, (2. Cor. 
L 3.) Therefore also, the polygon ABCDEF is to the polyi^on GHIKLM 
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as the sqoare of AD to the square of GK ; and they have also been shewn 
to be Aunilar. 

Cor. Eyety eqnflateral polygon inscribed in a circle is also eqmangv • 
iar : Fur the isosceles triangles, which have their common Tertex in ue 
centre, a^ift sU equal and similar ; therefore, the angles at their bases are 
all equal, and the an^ies of the polygon are therefore alsa eqoaL 

PROP, III. PROB. 

The side oj any equtUUeral polygon inscribed in a circle being given, to find the 
side of a polygon of the same number of sides described awmt the circle. 

Ijti ABCDEF be an equilateral polygon inscribed in the circle ABD i 
ii m required lo ind the side of an equilateral polygon of the same number 
of aidAS described about the circle. 

Find G the centre d* the circle ; join GA, GB, bisect the arc AB in H ; 
and thiKNigh H draw KHL touchinff the circle in H, and meeting GA and 
QB prodi^ed in K and L ; KL is the side of the polygon required. 

Produce GF to N, so that GN may be equal to GL ; join KN» and from 
G dtfaw GJii at nght angles to KN, join also HG. 

Beeause the are AB is bisected in H» the angle AGH is equal to the 
ai^ BGH (37. 3.); and because 
KL touches the eurck in H, the 
angles LHG, KHG are right an- 
gles (18. 3.); therefore, there are 
two angles of Ihe triangle HGK, 
equal to two angles of the triangle 
HGL, each to each. But the side 
GH is common to these trian^s ; 
dierefore fhvv are equal (26. l.),and 
GL is equfl} to GK. Again, in 
the triangles KGL, KGN, because 
GN is equal to GL ; and GK com- 
mon, and also the angle LGK equal 
to the angle KGN ; therefore the 
base K L is equal to the base KN 
(4. 1.)* But because the triangle KGN is isosceles, the angle GKN u 
eqwl to the angle GNK, and the angles GMK, GMN are both ii§^t an^ 
gles by oonstmotien ; wherefore, the triangles GMK, GMN have two an^ 
glesof the one equal to two angles of the other, and they have also the 
side GM comnon, therefore they are equal (26. l.),and the side KM is equal 
to Um side MN, so that KN is bisected in M. But KN is equal to KL» 
and therefore their halves KM and KH are also equal. Wherefore, in (he 
triaagies GKH, GKM, the two sides GK and KH are equal to the two 
GK and KM, each to each ; and the angles GKH, GKM, are also equal* 
thnrefifre GM is equal to GH (4. 1.) ; wherefore, the point M b in the cic* 
cdmforence of the circle ; and because KMG is a right angle, KM toucheu 
the circle. And in the same manner, by jmning the centre and the other. 
aagidar peintn of the inwribed polygon^ an e^ateral polygon may b»- 
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detciibed about the circle, the sides of which will each be equal to KL, and 
wU be equal iQ number to the sides ff the inscribed polygon. Thereforsb 
KL is the side of an equilateral polygon, described about the circle, of the 
same number of sides with the inscribed polygoii ABCDEF. 

Cor. 1. Because OL, GK, GN, and die other d^ight lines drawA 
from the centre G to the angular pouifo of the pdiysoir described about the 
circle ADD are all equal ; if a circle be described uotn the centre G, with 
die distance GK, the polygon will be inscribed in 4ukt circle ; and there- 
fore it is similar to the polygon ABCDEF. 

Cor. 2. It is evident that AB, a side of the inscrib#d polygon, is to KL, 
ft side of the circumscribed, as die perpendicular ftotn G upon AB, to the 
perpendicular from G ujpon KL, thai is, to the radiu^ of the circle ; there- 
fore also, because magnitudes have the same ratio with their equimultiples 
(15. 5.), the perimeter of Ae inscribed polygon^b to the perimeter of the 
circumscribe, as the perpendicular from the centre, on a side of the iii» 
eeribed polygon, to the radius of the circle. 

PROP. IV. THEOR. 

A €M$h&h^gimn^tHmnmSarp^gm9smayhefmin^ like one deseriMoBmit 
lAf mrde^ imd the MhertMcnMin U^ taheh shM iijferftompm anothtr hf 

W 9fHM U99 tmM^ QtH^ ^fVSMI tp6iC6* 

Let ABC be the giyen circle, and the square of D ai^ given spaise ; a 
polygon may be inscribed in the circle ABC, and a similar fwlygoa describ- 
ed about it, so that the difierence between them shall be less than ^m 
square of D. 

In the circle ABC apply the straight line AE equal to D, and lei AB W 
a fourth part of the circumference of the circle. From the eiroumferenee 
AB take away its half, and from the remainder its half, and so on till the 
circimiference AF is found less than the circuraferenco AE lU 1. Sup.)« 
Find the centre 6 ; draw the diapa^r AC, as also the straight lines AF 
and FO ; and having bisected the circumference AF in K, join KG» and 
diaw HL touching the circle in K, and meeting GA and OF prednced in 
H and L ; join CF. 

Because the isosceles triangles HGL and AGF have the eommom an* 
gle AGF, they are equiangular (6. 6.) and the angles GHK, GAF are 
therefore equal to one another. But the angle GKH^ CFA are also equal, 
far they are right angles ; therefore the triangles HGK, ACF, are like* 
wim equiangular (4. Cor. 32 . 1.). 

. And because the arc AF was found by taking hwm the ara AB its haU^ 
aad from that remainder its half, and soon, AF will be contained a certain 
number of times, exactly, in the arc AB, and therefore it will ako be con- 
tained ft certain numb^nr of times, exactly, in the whole ctrcumferenee 
ABC i and the .straight line AF is therefore the side of an equilateral poly- 
gon inscribed in the circle ABC. Wherefore also, HL is the aide of aa 
etpnhterftl polygon, of the same number of sides, described about ABC (^ 
1. Sup.). Let Uie polygon described about the circle be called M, and UM 
psIygBn inscribed be called N ; then, because these pc^ygens are similar 



Digitized 



by Google 



8UPPLEMBNT TO THE ELEMENTS 




(hey are as the squares of the homologous sides HL and AF (3. CoroL 
20. 6.), that is, because the triangles HLG,. AF6 are similar, as the square 
of HG to the square of AG, that is of GK. But the triangles HGK, ACF 
hare been prored to be similar, and therefore the square of AC is to the 
square of CF as the polygon M to the polygon N ; and, by conversion, 
the square of AC is to its excess above the squares of CF, that is, to the 
square of AF (47. 1.), as the polygon M to its excess above the polygon 
N, But the square of AC, that is, the square described about the circle 
. ABC is greater than the equilateral polygon of eight sides described about 
the circle, because it contains that polygon ; and, for the same reason, the 
polygon of eight sides is greater than the polygon of sixteen, and so on ; 
therefore, the square of AC is greater than any polygon described about 
the circle by the continual bisection of the arc AB ; it is therefore greater 
than the polygon M. Now, it has been demonstrated, that the square of 
AC is to Uie square of AF as the polygon M to the difference of the poly- 



gons ; therefore, since the square of AC is greater than M, the square of 
AF is greater than the difference of the polygons (14. 5.). The difference 
of the polygons is therefore less than the square of AF ; but AF is less 



than D ; therefore die difference of the polygons is less than the square of 
D ; thai k, than the given space. 

CoR. 1. Because the polygons M and N differ from one another more 
than either of them differs mm the circle, the difference between each of 
them and the circle is less than the given space, viz. the square of D. And 
therefore, however small any given space may be, a polygon may be in- 
scrioed in the circle, and another described about it, each of which shall 
differ from the circle by • space less than the given space. 

CoR. 2. The space B, which is greater than any polygon that can be 
inscribed in the circle A, and less than any polygon that can be described 
about it, is equal to the circle A. If not, let them be unequal ; and first, 
let B exceed A by the space C. Then, because the polygons descrilied 
about the drele A are all greater than D, l^ hypothesis ; smd because B 
m gieatcr tfaaa ▲ by the i^Mce C, therefore no polygon can be desmSed 
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•bant the circle A, bnl wliat must exceed it by a space gveater than C, 
which is absurd. In the same manner, if B be less than A by the space 
C, it is shewn that no polygon can be inscribed in the circle A, but what 
m less than A by a space greater than C, wluch is also absurd. Therefore, 
A and fi are not unequal ; that is, they are equal to one another. 

PROP. V. THEOR. 

7%f orwi tf any etnU is equal to the rectangle contained hy the semi' di it miier ^ 
imd a straight line equal to Jwlf the circumference. 

Let ABC be a circle of which the centre is D, and the diameter AC ; if 
in AC produced there be taken All equal to half the circumference, the 
lurea of the circle is equal to the rectangle contained by DA find AH. 

Let AB be the side of any equilateral polygon inscribed in the circle 
ABC ; bisect the circumference AB in G, and through G draw EGF 
It lushing the circle, and meeting DA produce^ in E, and DB produced la 




F ; EF will be the side of an equilateral polygon described about the cir 
ele ABC (3. 1. Sup.). In AC produced take AK equal to half the peri- 
meter of the polygon whose side is AB ; and AL equal to half the perime* 
ter of the polygon whose side is EF. Then AK will be less, and AL 
greater than the straight line AH (Lem. Sup.). Now, because in the 
tiiangle EDF, DG is £rawn perpendicular to the base, the triangle EDF 

23 
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is equal to the recUnde contained by D6 and the halfof EF (41. 1.) ; aiMS 
as the ^arne is true of all the other equal triangles hams their veruces ir 
Dy which make up the polygon described about the circle ; therefore, the 
whole polygon is equal to the rectangle contained by DG and AL, half the 
perimeter of the poIygMi (1. 2.), or by DA and AL. But AL is 
greater than AH, therefore the rectangle DA.AL is greater than the recT* 
angle DA. AH ; the rectangle DA.AH is therefore less than the rectangls 
DA.AL, that is, than any polygon described about the circle ABC. 

Again, the triaa|^ ADB is equal to the rectangle contained by DM the 
perpendicular, and one half of the base AB, and it is therefore less than the 
rectangle contained by DG, or DA, and the halfof AB And as the sams 




is true of all the other triangles having their vertices in D; which Riak# 
Vif the inscribed polygon, therefore the whole of the inscribed polygoa if 
less than the rectangle contained by DA, and AK half the perimeter of the 
golygon. Now, the rectande DA.AK is less than DA.AH ; much more, 
fllerefore, is the polygon wllose side is AB less than DA.AH ; and the 
rectangle DA.AH is therefore greater than any polygon inscribed in th^ 
circle ABC. But the same rectangle DA.AH has been proved to be less 
than any polygon described about &e circle ABC ; thtiefore the rectangle 
DA.AH is equal to the circle ABC (2. Cor. 4. 1. Sup.). Now DA is the 
semidiameter of the circle ABC,.and AH the half of its elrcfomference. 

Cor. 1. Because DA : AH : : DA> : DA JlH (L 6.\ and because by 
this proposition, DA.AH = the area of the circle, of which DA is the ra- 
dius : therefore, as the radius of any circle to the semicircamference, or as 
the diameter to the whole circumference, so is the square of the radius to 
the area of the circle. 

Cor. 2. Hence a polygon may be described about a eircle, the perime- 
ter of which shall exceed the circumference of the circle by a line that is 
less than any given line. Let NO be the given line. Take in NO the 
putNP less than its half, and also than AD, andklapolygob bedeacribi- 
•d about the circle ABC, so that its excess above ABC may be less than 
Am square of NP(1. Cor. 4. 1. Sup.). Let the side of this polygon be EF. 
Aad since, as has been fwoved, the circle is equal to Uie rectangle D A.AH, 
«m1 the polygon to the rectangle DA.AL, the excess of the polygon above 
the cirdtt kaqwd to the lectanis^e DA.HL ; thereicNne the rectangk DA* 
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flLi»la0»ihifttltt«|Mr«#fNP; aid iherefim, mo* DA is gseate div 
NPii HL » btti than NP, ajid twice HL Use thu twice NP» wherefoni 
iMiek ante is twiee HL leee thaa NO. But HL is the diierenee between 
krif the perimeter of dM poljgon whose side is EF, sod half die dfcuiH 
temwe of the eirsle ; thsreftHre, twice HL is the diffeience between ths 
whole perimeter of the polygon and the whole cinmmfereace of the civdo 
(ftu 9A The difference, therefore, between the perimeter of the poljgoA 
sttd the ciicum&reiice of the circle is less than the giren line NO. 

Ccou 8. HoBce^ slao^ s pol^rgOA may be inserted in s oircle,.saeh 
dm the excess of the circumference above the perimeter of the yoUjgm 
■St he lass thaa snj given line. This is proved like the pieeeding. 



PROP. VL THEOR. 

T%eareasafcireU9ar9i9(9n€«moiher in the duplieuii mH^f m^mi lli $fmrU 

of their diameters. 

Let ABD snd GHL be two circles, of which the diameters are AD and 
OL; the circle ABD is to the circle GHL as the square of AD to the 
square of GL. 

Lei ABCDEP aad GHKLMN be two equilateral polygons of the aaaie 
anmber of sides inscribed in the circles ABD, GHL i and lei Q be sueha 





space that the square of AD is to the square of GL as tLe circle ABD lo 
me space Q. Because the polygons ABCDEF and GHKLMN are equi 
lateral and of the same number of sides, they are dmilar (2. I. Sup«\ and 
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jheh are^Aue u the squares of the diameters of the circles in which lliey 
are inscribed. Therefore AD> : GL> : : polygon ABCDEF . HjlMi 
GHKLMN; hot AD> : GI^ : : circle ABD : Q ; and therefore, ABCDEF 
: GHKLMN : : circle ABD : Q. Now, circle ABD 7 ABCDEF ; then* 
toe Q7GHKLMN (14. 5.), that is, Q is greater than any polygon hi» 
iMribed in the circle UHL. 

In the same manner it is demonstrated, that Q is less than any polygon 
described about the circle GHL ; wherefore the space Q is equal to the 
circle GHL (2. Cor. 4. 1. Sup.). Now, by hypothesis, the circle ABD is 
to the space Q as the square of AD to the square of GL ; therefore the 
circle ABD is to the circle GHL as the square of AD to the square of 6L« 

Cor. 1. Hence the circumferences of circles are to one another as 
their diameters. 

Let the straight line X be equal to half the circumference, of the circle 
•ABD« and the straight line Y to half the circumference of the circle GHL; 



And because the rectangles AO.X and GP.Y are equal to the circles ABD 
and GHL (5. 1. Sup.), therefore AO.X : GP.Y : : AD« : GL» : : A0» : 
GP«; and alternately, AO.X : A0« : : GP.Y : GP* ; whence, because 
rectangles'" that have equal altitudes are as their bases (1. 6.). X : A.0 : : 
Y : GP,and again alternately, X : Y : : AO : GP: wherefore, taking the 
doubles of each, the circumference ABD is to the circumference GHL as 
the diameter AD to the diameter GL. 

Con. 2. The circle that is described upon the side of a right angled 
triangle opposite to the right angle, is equal to the two circles described on 
the other two sides. For the circle described upon SH is to the circle de^ 
scribed upon RT as the square of SR to the square of RT ; and the circle 
described upon TS is to the circle described upon RT as the square of ST 
to the square of RT. Wherefore, 
the circles described on SR and on 
ST are to the circle described on RT 
as the squares of SR and of ST to 
the square of RT (24. 5.). But the 
squares of RS and of ST are equal 
to the square of RT (47. 1.) ; there- 
fore the circles described on RS and 
8T are equal to. the circle described 
on RT 

PROP. Vn. THEOR. 

Equiangular parallelograms are to one another as the products of the num 
hers proportional to their sides. 

Let AC and DF be two equiangular parallelograms, and let M, N, P 
«Bd Q be four numbers,such that AB : BC : : M . N; AB ; DE : • M . 
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P ; and AB : EF : : M : Q, and therefore ex eqnaH, BC : EP : . N : Q- 
^l^he pamilelogram AC is to the parallelogram DF as MN to PQ. 

Let NP be the product of N into P.andthe ratio of BIN to PQ will b4 
eompounded of the ratios (def. 10. 5.) of MN to NP, and NP to PQ 
But the ratio of MN to NP is the same with that of M to P (15. 5.), bo 



9 



» MN and NP are equimultiples of M and P ; and for the same reason, 
the ratio of NP to PQ is the same with thatof N to Q ; therefore the ratio 
of MN to PQ is compounded of the ratios of M to P, and of N to Q. Now, 
the ratio of M to P is the same with that of the side AB to the side DE (by 
Hyp.) ; and the ratio of N to Q the same with that of the side BC to the 
side EF. Therefore, the ratio of MN to PQ is comi)ounded of the ratios 
of AB to DE, and of BC to EF. And the ratio of tJie parallelogram AC 
to the parallelogram DF is compounded of the same ratios (23. 6.) ; tliere- 
fore, the parallelogram AC is to the parallelogram DF as MN, the product 
sf the numbers M and N, to PQ, the product of the numbers P and Q. 

CoR. 1. Hence, if GH be to KL as the number M to the number N ; 
the square described on GH will be to 

the square described on KL as MM, the (S u ^ ^ 

square of the number M to NN, the 
square of the number N. 

Cor. 2. If A, B, C, D, &c. are any lines, and m, n^ r, «, Ac. numbers 
proportiona] to them ; riz. A : B : : m : », A : C : : m : r, A : D- : : m : #; 
^G. ; and if the rectangle contained by any two of the lines be equal to the 
square of a third line, &e product of the numbers proportional to the firsi 
two, will be equal to the square of the number proportional to the third , 
that is, if A.Cr=B^ mXrsrnXn, or=»^ 

For by this Prop. A.C : B^ :: mxr : n* ; but A.Cs:B^ therefore mxr 
ssn^. Nearly in the same way it may be demonstrated, that whatever is 
the relation between the rectangles contained by these lines, there is tho 
same between the products of the numbers proportional to them. 

So also conversely if si and r be numbers proportional to the lines A and 
C ; if also A.C=sB^ and if a number n be found such, that ni^zsmr, then 
A : B : : m : n. For let A : B : : m : 9, then since m^q%r are proportional 
lo A, B, and C, and A.CssB'; therefore, as has just been proved, f^m 
Xr : but n^ss^Xfi by hypothesis, therefore n^^a^^^ and n^q ; wherefore 
i^ : B : : m : a 

SCHOLIUM, 
b Older to have numbers proportional to any set of magnitudes of the 
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Mme kind, toppose one of them to be divided Into any number m, of 9^ati 
Mrts, andlet H be one of tkctate parts. LetH be found ntimes in the nmg- 
a&ude B»f times in C, « times in D, d&c, then it is erident that the num- 
bers SI, Jiy r, lare proportional to the magnitudes A, B, C and D. When 
Aereforeitissaidin any of the foHowing propositbns, dial a line as As 
anumbersi, it is understood that Assmx H, or that A is equal tothe gireA 
magnitude H multiplied by si, and the same is understood of the other 
magnitudes, B, C, D, and their propovtionai numbers, H being the coounoa 
measure of all the magnitudes. This common measure is omitted for the 
sake of brevity in the arithmetical expression ; but is always impbed, when 
a line, or other, geometrical magnitude, is said to be equal to a number 
Also, when thete are fractions in the number to which the magnitude is 
called equal, it Is meant that the comnion measure H is farther subdivided 
into such parts as the numerical fraction indicates. Thus, if As360.375, 
it is meant that there is a certain nugnitude H, such that A«a60xH+ 

YggrXH, or diat A is equal to 360 times H, together with S75 of the 

thousandth paits of H. And the same is true in sll oAer caes,wheM 
tare used to eyess the relations of geomstiical magnitudes. 



PROP. VIIL THEOR. 

meannrcpartional between half the radius and the line made up of the radius 
and iheperpetulieular drawn from the centre on the chord of double thai ara : 
And the chordofthe arc is a mean proportional between the diameter and a Urns 
which istkedijfsreneebetween the radius and the foresaid perpendicular from 
the centre 

Lei ADB be a cirde, of which the centre is C ; DBE any are, and DB 
the half of it; let the chords DE,DBbe drawn: as also CF and CG at 
fight angles to DE and DB ; if CF be produced it will meet the circom 
InreQcemB: let it meet it again in At and let AC be bisected in H ; CO 
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fwro po rtioiiml betiraen AH and AF ; and BDaneaa propmtfanul 
AB and BF, the ezcest of the radius above CF. 
. Join AD ; and lieMuse ADB is a right angle, being an angle in a semi 
dbrda ; and because CGB is also a right angle, the triangles ABD, CBd 
mm e^dmigular, and, AB : AD : : BC : CO. (4. 6.), or altematety, AB : 
Mc: AD: 06; and therefore, beeauee AB is double of BC, AD is dbii* 
He 0t CO, and the squsve of AO therefof e eqiml 16 four times the sgruhps 
iTCOw 

Buty beosttse ADB k a right angled triangle, and DP a perpendieriw 
on AB, AD is a mean pioportional between AB and AF (8. 6.), and AD^ 
tmABJiF (17.6.x or since AB is s4AH, AD>b:4AH.AF. Thereforo 
also, because 4CG'aADs, 4CGSs4AH.AF, and CG^bAH.AF ; wheio 
Imps CO is a mean pioportional between AH and AF, that is, between half 
Ae radius and the Kae made up of the radius, and the perpendicular on tks 
choid of twice the arc BD.. 

Again, it is evident that BD is a mean nroportional between AB and BF 
Q^ 6.), that is, between the diameter ana the excess of the radius above 
M psrpendieulary on die chord of twice the are DB« 



PROP. IX. THKOR.* 



The nr€Hmferene$ rfm cireh exceeds three times the diameter^ hy a Ime ies$ 
llUm' ten of the parts^ of which the diameter eantmns seventy ^ hut greatet 
than ten of the forts whereof the diameter contains seventynme. 

Let ABD bea cftcle,of which the centre Is C, and the diameter AB| 

Ae circwnferenee is greater than three timea AB* by a line less than s^ « 

* " »1J. 



^ tf AB» iMt pwMr dm ~ «r AB. 




* la tbbpwipn wti oa, tka 
Wi&ifioilTuidaw 
••' fhomiL 



, pUeefl after a Bumb^ri tignlilM that MimetlMDg is m 
^•OD the other hand, fignifieatbat Bomethioi ia to ba takaa 
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. In the circle ABD apply the straight line BD equal to the radios BC • 
Draw DF perpendicular to BC, and let it meet the circumference again is 
E ; draw ^so CG perpendicular to BD : produce BO to A^ bisect AC la 
H,andjoinCD. 

It is evident, that the arcs BD, BE are each of them one*sixth of th# 
circumference (Cor. 15. 4.), and that therefore the arc DBE is mie third of 
Ike circumfereoice. Wherefore, the line (8. 1. Sup.) CG is a mean pro> 
portional between AH, half the radius, and the line AF. Now because ibm 
ttdes BD, DC,of the triangle BDC are equal, the angles DCF, DBF are 
also equal ; and the angles DFC, DFB being equal, and the side DF com* 
mon to the triangles DBF, DCF, the base BF is equal to the base CF, and 
BC is bisected in F. 

Therefore, if AC or BC»1(K)0, AHa500, CF»500, AFssl500, and 
CG being a mean proportional between AH and AF, CG's=(17. 6.) AH. 
AFs500x 1500=750000; wherefore CGc866.0254+, because (866u 
0254)2 is less than 750000. Hence also, AC+CGs 1866.0254+ . 

Now, as CG is the perpendicular drawn from the centre C, on the chord 
of one-sixth of the circumference, if P rs the perpendicular from C on the 
chord of one-twelfth of the circumference, P will be a mean proportional 
between AH (8. 1. Sup.) and AC+CG, and P^sAH (AC+CG)cs 
500 X (1866.0254+) = 933012.7+. Therefore, P = 965.0258+, be- 
cause (965.9258)' is less than 933012.7. Hence also, AC+P=: 1965. 
9258+. 

Again, if Q ss the perpendicular drawn from C on the chord of one 
twenty-fourth of the circumference, Q will be a mean proportional between 
AH and AC+P, and Q3r=AH (AC+P)s500(1965.9258+)=982962. 
9+ ; and therefore Q3s991.4449+, because (991.4449)3 is less than 
982962.9. Therefore also AC+Q=rl991.4449+. 

IHL tike manner, if S be ihe perpendicular from C on the chord of one 
forty-eighth of the circumference, S'ssAH (AC+Q)=:500 (1991.4449+) 
^=995722.45+ ; and SrB997.8589+, because (997.8589)P is less dua 
995722.45. Hencealso, AC +S=r 1997.8589 +. 

Lastly, if T be the perpendicular from C on the chord of one ninety-sixth 
of the circumference, T^sAH (AC+S)=:500 (1 997.8589+ )s998929. 
45+, and Tss999.46458+. Thus T, the perpendicular on the chord of 
one ninety-sixth of the circumference, is gieater than 999.46458 of those 
parts of which the radius contains 1000. 

But by the last proposition, the chord of one ninety-sixth partof the cir* 
eumference is a mean proportional between the diameter and the excess of 
the radius above S, the perpendicular from the centre on the chord of one 
forty-eighth of the circumference. Therefore, the square of the chord of 
one ninety-sixth of the circumferences: A B ( AC— S)s2000 x (2.141 1 — ,) 
CS4282.2— ; and therefore the chord iuelf =65!;4386—, because (65. 
4386)2 is greater than 4282.2. Now, the chord of one ninety-sixth of the 
circumference, or the side of an equilateral polygon of ninety-six sides in- 
scribed in the circle, being 65.4386*-, the perimeter of that polygon Will be 



■(65.4386—) 96=6282.1056—. 
Le 



liCt the perimeter of the circumscribed polygon of the same number of 
•ides, be M, then (2. Cor.^. 1. Sup.)T : AC : : 6282.1056— : H, that i% 
(sinee T8s999.46458+, as ahready shewn), 
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Md.46458+ : 1000 : : 6282.1056- : M ; if then N be tvch 
Jh* 999.46458 : 1000 : : 6282.1056— : N ; ex »qiio perturb. 999.46458 
+ : 999.46458 : : N : M ; and, since the first is greater than the second* 
the third is greater than the fourth, or N is greater than M. 

Now, if a foarth proportional be found to 999.46458, 1000 and 6282. 
1056 Til 6285.461—, then, 

becanse, 999.46458 : 1000 ; : 6282.1056 : 6285.461—, 
and as before, 999.46458 : 1000 : : 6282.1056— : N ; 
dmdbre, 6282.1056 : 6282.1056- : : 6285.461- N, and as the first o. 
I pcoportionals is greater than the second, the third, ra. 6285 46^ 




is greater than N, the fourth. Rut N was proved to be greater than M ; 
mi^ UKure, therefore, is 6285.461 greater than M, the perimeter of a poly- 
^n of ninety-six sides circumscribed about the circle ; that is, the perime- 
ter of that polygon is less than 6285.461 ; now, the circumference of the 
circle is less than the perimeter of the polygoii ; miich more, therefore, is it 
less than 6285.461 ; wherefore the circumference of a circle is less than 
6285.461 of thoso parts of which the radius contains 1000. The circum- 
ference, therefore hte to the diameter a less ratio (8. 5.) than 6285.461 has 
to 2000, or than 3142.7305 has to 1000 : but the ratio of 22 to 7 is greater 
than the ratio of 3142.7305 to 1000, therefore the circumference has a less 
ratio to the diameter than 22 has to 7, or the circumference is less than 22 
of the parts of which the diameter contains 7. 
It remains to demonstrate, that the part by which the circumference ex- 

ce«b die dkmefri. greater than 12of the diameter. 

It was before shewn, that CG>ss750000 ; wherefore CGsa:866.02545— „ 
because (866.02545)* is greater than 750000 ; therefore AC +00 si 866 
02545—. 

Now, P being, as before, the perpendicular from the centre on the chord 
of one twelfth of the circumference, P«=:AH (AC-fCG) ar-500x(1866 
02545) s=s9330l2.73— ; and P = 965.92585— , because (965.92585^ 
IS greater than 633012.73. Hence also, AC-fPs 1965.92585 — 

23 
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Nest, as Qa« the perpendicalur drawn firom die eenire on&e chord of 
ene twenty-lburth of the circBmfereiice,Q2ssAH(AC+P)sz:500x(l^d. 
92586- ) »962962.93^ ; and Q => 991.44495—, because (991.4449^ 
is greater than 982962.93. Henoe ako, AC+Q» 1^1-44495-^. 

In like maimer, as S is the perpendicular from C on the chord •f one 
forty-eighth of the circumference, S^ssAH (AC 4-Q)<k500(1991 .44495—) 
s=995722.475— , and 8 si(997.85895^) because (997.85895)3 is greater 
than 995722.475. 

But the square of the chord of the ninety-sixth part of the circumfereiics 
=:AB(AC— S)9B2(»0<2.1410d+)Br4282.14-. «nd the choid itself » 
65.4377 -f because (65.4377)* b less than 4282.1 : Now the chord of oiw 
ninety-sixth part of the ctrcumierence being =65.4377 + ) the perimeiei 
of a polygon of ninety-six sides inscribed in the circle = (65.4377 -|-)96a^ 
6282.019-]-. But the circumference of the circle is greater than the pe 
rimeter of the inscribed polygon ; therefore the circumference is greatei 
than 6282.019, of thocfe parts of which the radius contains 1000 ; or ihuiX 
3141.009 of the parts of which the radius contains 500, or the diameter 

contains 1000. -^ow, 3141.009 has to 1000 a greater ratio than 3-+ ^ 

to 1 ; therefore the circumference of the circle has a greater ratio to the 

diameter than 3+ ay has to 1 ; that is, the excess of the circumferenco 

above three times the diameter is greater than ten of those parts of which 
the diameter contains .71 ; and it has already been shewn to be less thaA 
ten of those of which the diameter contains 70. 

Cor. 1. Hence the diameter of a circle being given, the circumferenci* 
may be Anmd nearly, by making as 7 to 22, so the given diameter to n 
fourth pffopoitionid, whi^ will be greater ^n the circumference. And 

ifaslto34-aporas71 or 223, so the given diameter to a fiKurth pro 

portional, this will be nearly equal to the circumference, but will be less 
than it. 

Coft. 3. Because die diffinrence between - and — is ^xzt therefore Um 

Ihies found by these proportionals diflTer by -^ of the diameter. There- 
fore the difference of either of them from the cirenmfereo/ce nnwt be lean 
than Ib(e497th part of the diaiaet^. 

Cor. 3. As 7 to 22, so the square of the radius to the area of the circle 
nearly. 

For it hae been shewn, that (1. Cor. 5. 1. 8up.) the diameter c^ a eir 
cle is to its circumference as the ^are of the radius to the area of the 
circle ; but the diameter is to the circumference nearly as 7 to 22^ therot 
fore the square of the radius is to the area of the circia nearly ia ihal i 
ratio 
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SCHOLIUM. 

It is OTident that the method emfdoyed in tUs {MopMltioii^ for Cb^Im 
ihtliBBttiol'the fmtioof the ciremnreMiiee of thadiameteiviDftj he euml 
lo-a greater degree of ezactaea% by finding the perimetear of an iaacShai 
iad ^ a circiiflMeribedpefyi^ of a greater number of eideatha^ rkic 
manaer im which the pcmmeters of auch polygon approach nearer to onok 
another, as the number of their sides increases, may be seen from the Mk 
lowing Table, which is constructed on the principles explained in the fore 
going Proposition, and in which the radius is supposed ==]. 



NO. of Sides 


Perimeter of the 


Perimeter of the 


of the Poly. 


inscribed Poly- 


circumscribed 


r«. 


gon. 


Polygon. 


6 


6.000000 


6.822033— 


12 


6.211657+ 


6.430781 — 


24 


6.265257+ 


6.319320- 


48 


6J278700+ 


6.292173— 


96 


6.282063+ 


6.285430— 


192 


6.282904+ 


6.283747— 


^te4 


6.283115+ 


6.283327— 


768 


6J283167+ 


6.283221- 


1536 


6.283180+ 


6.283195— 


3072 


6.283184+ 


6.283188— 


6144 


6.283185+ 


6.283186— 



'The part that is wanting in the numbers of the second colnmn, to inskis 
up the entire perimeter of any of the inscribed polygons, is less than unit 
in the aixti^ decimal place ; and in like manner, the port by which the ' 
numbers in the last column exceed the perimeter of any of the circumscrib- 
ed polygons is less than a unit in the sixth decimal place, that is, than 

..wv^www^ of the radius. Also, as the numbers in the second column are 
1000000 

less than the perimeters of the inscribed polygons, they are each of them 

less than the circumference of the circle ; and for the same reason, each of 

those in the third column is greater than the circumference. But when 

die arc of 2 of the circumference is bisected ten times, the number of sides 
o 

in the pdygon is 6144, and the numbers in the Table differ from one aa- 

other only by ^^^ part of the radius, and therefore the perimeters o» 
1000000 

die polygons differ by less than that quantity ; and consequently the cir* 

cumference of the circle, which is greater than the least, and less than the 

greatest of theae numbers, is determined within less than the millionth 

part of the radius. 

Hence also, if R be the radius of any circle, the circumference is greatei 

than Rx6.283185» or than 2Rx3.141592, but less than 2Rx3.141593 : 
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•nd these numbers differ from one another only by « millionih psrt of ihm 
radius. So also R>+3.U15^ is less, and R'X 3.141593 greater than dM 
area of the circle ; and these numbers differ from one aiu>ther only by a 
■ulliiMith part of the square of the radius. 

In this way, also, the circumference and the area of the circle may be 
fbond ^1 nearer to the truth ; but neither by this, nor b^ any other me- 
thod yet known to geometers, can they be exactly detemuned, though the 
eiTors of both may be reduced lo a less quantity than any that can be as* 
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OP THE INTERSECTldJj OP PLANES. 



DEHNITIONS. 



*. A rnuioHT line is perpendicalar or at right angles to a plane, whea 
it makes right angles with erery straight line which it meets in that 
plane. 

2. A plane is perpendicnlar to a plane, when the stiai^t lines drawn in 
one of the planes perpendicular to the eonunon section of the two planes 
are perpendicular to the <Hher plane. 

3. The inclination of a 8tra%ht line to a plane is the acute angle contained 
bj that straight line, and another drawn from the point in which the 
first line meets the plane, to the point in which a perpendicular to the 
plane, drawn from any point of the first line, meets the same plane. 

4. The angle made by two (^nes which cut one another, is the ^gle con 
tained by two straight lines drawn from any, the same pomt in the line 
of their common section, at right angles to that line, the one, in the one 
plane, and the other, in the other. Of the two adjacent angles made by 
two lines drawn in this manner, that which is acute is also called the In> 
«Iii|ati<m of the planes to one another. 

6. Two jdanes are said to hare the same, or a like inclination to one an* 
other, which two other planes hare, when the an^^es of inclination abore 
defined are equal to one another. 

I. A straight line is said to be parallel to a plane, when it does not meet 
the |»lane, thou^ produ«*ed erer so far. 
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7. Planes are said to l>e parallel to one another, which do not meet, though 
produced ever so far. 

8. A solid angle is an angle made by the meeting of more than two plane 
angles, which are not in the saniff "plane in one point 

PttCR I. TPHHOR. 

One pari of a straiglU line eannaf he in a pkme and another pari above il. 

If it be possible let AB, part of the straight fine ABC, be in the plane, 
and the part BC above it : and since the 

straight line A B is in the plane, it 6an be Q 

I»oduced in that plane (2. Post, i^ j kt» v^^ 

it be produced to D*: Then ABC and i . ^ -^-^ 

ABD are two straight lines, and they \ ^^ \ 

have the coomckmi ^c^gmetit AJ^ irhitli is \ ju ' " *' "UT^ =. \ 

impossible (Cor.def. 3. 1.). Therefore \^ ^ ""^ \ 

ABC is not a straight line. 

PROP. IL THEOR 
An'^ ihree eiraighi Unes which meet one another^ not in the samepoini^ tart m 



Let the three straight lines AB, CD, CB meet one another in the'poiiits 
B, C and E ; AB, CD, CB are in one plane. 

Let may plane pws through the smight tine 
BBi, and let the fJanei be- immd abe«t £B, pm- 
dnced, if necessary, until it pass through the 
point C : Then, because the points E, C are in 
thisplane,the8tnng!illine£C njn it(aef. 5. 1.1"; 
for the same reason, t&e straight Hue BC is in 
tibe-same ; and, by liio hypotkesisv EB is in ft ; 
therelbre the diree stfaight lines BC, CB, BE 
are in one plane: But the whole of the lines DC, 
AB, sand BO prodnesd^ are in the sanie plane 
wtth the MM of tiiero EC, EB, BC (1. 2. 
Supi) Thmffore AB, CD, CB, are aH in one 
piano. 

Cor. It is manifest, that any two straight lines which cm one anothe? 
are in one plane . Also, that any three points whatever are in onf plane 




Digitized 



by Google 



OF GEOMETRY. DOiaL U* 



It3 



PROP. III. THEOR. 
^tmt pUmes cut Bite another^ their common section m a straight kas. 

Let two planes A6, DC cut one another, 
aad let B and D be two points in i\ie line of 
their coronion section. From B to D draw the 
straight line BD ; and because the points B 
and D are in the 4)lane AB, the straight line 
BD is in that plane (def. 5. 1.) : for tl^ same 
reason it is in the plane CB ; the straight line 
BD is therefore common to the planes AB 
and BC9 or it is the common section of these 
olanea. 




PROP. lY. THEOR. 

If a straight line stand at right angles to each of two straight Umes in dU 
pitint of their intersection^ it mil also be at r^ht dngks to the pUmo in 
u>hkh these lines are. 

Let the straight line AB stand at right angles to each of the straigfal' 
liaes EF, CD in A, the point of their intersection : AB is also al nghtrStt* 
gles to the plane passing through EF, CD. 

Through A draw any line AG in the 
plane in which are EF and CD ; let G be 
any point in that lino ; draw GH parallel 
to AD; and make HF=:HA, join FG; and 
when produced let it meet CA in D ; join 
BD, BG, BF. Because GH is parallel to 
AD, and FH=HA : therefore FG=aGD, 
so that the line DF b bisected in G. And 
because BAD is a right angle, BD^ssAB^ 
+AD^ (47. 1.); and for the same reason, 
BF«=:AB2+AFa, therefore BD2+BF«= 
2AB2 ^ AD^ + AF^ ; and because DF is 
bisected in G (A. 2.), AD2+AF»x=2AG«4- 
2GF2, therefore BD2+BF««2AB*+2AG» 
+2GF«. B^t BD2 + BF2= 

2GF«=2AB2+2AG«+20F« ;'and taking 2GF» from both, 2BG*=2A» 
4-2AG»,or BG^'sAB'^+AG'; whence BAG (48. L) is a right angle. 
Now AG is any straight line drawn in the plane of the linea AD, AF ; and 
^hen a straight line is at right angles to any straight line wfaieh ii meefs 
with in a plane, it is at right andes to the plane itself (def. 1 . 2. 6ap.)« A B 
is therefore at right angles to we plane of the Hnes AF, AD. 




£1 B 

(A. 2.) 2BG24-2GFs^ thereCm 2BG»^ 
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PROP. V. THEOR. 

If three j ^raight lines meet all in one point, and a straight Une stand at ngki 
angles ta each of them in that point ; these three straight lines are in one 
and the samepkme. 

Let the straight line AB stand at right angles to each of the straight 
lines BC, BD» BE, in B, the point where they meet ; BC, BD, BE are in 
mne and die same plane. 

If not, let BD and BE, if possible, be in one plane, and BC be aboTe it; 
and let a plane pass through AB, BC, the common section of which with 
the plane, in which BD and BE are, shall be a straight (3. 2. Sup.) line ; 
lei this be BF : therefore the three straight lines AB, BC, BF are all in 
one plane,* viz. that which passes through AB, BC ; and because AB 
stands at right angles to each of the straight lines BD, BE, it is also at 
right angles (4. 2. Sup.) to the plane passing ai 
through them ; and therefore msJces right an- "^ 
gles with every straight line meeting it in that 
pbiiie ; but BF which is in that plane meets it ; 
thezefore the angle ABF is a right angle ; but 
the angle ABC, by the hypothesis is also a right 
angle ; therefore Uie angle ABF is equal to the 
angle ABC, and they are both in the same 
l^ane, which is impossible : therefore the straight 
line BC is not above the plane in which are BD 
and BE : Wherefore the three straight lines 
BC, BD, BE are in one and the same ^ane. 




PROP. VL THEOR. 

7W straight Unes which are ai right angles to the sameplane^ are parallel to 

one another. 

Let the straight lines AB, CD be at right angles to the same plane BDE : 
AB is parallel to CD. 

Let them meet the plane in the points B, D. 
Draw DE at right angles to DB, in the plane BDE, 
and let E be any point in it: Join AE, AD, EB. 
Because ABE is a rightangle, AB2+BE*= (47. 1.) 
AE', and because BDE is a right angle, BE'ssBD' 
+DE»; therefore AB'-f BD«+DE*=AE« ; now, 
\B«+BDaaAD«, because ABD is a right angle, 
therofore ADa+DE'ssAE', and ADE is therefore 
s US, L) right anrie. Therefore ED is perpendi- 
cular to the three hnes BD, DA, DC, whence these 
lines are in one plane (5. 2. Sup.). But AB is in the 
plane in which are BD, DA, because any three 
straight lines, which meet one another, are in one 
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daae (tSL 2. Sim.) : therefore AB, BD, DC are in one plane ; and each oi 
me angles ABD, BDC is a right angle ; therefore AB is paraUel (Cor. 28 
l.)toCD. 

PROP. VII. THEOR. 

Jfhoo Mirmght Unes be parallel^ and mm of them ai rigkitrngles U m vhm .* 
the other is oho at right angUs to the samepUme, 

Let AB, CD be two parallel straight 
Hnes» and let one of them AB be at 
right angles to a plane ; the other CD 
18 at right angles to the same plane. 

For, if CD be not perpendicular to 
the plane to which AB is perpendicular, 
let DG be perpendicular to it. Then 
(6. 2. Sup.) DG is parallel to AB : DG 
and DC therefore are both parallel to 
AB» and are drawn through the same 
point D, which is impossible (11. Ax* 
1.). 

PROP. VIII. 



A. 1 


T 


S 






Vi 


i- i > 



\. 



THEOR. 

Two straight lines which are each of them parallel to the same straight Una^ 
though not both in the same plane with it^ are parallel to one another. 

Let AB, CD be each of them parallel to EF, and not in the same ]^ano 
with it ; AB shall be parallel to CD. 

In £F take any point G, from which draw, in the plane passinff throngk 
EF, AB, the straight line GH at right angles to EF ; and in Uie plane 
passing through EF^ CD, draw GK at right angles to the same EF. 
And because EF is perpendicular both to GH and GK, it is perpendicular 
(4. 2. Sup.) to the plane HGK passing through them : and EF is parallel 
to AB ; therefore AB is at right 
angles (7. 2. Sup.) to the plane 
HGK. For the same reason, CD 
is likewise at right angles to the 
phine HGK. Therefore AB, CD 
are each of them at right angles 
to the plane HGK. But if two 
straight lines are at right angles 
to the same plane, they are paral- 
lel (6. 2. Sup.) to one another. Therefore AB is parallel to CD. 

PROP. IX. THEOR. 

i/hoo straight lines meeting one another be paraUel to two others thai meet one 
another^ though not in the same plane with the first two ; the first two and the 
other two shaU contain equal angles. 

Lei the two etraiirht lines AB, BC which meet one another, be panDel 

24 
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tothatmstraiglitliiiOTDE, £P Ast meel one uMdicnr, uni are iM( ItllM 
ittne plane witbAB,Ba The Angk ABC is eqoal to Iha angle 1>£F 

Take BA, BC, ED, £F all equal to one an- 
other ; and join AD, CF, BE, AC, DP : Because 
BA b equal and parallel to ED, therefore AD is 
(33. l.)^both equal and parallel to BE. For the 
8«na BMMon, GF k equal aai pmraUel lo B£. 
Therefore AD and CF are each of iheni equal and 
parallel to BE. But straight lines that are paral- 
lel to the same straight line, though not in iht 
same plaae with it, are parallel (8. 2. Sup.) to one 
another. Therefore AD is parallel to CF ; and it 
is equal to itl, and AC, DF join them towards the 
same parts j and therefore (33. 1.) AC is equal 
and parallel to DF. And because. AB, BC are 
f>qual to DB, EF, and the base AG to the base 
DF; the angle ABC is equal (6. 1.) to the angle 
DEF. 




PROP. X. PROB. 



To draw a straight line perpendicular to a plane, from a given point above tt 

Let A be the giren pcmit above the plane BH, it is raqaired to draw from 
ihe point A a straight line perpendicular to the plane BH. 

la the plane dtaw any straight line BC, and from the point A draw (Prop 
12. 1.) ADpeipendicular to BC. If then AD be also perpendiculanr to the 
plMM BHy the thing required is already done ; but if it be not, from fhi^ 
point D draw (Prop. 11. 1), in the 
plane BH, the aaratght Hne DE at 
light sAgkis te BC ; and from the 

Kim A draw AF perpendicnlar to 
E ; and through F draw (Prop. 31 
1.) GU parallel to EC : and because 
BC is at right angles to ED, and DA, 
BC is at right angles (4. 2. Sup.) to 
the plane passing through ED, DA. 
And OH is parallel to BC ; but if two 
straight lines be parallel, one of which is at right angles to a plane, the 
other shall be at right (7. 3. Sup.) angles to the same plane ; wherefore 
GH IS at nght angles to the plane through ED, DA, and is perpendicular 
(def. 1. 2. Sup,) to every straight line meeting it in that plane. But AF, 
which 18 m the plane through ED, DA, meets it : Therefore GH is per- 
pendicular to AF, and consequently AF is perpendicular to GH ; and AF 
IS also perpendicular to DE : Therefore AF is perpendicular to each of the 
straiglu hfies GH, DE, But if a straight line stands at right angles Jb 
each of twoetiaight Unes in the point of their intersection, it is also at right 
angles to the plane passing through them (4. 2. Sup.). And the plane 
fussing through ED, GH is the pkne BH ; therefore A ? k perpendmlat 
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'toiibAidMe ftfi ; w tlM, hom Ae gi^efl p<rf«t A, a^ot« Ae plane BH, 
. th6 straight line AF is drMrn perpeH Jiettlsr to thai pkHie. 

Cor. If it be recfuired from a point C in a plane to erect a perpen 
dicolar to that plane, taJie s point A above the plane, and draw AF per 
pendicular to the plane ; then, if from C a line be drawn parallel to AF 
H will be the perpendicular required; for being parallel to AF it will be 
ifttcpendicQlar to the same plane to which AF is perpendicular (7. 2. Stip.^ 




PROP. XL THEOR* 

tVmn the nam ptnnt in aphne^ there cannot h$ two HrmgktUn»s attighi 
m^ks to ike plane^ npon the same side of it; And there eon be bnt one 
perpendicular to a plane from a paint t^ove it. 

• 
Fpr if it be possible, let the twe straight Hues AC» AB bo at right angles 

.to a gi^ea pkme from the same point A in the plane, and upon the same 

side of h ; aed let a plane pass through BA, AC ; the common 

fkm [June with the given plane is a straight (3. 2. B«ip.)line passing threagh 

A : Let DAE be their common section : Therefore the straight lines AB, 

AC, DAE are m one plane: And becapse CA is at right angles le tke 

given plane, it makes right angles with every 

stra%bt tine mebting it in that plane. Bui 

DAL, which is iil that plane, meets CA : there^^ 

fora CAE is a risht angle. For the same rea* 

son BAE is a ri^t angle. Wherelbre the ati» 
le CaE is eqaal to the angle BAE ; and 
ley are in one plane^ which is impossible. 

Aldo, from a point above a plane, there can be 

but one perpendicular to that plane ; for if there 

could be two, they would be parallel (6. 2. Sup.) to one another, which is 

absurd 

PROP. XIL THEORl^ 

Planes to which the same straight line ts perpemdienlar^ ar^paraUel to one 

another. 

Let the strafght Ime AB be perpendBcuIar to 
each of the planes CD, EF : these pknies are pa^ 
iailel to one another. 

If not, they must meet one another when pro- 
duced, and their common section must be a straight 
hne GH, in which take any point K, and join AK, 
BK : Then, because AB is perpendicular to the 
]rfaiLd EF, it is perpendicular (def. 1. 2. Sup.) to 
the straight lino BK which is in that plane, and 
therefore ABK is a right angle. For the same 
reason, BAK is a right angle ; wherefore the two 
angles ABK, BAK of the triangle ABK are 
%pual to two right angles, which is impossible. 
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(17 1.): Therefore the planes CD, £F, though piodiieed. do aol 
one another ; thai ia, thej are parallel (def. 7. 2. Sup.) 



PROP. XIII. THEOR. 

(fiwo strtnghi lines meetnig one another^ he paraOel to two ttrenght knee 
which also meet one another^ hut are not in the same plane with thefim 
two: the plane tMch passes through the first two is parallel to ^ 
passing Arough the others. 

Let AB, BC, two straight lines meeting one another, be parallel to DE^ 
EF that meet one another, bat are not in the same plane with AB, BC : 
The planes through AB, BC, and D£, EF shall not meet, though pro- 
duced. 

* From the point B draw BG perpendicular (10. 3. Sup.) to the plane 
which passes through DE, EF, and let it meet that plane in^ G ; and 
through G draw GH parallel to ED (Prop. 31. 1.), and GK parallel to EF : 
And because BG is perpendicular to the plane through DE, EF, it nmsi 
make right angles with every 

straight line meeting it in that ]n 

plane (1. def. 2. Sup.). But 
the straight lines GH, GK in 
that plane meet it : Thereforo 
each of the angles BGH, BGK 
is a right angle : And because 
BA is parallel (8. 2. Sup.) to 
GH (for each of them is paral- 
lel to DE), the angles GBA, 
BGH are together equal (29. 
1.) to two right angles: And 

BGH is a right angle ; therefore also GBA is a right angle, and GB per- 
pendicular to BA : For the same reason, GB is perpendicular to BC : 
Since, therefore, the raraight line GB stands at right angles to the two 
straight lines BA, BC, that cut one another in B ; GB is perpendicular 
(4. 2. Sup.) to4he plane through BA, BC : And it is perpendicular to the 
plane through Dff, £F ; therefore BG is perpendicular to each of the 
planes through AB, BC, and DE, EF : But {Janes to which the same 
straight line is perpendicular, are parallel (12. 2. Sup.) to one another: 
Thereforo the plane through AB, BC, is parallel to the plane through 
DE, EF. 

Cor. It follows from this demonstration, that if a straight line meet 
two parallel planes, and be perpendicular to one of them, it must be per* 
pendicular to the other also. 
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PROP. XIV. THEOR. 

ff two parMel pUmss heeiUhy another plane, their common sections wUk 9i 

are paraUels. 

Let the parallel planes AB, 
CD, be cut by the plane EFHG, 
and let their common sections with 
itbeEF.GH; EF isparaUelto 
GH. 

For the straight lines EF and 
OH are in the same plane, viz. 
EFH6 which cuts the planes 
AB and CD; and they do not 
meet though produced; for the 
pUaes in which they are do not 



A.\ 



meet; therefore EF and GH are parallel (def. 30. I.). 




PROP. XV. THEOR. 

. J[f iwo pardUel planes be cut by a third joiane^ they have the same inclinatton 

to that plane. 

Let AB and CD be two parallel planes, and EH a third plane cutting 
them ; The planes AB and CD are equally inclined to EH. 

Let the straight lines EF and GH be me common section of the plane 
EH with the two planes AB and CD ; and from K, any point in EF, draw 
iathe [^ane EH the straight line KM at right angles to EF, and let it 
meet GH in L ; draw also KN at right angles to EF in the plane AB : 
and through the straight lines KM, KN, let a plane be made to pass, cut* 
ting the plane CD in the line LO. And because EF and GH are the 
eonunon sections of the plane EH with the two parallel planes AB and 
CD, EF is parallel to GH (14. 2. Sup.). But EF is at right angles to 
the plane that passes through KN and KM (4. 2. Sup.), because it is at 
right angles to the lines KM and KN : therefore GH is also at right an* 
l^es to the same plane (7. 2. Sup.), and it is therefore at ri^ht angles to 
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the lines LM, LO which it meets in that plane. Therefore, since LM and 
LO are at right angles to LG, the common section of the two planes CD 
and EH, the angle OLM is the inclination of the plane CD to the plane 
EH (4. def. a. Sup.). For the same reason the angle MKN is the wcliiia^ 
lion of the plane AB to the plane EH. But because KN and LO we pi^ 
rallel, being the common sections of the parallel planes AB and CD wi^ 
a third plane, the interior angle NKM >s equal to the extorior^i^le OUM 
p9. 1.) ; iat is, the inclination of the plane AB to the plane EH, is mgml 
fcr the inclination of the plane CD to the same plane EH. 

PROP. XVL THEOR. 
4/ $wo strcdght UnesbexMt by parallel planss^ they must bioUintKesam r^M 

Let tbe straight liaes AB^ CD be cut by the parallel planes GH, KX^ 
MN« in the pomu A, £, B; C« F, D: 
As AE U to EB, so is CF to FD. 

Join AC, BD» AD, and let AD neel 
the plane KL in the point X ; and join 
EX, XF: Because the two paraile) 
planes KL, MN are cut by the plane 
EBDX, the common sections EX, . BD, 
are paraile] ( 14. 2. Sup.). For the same 
reason, because the two paralld planes 
GH, KLare cut by the plane AXFC, 
die common sections AC, XF are paral- 
lel : And because EX is parallei to BD, 
a side of the triangle ABD, as AE to 
i:B, so is ( 2. 6.) AX to XD. Again, be- 
cause XF IS parallel to AC, aside of the 
triangle ADC, AX to XD, so is CF to 
FD: and it was proved that AX is to XD, v^ 
aa AE to EB : Therefore (U. 5.), as AE * 
te EB, so is CF to FD. 

PROP. XVII. THEOR. 

If a straight line he at right angles to a planer every plane which passes through 
that line is at right angles to ths first mentioned plane. 

Let the straight line AB be at right angles to the jdane CK ; every [dane 
which passes through AB is at right angles to the plane CK. 

Let any plane DE pass through AB, and let C£ be tbe common sectioa 
of the planes DE, CK ; take any point F in C£, from which draw FG ia 
the plane DE at right angles to CE : And becaose AB is perpendicular 
to the plane CK, therefore it is also perpendicul^ to every straight line 
meeting it in that plane (1. def. 2. Sup.) ; and consec^uently it is perpen- 
dicular to CE : Wherefore ABF is a right angle ; But GFB is likewise*^ 
right angle ; therefore AB is parallel (28. 1.) to FG, And AB is at right 
angles to the plane CK : dierefore FG is also at right angles to the \ 
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plane (7. 2. Sup.). But one plane is 
at right angles to another frfane when 
the straight lines drawn in one of the 
planes, at right angles to their com- 
mon section, are also at right angles 
to the other plane (d*f. 2. 2. Sup.);mnd 
any straight line FG in the plane D£, 
which is at right anfles to C£, the 
common section of the pfanes, has been 
proved to be perpendicular to the other 
plane CK ; therefore the plane D£ 

is at right angles to the plane CK. In like manner, it may be proved 
that all the planes which pass through AB are at right angles to the plane 
CK. 

PROP. XVin. THEOR. 

I/twdpUmes cutting one another be each of them perpendicular to a third vltim 
their eonunen section is perpendicular to the same plane. 

Let the two planes AB, BC be each of them perpendicular to a third 
phme, and ]iD be the common section of the first two ; BD is perpendicular 
to the plane ADC. 

From D in the plane ADC, draw DE perpen- 
dicular to AD, and DF to DC. Because DE is 
perpendicular to AD, the common section of the 
planes AB and ADC; and because the plane 
4IB is at right ^igies to ADC, D£ is at right 
angles to the plane AB (def. 2. 2. Siqp.),aad there- 
fore also to the straight line BD in that plane 
(def. 1.2. Sup.). For the same reason, DF is at 
right angles to DB. Since BD is therefore at 
right angles to both the lines DE and DF, it is 
at rigitt angles to the plane in which DE and 
OF are, that is, to the plane ADC (4. 2. Sup.). 




w^ 
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PROP- XIX. PRoa 

Two straifhi lines not in the same plane being given im position^ #e Amd • 
straight line perpendieular to them hatL 

Let AB tmd CD be the gives lines, whieh ai«e not in the aameplaoe ; il 
Ir required to draw a straight line which shall be perpendicuhur both to AB 
and CD. • 

in AB take any point E, and thiough G draw EF paraflel lo CD, aai 
let EG be drawn perpendicular to the plane which passes through £B» 
6F (10. 2. Sup.). Throu{$h AB and EG let a plane pass, via. GK, andiii 
Ads plane meet CD in H; from H draw HK perpendicular to AB; aad 
BK la the line ie<|uired. Thnmgh H, draw HG parallel to AB. 
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Then, since HK and GE, which are in the sfime plane, are both at right 
ani^eB to the straight line AB, they are parallel to one another. And be- 
cause the lines IIG, HD are parallel to the (ines EB, EF, each to each, 
•he plane GHD is parallel to the plane (13. 2. Sup.) BEF ; aAd therefore 
EG, which is perpendicular to theplane BEF, is perpendicular also to the 
plane (Cor. 13. 2. Sup.) GHD. Therefore HK, which is parallel to GE, 
IS dso perpendicular to the plane GHD (7. 2. Sup.), and it is therefore per- 
pendicular to HD (def. 1. 2. Sup.), which is in that plane, and it is also 
perpendicular to AB ; therefore HK is drawn perpendicular to the two 
given lines, AB and CD. 

PROP. XX. THEOIL 

IfasoUdangUheemUmned by tkreepiane angles^ any two afthewe tmgks «r» 
grtaUrUum the Mrd, ^ 

Let the solid angle at A be contained by the three plane angles BAG, 
CAD, DAB. Any two of them are greater than the third. 

If the angles BAC, CAD, DAB Im all equal, it is evident that any two 
of them are greater than the third. But if they are not, let BAC be thai 
angle which is not less than either of the other two, and is greater thaa 
one of them, DAB ; and at the point A in the 
straight line AB, make in the plane which 
passes through BA, AC, the angle BAE equal 
(Prop. 23. l.)to the angle DAB; and make 
AE equal to AD, and through E draw B£C 
cutting AB, AC in the poinU B, C, and join 
DB, DC. And because DA is equal to AE, 
and AB is common to the two triangles ABD, 
ABE. and also the angle DAB equal to the 
angle EAB ; therefore the base DB is equal (4. 1.) to the base BE. And 
because BD, DC are greater (20. 1.) than CB, and one of them BD has 
been proved equal to BE, a part of CB, therefqre the other DC is greater 
than the remaining part EC. And because DA is equal to AE, and AC 
common, but the base DC greater than the base EC ; therefore the anglo 
DAC is greater (25. 1.) than the angle EAC ; and, by the constroctton, 
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4ia n^ DAB is equal to the angle BAE ; wherefore tke angles DAU, 
DAC are together greater than BA£^ £AC, that is, than the eagle BAG 
Bit*. B VC is nor less than either of the angles DAB, DAC ; therefore 
Ba^Cy with either of u&em, is greater thanike other. 

PROP. XXI. THEOR. 

J%i pla$u anglei which contain any solid oj^gili WPO togoihor bat iham fwmt 

right angles. 

Let A he a solid ang e contained by any number of plane angles BAC« 
CADy DA£y E AF» FAB ; these together are less than four right an^es* 

Let the planes which ccmtain the solid angle ai A be cut by anothef 
l^ane^ and let the section of them by that plane be the rectilineal figurf 
BCDEF. And because the solid angle at B is contained by three plan* 
an^fs CBA, ABF, FBC, of which any two 
are greater (20. 2« Sup.) than the third, the 
doi^eS CBA. ABF ^re greater than the an- 
gle FBC : For the same reason, the two 
plane angles at each of the points C, D, E, 
F, Tiz. the angles which are at the bases of 
the triangles having the common vertex A, 
are greater than the third angle at the same 
point, which b one of the angles of the figure 
BCDEF : therefore all the angles at the 
bases of the triangles are togedier greater 
Uiaa all the angles of the figure: and be- 
cause all the angles of the triangles are to-^ 
gether equal to twice as many right angles as there are triangles (32. 1.) ; 
diat is, as there are sides in the figure BCDEF ; and because all the an- 
gles of the figure, together with four right angles, are likewise equal to 
twice as many right angles as there are side8inthefigure(l cr. 32. l.);there- 
fore all the angles of the triangles are equal to all the angles of the rectili 
neal figure, together with four right angles. But all the angles at the bases 
of the triangles are greater than all the angles of the rectilineal, as has 
Deen proved. Wherefore, the remaining angles of the triangles, viz. those 
at the vertex, which contain the solid angle at A, are less than four right 
angles- 

Otherwise. 

Let the sum of all the angles at the bases of the triangles =sS ; ths 
snm of all the angles of the rectilineal figure BCDEFs-? ; Uie sum of the 
plane angles at AssX, and let Rss a right angle. 

Then, because S-|-X=s twice (32 1.) as many right andes as there are 
triangles, or as there are sides of the rectilineal figure BCDEF, and as 
J?-|-4R is also equal to twice as many right angles as there are sides of the 
same figure ; therefore S-|-X=s^-f.4R. But because of the three plane 
anises which contain a solid angle, any two are greater than the third* 

25 
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Sy^ ', Mid therefore X^4R ; that is, the sum of the plane angles whiek 
oontain die solid angl«» at A is less than four righl angles. 

8CH0UUM. 

It is evident, that when any of the angles of the figure BCDEF is est* 
terior, like the angle at D, in the an- 
nexed figure, the reasoning in the j^ 
ahove proposition does not hold, be- 
caose the solid angles at the base 
axe not all contained by plane an- 
gles, of which two belong to the tri- 
angular planes, having their com- 
mon vertex in A, and me third is an 
faiterior angle of the rectilineal figure, 

or base. Therefore, it cannot ^ <^ t^ 

concluded that Sis necessarily great- . B ^ 

er than X This proposition, Uierefore, is subject to a limitation, which Is 
farther o^^lained in the notes on this BooL 
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OF THE COMPARISON OF SOUDS. 



DEFINITIONS, 
I. A Solid is thai which has length, breadth, and thickMss. 



2. Si4AiOar solid figures are such as are contained hjr the same mmber el 
similar planes similarlj situated, and haying like inclinations to one an- 
othu. 

3. A pyTamid is a solid ^gare contained by planes that are const i tii ted be- 
twixt one plane and a point above it in which they ineet. 

4. A prism is a solid figure contained by plane figures, of which two thai 
are opposite are equal, similar, and parallel to one another ; and the 
others are parallelograms. 

5. A parallelopiped is a solid figure contained by six quadrilateral figures* 
whereof every opposite two are paralleL 

6. A cube is a solid figure contained by six equal squares* 

7. A sphere is a solid figure described by the xevofaition of a semicircle 
about a dismeter, which remains unmoved. 

8. The axis of a sphere is the fixed straight line about which the serai 
circle revoKes. 

9. The.centre of a qihere is the same with that of the semieircle.. 

10. The diameter of a sphere is any straight line which passes throu|^ 
Iho centre, au I is iermmated both ways bv the superficies of the qphovs 
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n. i^ coiie i« a solid figure de<«cribecl by the rerolution of a rifi;lit aaglad 
triangle about one of the sides containing the right angle, which aids 
remains fixed. 

12. The axis of a cone is the fixed straight line about which the trian^ 
revolves. 

3. The base of %fono is the cirrie desorib^ bjl^^e, containing the 
right angle, whkh rvvblvei* - ^ . i 

14. A cylinder b a solid figure described by the revolution of a rignt aa- 
gled parallelogram about one of its sid^s^ w^h remains fixed. 

19. The axis of a cylinder is the fixed straight line about which the panl- 
telegram revolves. 

16. The bascfs of a C3rlinder are the circles described by the two revidviiig 
o^wsite sides of the parallelogram. 

17. Similar cones and cylinders are those which have their axes, and the 
diameters of their bases proportionals. 

PROP. L THEOR. 

If two solids he contained hy the same number of eqwd and stnnlar pianos 
sirrMarfy sjlmw^t tmd tf the fbteknaium of amy twommtiguaus fkmsa iMtka 
one solid be the same with the inclination of the two equals (md.similarim 
m hmi e d plmmsm ikeotkei^^ the sMls themsehes are eqntd and shnOmt. 

Let AG and KQ be two solids contained by the same number ai equal 
and similar planes, similarly situated so that the plane AC is nmilar and 
«|iii^ to llie plane KM, the plane AF to the plane KP ; BG to LQ, GD 
to QN, DE to NO, and FH to PR. Let also the inclinatioil of ^ plane 
AF to the plane AC be the same with that of the plane KP to the plane 
KM, and se of iSie rest ; the solid KQ is equal and similar to thd snlitf AO. 

Lei the esM KQ be applied to the solid AG, so that the beeee KM and 
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L. 



^ta 



AC which are equal and similar, may coincide (8. Ax. 1.), the point N 
eoincidtng wkh the point D, K with A L with B, and eo on. And be- 
cause the plane KM coincides with the plane AC, and, by hyppthesin, lk# 
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iMdiMflmdrKR 16 ItMbdieMfid with the biOhlMaoA ^ Att io AC 
dto plaiil« KR Will be upon the plane Alt, and wifi eohkci^ With it, beeAIM 
tl^eY ttre tlMitlar And eqdal (8. Ax. 1.), and becttiM iMti H^viA M^ Kfl 
am AD coincide. And in the mune mainner it is ehewn that the tiMk 
planea of the solid KQ coincide with the other planes of the solid AG, 
each with each : wherefore the sofeds KQ and AG do wKolly coincide, 
and are equal tuid similar to one another. 



PROP/IL THfiOtt 
if a solid be e&iUainedhf SIX planfiSf iwo and iu» tf wiiek mrgp9M0d^tk$9p» 

Let the solid CDGH he contained by the parallel planes AC, GF ; BG, 
CE ; FB, AE : its Offpcisite planes are simHar and eqfnal patallelograniil 

Became the two parallel planes BG, CE, are cot by the plane AC, ^Mit 
eonantton eectione AB, CD are parallel (14. 2. Skifk.). Anbin, beeauie A# 
^W9 patrallel planes 0F, AE sre^ eat by the plamr AC/ mek^ eoriuneit wb^ 
lieiMr AD, BC ave parallel (14. 2. Sup.y : and AB ie paiaiet w CD ; tibiMP» 
Am« AC ii^ a parallelogram. In lihe manner, it osay be pfifveii dult eiioii 
of die figure* CE, FG, GB, BE, AEieapa- 
sallelograM; join AH, DF ; and because AB 
le parallel to DC, and BH to CF ; die two 
straight fines AB, BH, which Meet one an- 
oliier, are parallel to DC and CF, which meet 
otte awodfeer ; wherefore, though the ftw» two 
wan not in the same phme with the ether twd, 
tlMy cfoniain equal angles (9, 2. Sap«) ; the- 
snele ABH is therefore equal to the aealgle 
DCF. And because AB, BH, ure eqnal to 0C« CF, and th« sMgfb* ABff 
ctqiial to the angle DCF r therefore dife base AH is equal (4. l.)tothebasii 
B¥^ and the tifangfe ABM to^ the trian^ DCF : tm the stme rtaeoil, 
the frkngte AGH is equal to the trkmgi^ DEF i wfA therefoi^ the panU^ 
lelogram BG^ is equal and similar to the pualtelognmi CE. In tlie 8iMfe> 
mtfnner,-it may be proved, that die parallelograiii AC is equal and s imfl hi r 
to the peralletogram GF, and the paraMetograniAfi to BFc 




PROP. III. THEOR. 

If a solid \ 
ii Willi 



piped he cut by a plane paraUel to two of its opposite pimn0%f 
'■ divided into two sottdsj which will be to one another as the bases. 

Let the Mid pandlelopiped ABCD be cUtby theplaMEy,»wfaickr is 
parallel to the opposite planes AR, HD, and divides the whole into the 
solids ARFV, EGCD : as the base AEFY to the base EHCF, so is the 
solid ABFV to the solid EGCD. 

Produce AH both ways, and take any number of straight lines HM, 
MN, each equal to EH, and any number AK, KL each equal to E A« and 
eomplete the parallelograms LO, KY, HQ, MS, and the solids LP KR 
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nU, MT ihen, because the straighi lines LK, K A, AE ve all ecpial, mod 
also the straight lines KO, AY, EF which mnke equal angles with LBI, 
KA, AE, the parallelogranis LO,KY, AF are equal and similar (36. 1. 
A def. 1.6.): and likewise the parallelograms KX, KB, AG ; as also 



(2. 3. Sup.) the parallelograms LZ, KP, AR, because they are opposite 
planes. For the same reason, the parallelograms EC, HQ, MS are equal 
(36. 1. & deL 1. 6.); and the parallelograms HG, HI, IN, as also (2. 3. 
Sup.) HD, MU, NT ; therefore three planes of the sdid LP, are equal and 
siiiDilar to three planes of the solid KR, as also to three planes of the solid 
AY : but the three planes oiq;)osite to these three are equal and^imilar to 
them (2. 3. Sup.) in the several solids ; therefore the solids LP, KR, AY 
are contained by equal and similar planes. And because the planes LZ, 
KP, AR are parallel, and are cut by the plane XY, the inclination of LZ 
to XP is equal to that of KP to PB ; or of AR to BY (15. 2. Sup.) and 
the same is true of the other contiguous planes, therefore the solids LP, 
KR, and AY, are equal to one another (1. 3. Sup.). For the same rea- 
son, the three solids, ED, HU, MT are equal to one another ; therefore 
what multiple soever the base LF is of the base AFrthe same multiple is 
the solid L V of the soHd AY; for the same reason, whatever multiple the 
base NF is of the base HF, the same multiple is the solid NY of the solid 
ED : And if the base LF be equal to the base NF, the solid LY is equal 
(1.3. Sup.) to the solid NV; andif the base LF be greater than the base 
NF, the solid LY is greater than the solid NY : and if less, less. Since 
then there are four magnitudes, viz. the two bases AF, FH,^nd the two 
solids AY, ED, and of the base AF and solid AY, the base LF and solid 
LY are any equimultiples 'whatever ; and of the base FH and solid ED, 
the base FN and solid NY are any equimultiples whatever ; and it has 
been proved, that if the base LF is greater than the base FN, the solid LY 
.is greater than the solid NY ; and if equal, eiqual: and if less, less : There 
fore (def. 5. 5.) as the base AF is to the base FH, so is the solid AY to 
the solid ED. 



Cor. Because the parallelogram AF is to the parallelogram FH ai 
\ FC (1 6.), therefore the sdid AY is to the solid. ED as YF to PC 
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PROP. IV. THEOR. 




y* a Molid parMelapipei T>e cuihy a plane passing through the diagtmalf •^ 
iWQ of the opposite planes^ it will be cut into two egual prisms. 

L0t A6 be a solid parallelopiped, and DE, CF the diagonals of the op- 
posite pandlelograms AH, GB, viz. those which are drawn betwixt the 
eqnal angles in each ; and because CD, F£ are each of them parallel to 
GA, though not in the same plane with it, CD, F£ are parallel (8. 2. Sup.) 
wherefore the diagonals CF, DE are in the plane in which the parallel 
are, and are themselves parallels (14. 2. Sup.) ; 
the plane CDEF cuts the solid AB into two 
eiiual parts. 

Because the triangle CGF is equal (34. 1.) 
to the triangle CBF, and the triangle DAE to 
DHE ; and since the parallelogram CA is equal 
(3. 8. Sup.) and similar to the opposite one BE ; 
and the parallelogram GE to CH : therefore the 
planes which contain the prisms CAE, CBE, 
sie equal and similar, each to each ; and they 
sie also equally inclined to one another, because 
the planes AC, EB are parallel, as also AF and 
BD, and they are cut by the plane CE (15. 2. Sup.). Therefore the prism 
CAE is equal to the prism CBE (1.3. Sup.), and the solid AB is cut into 
two equal prisms by the plane CDEF. 

N. B. The insisting straight lines of a parallelepiped, mentioned in 
tho^ following propositions, are the sides of the parallelograms betwixt thf ' 
base and the plane parallel to it. 

PROP. V. THBOR. 

Solid paraUelopipeds upon the same hase^ and of the same altitude^ the te* 
sistmg straight lines of which are terminated in the same straight Unes in 
the plane opposite to th^ h<ise are equal to one another. 

Let the solid parallelopipeds AH, AK be upon the same base AB, and 
of the same altitude, and let their insisting straight linos AF, AG, LM, LN 
be terminated in the same straight line FN, and let the insisting lines CD 
CE, BH, BK be terminated in the same straight line DK ; the solid AH 
is equal to the solid AK. . .- 

Because CH, CK are parallelojgrams, CB is equal (34. 1.) to each of 
the opposite sides DH, EK : wherefore DH is equal to EK : add, or take 
away the common part HE; then* DE is equal. 19 HK : Wherefpre also 
the triangle CDE is equal (38. I.) ta the triaqgle BHK : and the parallel- 
ogram DG is equal (36. 1.) to the paraDelqgram^H^. For the same rea- 
son, the tiiangle AFG is equal to the triangle LMK, and the parallelogram 
CF is equal (2. 3. Sup.) to the parallelogram. BM, and CG to BN ; for 
they are opposite. Therefore the pHmes wl^h contain the prism DAG 
m nmilar and equal to those which contain the prism HLN, each to ea^h 
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and the contigaoiu planes are also equally inclined to one another (15. 3. 
Sup ), t «cause that the pamllel planes AD and LH, as also A£ and LK 




are cut by the same piane DN : therefore the prisms DAGyHLNai». 
equal (1.3^ S^p.). If therefore the prism LNH be taken fjsom the solid, 
€i wbiAthe base iathe parallelogram AB« and FDKN the plane oppoaiM^ 
to the base ; and Ml from this same solid there be taken the prism A€iiE>^ 
the remaining solid, viz. the paraUelopiped AH ia equal to the remaioinf 
paodlelopiped AiL 

PROP. VI. THECm. 

Solid peraUelopipeds upon the $ame base^ and oft/m same aUiHude^ the «»- 
sUHngetraighi Urns of which are not terminated in the same straight Un^s \ 
im the fiame opposite to the bas^^ are eqtud to one another* 

Let thepawltelo^^a CM, CN, be upon ^ same hem AB, and of Ae 
samefaltitude,^ but their iasisiag straight li»es AF, AG, LM, LN, CD/ 
CE, BH, BK, not terminated in the same stnighs linea; the solids CMs 
CN are equal to one another. 

Produce FD, MH, and NG, KE,. and, let them meet one another in the 
poin s O, P, Q, R ; and join AC, LP, HQ, CR.' Because the planes (def. 
5. 3. Sup.)^ LBHM and ACDF are parallel, and because the plane LBHI& 
18 Aatbi which are the jmralleis LB, MHPQ (def. 5. 3. Stip.), and in which 
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Hm 1»'A» ii0tm BLPQ ; and beeanse the plane ACDfF is Aat in irlnbli 
9f Ae |«raliel8 AC, FDOR, and in which also is tl^ figure C AOfi ; 
diefefere tike ^guree BLPQ, CAOR, are in parallel planea. !n like man- 
aer, beeauee the planes ALNG and CBKE are parallel, and the jdane 
ALNOiathal in #htch are the parallel AL, OP6N,and in which also 
kf &e liguie ALPO ; and the plane CBKE is that m which are the paral- 
lels CB, RQEK, and in which also is the figure CBQR ; therefore the 
firares ALPO, CBQR, are in parallel planes.* But Ae planes ACBI^ 
(mQP are also parallel ; therefore the solid CP is a parallieliopiped. Now 
ibe mM panllelopiped CM is equal (5. 2. Sup.) to the soUd parallelopfped 
OP, because therare upon the same base, and their insisting straight lines 
AF, AO, CD, CR ; LM, LP, BH, BQ are terminated in the same straight 
Rms FR, MP; and the solid CP is equal (5. 2. Sup.) to the solid CIC; 
for they are upon the same base ACBL, and their insisting straight hnea 
AO, AG, LP, LN ; CR, CE, BQ, BK are terminated in the same straight 
Imee ON, RK ; Therefore the solid CM n equal to the solid CN. 

PROP. VIL THEOR. 

8oUd paralMopif$is^ whieh are up&n equal hases^ emd of the smme^aiiUu^^, 
are equal to one anethtr. 

Let the solid parallelopipeds, AE, CF, be i4;)on equal basea AB,i CD|, 
tnd be of the same altitude ; the solid AE is equal to the solid CF. 

Case 1. Let the insisting straight lines be at right angles to the basea 
ABf CD, and let the bases be placed in the same plane, and so as that the 
sides CL, LB, be in a straight line ; therefore the straight line LM, which 
is at right angles to the plane in which the bases are, in the point L, is 
common (11* 2. Sup.) t0 the two solids AE, CF ; let the other insisting 
lines of the solids be AG, HK, BE ; DF, OP, CN : and fint, let the angle 
ALB be equal to>the angle CLD ; then AL, LD are in a straight line (14. 
1.). Produce OD,.BS, and Yet them meet in Q and complete the solid 
parallelopiped LR, the base of which is the parallelogram LQ, and of 
which LM is one of its insisting straight lines : thereforoi because the pa- 
rallelogram AB m equal to CD, as the base AQt k to the base LQ, so is 
(7. 6.) the base CD to the same LQ : and becatiae the solid parallelopiped 
AR is cut by the plane LMER, which is paBallel to the opposite planes 
AK. DR ; as the bas« AB is to the base LQ^ao is (3. 3. Sfop.) the soUi 
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AE to the solid LR: for the same reason becanse the soUd ptnJIelopipoi 
CR is cut by the plane LMFD, which is parallel to the opposite planes 
CP BR ; as thehase CD to the base LQ ; so is the solid CF to the solid 
LR , but as the base AB to the base LQ, so the base CD to the base LQ, 
as has been proved : therefore as the solid AE to the solid LR, so is the 
solid CF to the solid LR ; and therefore the solid AE is equal (9. 5.) to 
the solid CF. 

But let the solid parallelopipeds, SE, CF be upon equal bases SB, CJCt 
and be of the same altitude, and let their insisting straight lines be at rig^ 
angles to the bases ; and place the bases SB, CD in the same plane, so 
that CL, LB be in a straight line ; and let the angles SLB, CLD, be uh 
equal ; the solid SE is also in this case equal to the solid CF. Produce 
DL, TS until they meet in A, and from B draw BH parallel to DA ; and 
let HB, OD produced meet in Q, and complete the solids AE, LR : there- 
fore the solid AE, of which the base is the parallelogram LE, and AK the 
plane opposite to it, is equal (5. 3. Sup.) to the solid SE, of which the base 
is LE, and SX the plane opposite ; for they are upoa the same base LE, 
and of the same altitude, and their insisting straight lines, viz. LA, LS, 
BH, BT ; MG, MU, EK, EX, are in the same straight lines AT, GX : 
and because the parallelogram AB is equal (35. L) to SB, for they are 
upon the same base LB, and between the same paralleb LB, AT ; and 
because the base SB is equal to the base CD ; therefore the base AB is 
equal to the base CD : but the angle ALB is equal to the angle CLD : 
therefore, by the first case, the solid AE is equal to the solid CF ; but the 
solid AE is equal to the solid S£, as was demonstrated: therefore the 
sdid SE is equal to the solid CF. 

Case 2. If the insisting straight lines AG, HK, BE, LM ; CN, RS, 




Dl* , OP, be not at right angles to the bases AB, CD ; in this case likewise 
the solid AE is equal to the solid CF. Because solid parallelopipeds on 
the same base, and of the same altitude, are equal (6. 3. Sup.), ii^wo solid 
parallelopipeds be constituted on the bases AB and CD of the same alti« 
tude with the solids AE and CF, and with their insisting lines perpendicu- 
lar to their base^, they will be equal to the solids AE and CF ; and, by the 
first case of this proposition, ihey will be equal to one aoothei ; wherefore, 
the solids AE and CF are also equal. 
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PROP. VIIL THEOR. 
MdforalUopipeds which havethe samedUUudej ar$ tc one another tu ^hem 

Let AB, CD be solid parallelopipeds of the same altitude ; they mre to 
«iie another as their bases ; thai is, as the base A£ to the base CF, so is 
the solid AB to Uie solid CD. 

To Uie straiglit line F6 apply the parallelogram FH equal (Cor. Prop 
45. 1.) to A£, so that the angle FGH be equal to the angle LCG ; and 




complete the solid parallelopiped GK upon the base FH, one of whose in 
sisting lines Is FD, whereby the solids CD, GK must be of the same alti« 
tude. Therefore the solid AB is equal (7. 3. Sup.) to the solid GK, be- 
cause they are upon equal bases AE, FH, and are of the same altitude : 
and because the solid parallelopiped CK is cut by the plane DG which is 
parallel to its opposite planes, &e base HF is (3. 3. Sup.) to the base FC, 
as the solid HD to the solid DC : But the base HF is equal to the base 
AE, and the solid GK to the solid AB : therefore, as the base A£ to the 
base CF, so is the solid AB to the solid CD. 

Cor. 1 . From thb it is manifest, that prisms uptm triangular bases, and 
of the same altitude, are* to one another as their bases. Let the prisms 
PNM, DPG, the bases of which are the triangles AEM, CFG, have the 
same altitude : complete the parallelograms AE, CF, and the solid paral 
lelopipeds AB, CD, in the first of which let AN, and in the other let CP 
be one of the insisting lines. And because the solid parallelepipeds AB, 
CD have the same altitude, they are to one another as the base AE is to 
the base CF ; wherefore the prisms, which are their halves (4. 3* Sup.) 
sire to one another, as the base AE to the base CF ; that is, as the triaii* 
gle AEM to the triangle CFG. 

Cor. 2. Also a prism and a parallelopiped, which have the same ahfe 
tude, are to one anodier as their bases ; dial is, the prism BNM is to thus 
parallelopiped CD as the triangle AEM to the parallelogram LO. For 
by the last Cor. theprism BNM is to the prism DPG as the triande AME 
to the triangle CGF, and therefore the prism BNM is to twice Uie pnsm 
DPG as the triangle AME to twice the triangle CGF (4. 5 )a that is, tbt 
prism BNM is to ue parallelopiped CD as the triangle. AME to the parali* 
telogram LG. 
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PROP. IX, THEOIL 

SMd ptf oU t h n^Ji l i are to one (mother in the ratio that is Oompounded ^Ha 
ratws of the areas of their hases^ and of their altitudes. 

' hm AT and 60 be twb soTtd paraHefopipeds, of which the baseg ard Hm 
panlldogramv AC and GK, and the aUitades, the perpendiculars let (aS 
on the planes of these bases from anypoint in the opposite planes EF and 
irO ; me soKd AF is to the solid GO in a rsdof compounded of the ratios 
of the base AC to the base GK, and of the perpendicular on AC, to the 
perpendicular on GIC 

Case 1. When thtf insisiiiig tiiie» ax% perpendi^olar to the bases AC 
and GK, or when the solids are uprights 

In GM, one of the inststifftg liiie»ef t&e solid GOy take QQ equal to AE, 
one of the insisting lines of the solid AF, and through Q let a plane pass 
parallel to the pisae GKr flM^ting ^ other insisiiiig Uass of the solid GO 



Ne. 



\ 



VM 



:fir 



^ 




IR the poiniB R, 8 and T. It is evident that GS is a solid parallelopiped 
(dvf. 5. 3^. Sup.) and that it has the same allitude witl AF, viz. GQ or 
A£. Now the solid AF is to the solid GO in a ratio compounded .of the 
itttios of the solid A F to the solid GS (def. 10. 5.), and of the soFid GSlo 
Ifie solid GO; but the ratio of the solid AF to the solid G$r ia the sama 
with that of the base AC to the baafe GK ^8. 3. Sup.), because their allir 
todes AE and GQ are equa! ; and the ratio of the solid GS to the solid 
GO, is the same with that of GQ to GM (3. 2. Sup.); therefore, the n^o 
wfdch is compounded of the ratios of the solid A F to the solid GS, and c^ 
Ibe solid GSto the solid GO, i& the same with the ratio which is compound* 
ed of the ratios of tl^B base AC to the base GK, and of the altitude AG td 
die altitude GM (F. 3.). But the rauo of the soHd AF to the solid GO, it 
#f« which is compounded of the ratios of AF to GS, shd of GS to G(^{ 
therefoi^, the ratio of the solid AF to the solid 60 is (Sompoufidedof ^e 
Mtlos of th^ baser AC to the base GK, and of the altitude A£ to the dtf 
tilde GM. 

Case 2. When the insisting lines are not perpendicular to the 1 
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liellbepvrallelograiQB AC and GK be the l>Me« m belbre^ aad let AE 
and GM be the altitudes of two parallelopipeds Y and Z on tbeee baaeik 
Xl^en^ '^ the uprigbt parallelopipeda AF and GO be cenatituled on the 
b«ft9» AC and GK, with the altitudea A£ and GM, they win be equal k 
die narallelppipeda Y and Z <7. 3. Sup.). Now. the eetiAs AF and G(K 
Ifj tne firat caae^ are in the ratio compounded of the nuios of the bsyee AG 
and GK, and of the altitudea AE and GM ; therefore also the solida Y 
and Z have to one another a ratio that is compounded of the same ratioa. 

Cor. 1. Hence, two straight lines majr be found haying the same ratio 
with the two paralldopipeda AF and GO. To AB, ime of the sides of the 
parallelogram AC, apply the parallelograni BY equal to GK, having an 
angle equal to the angle BAD (Prop. 44. I.) ; and aa AE to GM, so 1^ 
A V be to AX (12. 6.),»then AD is to AX as the solid AF to the solid GO. 
For the ratio of AD to AX is compounded of the ratios (def. 10. 5.) of AD 
to AY, and of AY to AX ; but the ra^o of AD to AY is the same with 
that of the pamllelogfam AC to the parallelogram BY (1.6.) or GK ; 
and the ratio of AY to AX is the same with that of AE to GM ; therefore 
the ratio of AD to AX is compounded of the ratios of AC to GK, and of 
AE to GM (E. 5.). But the ratio of the aoUd AF to the soHd GO is 4»q^ 
ponnded of the eame ratios ; therefore, as AD to AX, so ia the aolid AF !• 
the solid GO. 

Con. 2, If AF end GO are two parajlelopipeda, and if to AB, to the 
peinpendicular from A upon DC, and to the altitude of the paiaUelopipei 
AF, the numbers L, M, N, be proportional : and if to AB, to GH, to th# 
perpendicular from G on LK, and to the altitude of the parallelepiped 60, 
Qie numbers L, /, m, i», be proportional ; the solid AF ia to the solid GO 
•aLxMxNto/xmXn. 

For it may be proved, as in the 7th of the 1st of the Sup. that LxM X 
Niato /XmXaui the ratio compounded of the ratio of Lxii4 iolXm^Bni 
of the ratio of N ton. Now the ratio of LxM to /xm ia that ef the araa 
of the parallelogram AC to that of the parallelogram GK ; and the ratio 
of N to n is the ratio of the altitudes of the parallelopipeds, by h vpotheaia, 
therefore, the ratio of LxMxN to Ixmxn ia compounded of the ratieiof 
the areas of the bases, and of the ratio of the altitudes of the parallelopipeda 
AF and GO ; and the ratio of the parallelopipeds themselves is shewn, in 
this proposition, to be compounded of the same ratios ; therefore it is the 
same with that of the product Lx M X N to the product /x m X n. 
■' Con. 3. Hence all .prisms are to one another in the ratio compounded 
of the ratioa of their bases, and of their altitudea. For every prism Im 
equal to a parallelepiped of the same altitude with it, and of an eqnai base 
pi. Cor. 8. 3. Sup.). 

PROP- X- THEOB. 

Mid pgraUeiapip^dSf wUeh jutve thnr hosts and aUitudes redftacMf pmpoi^ 
aa$udf art equal ; tmd paraUelfipipeds which are ^fwo^ Ame lA«ir biuas md 
0bi£wU4 tedpfvwtty pntportianal* 

iM AG mid KQ be two solid pamllelopipedh pf which the bnaap, aie 
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AC and KM, and the altitudes AE and KO, and let AC be to KM as KG 
to AE ; the solids AG and KQ are equal. 

As tbe base AC to the base KM, so let the straight line KO be to die 
■tndi^t line S. Then, since AC is to KM as KO to S, and also by hypo- 
diesis, AC to KM as KO to AE, KGT has the same ratio to S that it has 
10 AE^IL 5.) ; wherefore AF is equal to S (9. 5.). But the solid AG is 
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to die solid KQ, in the ratio compounded of the ratios of AE to KO, and 
of AC to KM (9. 3. Sup.), that is, in the ratio compounded of the rattos of 
AE to KO, and of KO to S. And the ratio of AE to S is also compoond- 
sd of the same ratios (def. 10. 5.) ; therefore, the solid AG has to the solid 
KQ the same ratio that AE has to S. But AE was proved to be equal tp 
6/ therefore AG is equal to KQ. 

Again, if the solids AG and KQ be equal, the base AC is to the bass 
KM as the altitude KO to the altitude AE. Take S, so that AC may be 
to KM as KO to S, and it will be shewn, as was done above, that the soBd 
AG is to the solid KQ as AE to S ; now, the solid AG is, by hypothesis, 
sqval to the solid KQ : therefore, AE is equal to S ; but, by constructioii, 
AC is to KM, as KO is to S ; therefore, AC is to KM as KO to AE. 



-^ Cor. In the same manner, it may be demonstrated, that equal prisms 
hsvo their bases and altitudes reciprocally proportional, and conversely. 



PROP. XI. THEOR. 

SimSor soUi paraUehpipeds are to one another in the tripUcaie ratio oj tkmf 

homologous sides. 

Let AG, KQ be two similar parallclopipeds, of which AB &nd KL ais 
two homologous sides ; the ratio of the solid AG to the solid KQ is tripli* 
cate of the ratio of AB to KL. 

Because the solids are similar, the parallelograms AF, KP are similar 
(def. 2. 3. Sup.), as also the parallelograms AH, KR ; therefore, the ratios 
sf AB to KL, of AE to KO,and of AD to KN are aU equal fdef. 1. 6.). 
But the ratio of the solid AG to the solid KQ is compounded of the rados 
o^ AC to KM, and of AE to KO. Now, the ratio of AC to KM, becsass 
losv are equiangular parallelograms, is compounded (23. 6.) of thu ratios 
sf AB tsKL«andof AD to KN. Whsrefore, the ratioof AG to KQ is 
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e(Mnpounded of the three ratios of AB to KL, AD to KN, and AE to KO ; 
and the three ratios have ah^ady been proved to he equal ; therefore, the 
ratio that is compounded of them, viz. the ratio of the solid AG to the solid 
KQ, is triplicate of any of them (def. 12. 5.) : it is therefore triplicate oi 
theratioof AB toKL. 

CoR. 1. Ifas ABtoKL,8oKLtOfii,anda8KLtofii,soi8mtoiiythett 
AB is to n as the solid AG to the solid KQ. For the ratio of AB to n is 
trii^cate of the ratio of AB to KL (def. 12. 5.), and is therefcnre equal UT 
that of the solid AG to the solid KQ. 

CoE. 2. As cubes are similar solids, therefore the cube on AB is to the 
cube on KL in the triplicate ratio of AB to KL, that is in the same ratio 
iinththe solid AG, to the solid KQ. Similar solid parallelofupeds are there- 
fine to one another as the cubes on their homologous sides. 

Cor. 3. In the same manner it is proved, that similar prisms^ to one 
another in the triplicate ratio, or in the ratioof the cubes of their homok^ 



PROP. XIL THEOR. 

ijTltM trimtgularpvramidSfWhich kaoeequdlhase^and aUUmies^ he cuihyptamu 
thai mreparailel to the baseSf and at equai distances from them^ the sectioms 
are equal to one another. 

Let ABCD and EFGH be two pyramids, having equal bases BDO tad 
FGH, and equal altitudes, viz. the perpendiculars AQ, and £S drawn fiMS 
A and E upon the planes BDC and FGH : and let them be cut by planes 
parallel to BDC and FGH, and at equal altitudes QR and ST above those 
planes, and let the sections be the triangles KLM, NOP ; KLM and NOP 
are equal to one another. 

Because the plane ABD cuts the parallel planed BDC, KLM, the coiat' 
Bon sections BD and KM are parallel (14. 2. Sup.). For the same rea 
son, DC and ML are parallel. Since therefore KM and ML are panBel 
to BD and DC, each to each, though not in the same plane with them, the 
angle KLM is equal to the angle BDC f9. 2. Sup.). In like manner the 
odier angles of these triangles are proved to be ^vaA ; therefore, the triaa* 
gles are equiangular, and consequently similar ; and the same is true of the 
triangles NOP, FGH. 

Now, since the straight lines ARQ, AKB meet the parallel planes BDC 
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lAd KML, they are cut by them pro{K>rtiona21y,(16. 2. 8up.), or QR ; RA 
; : BK : KA; and AQ : AR : : AB : AK {IS. d.), for the same reaaoiH 
£S : £T : : £F : £N ; therefore AB : AK : : £F ; £N, because AQ i* 
equal to £S, and AR to £T. Again, because the triangbM ABCyAKh 
ajre aimilar, . 

AB : AK : ; BC : KL ; and &r the same leaaoa 

£F : £N : : FG : NO; therelim, 
. BC : KL : : FG : NO. And, when ioar straight lines ai# prapsp* 
tianals« the similar figures described on them are proportionals f 23. 6.); 
therefore the triangle BCD is to the triangle KLM as the trian^e PG^ 
to the triangle NOP ; but the triangle BDC, FGH are equal ; thssefans^ 
the triangle KLM is also equal to the triangle NOP (1. 5.). 

Cor. L Because it has been shewn that the triangle KLM is simQar 
to the base BCD ; therefore, any section of a triangular pyramid parallel 
to the base, is a triangle similar to the base. And in the same mami^it b 
shewn, that the sections paraiM to the base of a polygonal pjnranld are 
similar to the base. 

Cor. 2. Hence also, in polygonal pyramids of equal bases and ahitudesi 
dbe secctona parallel to the bases, and at equal distances Urom them» are 
e^oal to one another. 



PROP. XIU, TH£OR. 

AMmMifprimm rfike jowm ^UHuiemay he dreumseHM s^eul tm^fi^mmi^ 
Muekihat the smnof the prisms skaU exceed tJ^ f^amid by m-MiidlUs iimk 
mnygwensoUd. 

Let ABCD be a p3rramid, and Z* a given solid ; a series of prisms har- 
tegall the same altitude, may be circumscribed about the p3nrainid ABCD^ 
<io that their sum shall exceed ABCD, by a solid less than Z. 



* Thsw>M Z is eal w p g s ii t e d la tfat figii> of tkim or tfa> IbiWwiig 
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I*et Z be equal to a prism standing on the same base with tbe pynMA^ 
vis. the triangle BCD, and having for its altitude the perpendicular drawr 
from a certain point £ in the line AC 

npon the plane BCD. It is endent, that "W" tr 

C£ multiplied by a certain number m 
will be greater than AC ; divide CA into 
as many equal parts as there are units in 
m, and let these be CF, FG, GH, HA, 
each of which will be less than CE.. 
Through each of the points F, G, H, let 
planes be made to pass parallel to the 
plane BCD, making with the sides of the 
pyramid the sections FPQ, GRS, HTU, 
which will be all similar to one another, 
and to the base BCD (1. cor. 12. 3. Sup.). 
From the point B draw in the plane of 
the triangle ABC, the straight line BK 

rlel to CF meeting FP produced in 
In like manner, from D draw DL pa- 
rallel to CF, meeting FQ in L : Join KL, 
and it is plain, that the solid KBCDLF 
is a prism (def. 4. 3. Sup.). By the same 
construction, let the prisms PM, RO, TV 

be described. Also, let the straight line IP, wbicb is in the plane of the 
triangle ABC, be produced till it meet BC in h ; and let the line MQ be 
produced till it meet DC in g : Join hg ; then hC gQFP b a prism, and is 
equal to the prism PM (1. Cor. 8. 3. Sup.). In the same n^anner is describe 
(sd the prism .mS equal to the prism RO, and the prisin qU equal to the 
prism TV. The sum, therefore, of all the inscribed prisms hQ, mS, and 
qU is equal to the sum of the prisms PM, RO and TV, that is, to the sum 
of all the circumscribed prisms except the prism BL ; wherefore, BL is the 
excess of the prism circumscribed about the pyramid ABCD above the 

C' ms inscribed within it. But the prism BL is less than the prism which 
tbe triangle BCD for its base, and for its altitude the perpendicular 
from £ upon the plane BCD ; and the prism which has BCD for its base, 
and the perpendicular from E for its altitude, is by hypothesis equal to the 
given solid Z ; therefore the excess of the circumscribed, above the inscrib- 
ed prisms, is less than the given solid Z. But the excess of the circum- 
seribed prisms above the inscribed is greater than their excess above tbe 
pfTBmid ABCD, because ABCD is greater than the sum of the inscribed 
prisms. Much more> therefore, is the excess of the circumscribed prisma 
above the pyramid, less than the solid Z. A series of prisms of the same 
Adtude has therefore been circumscribed about the pyramid ABCD, ex 
needing it by a solid less than the given solid Z. 

PROP. XIV. THEOR 

Pframids that have eqvuA bases and (dtttudes are eqwd to one muHhet 

Let ABCD, EFGH, be two pyramids that have equal bases BCD, FGH 

27 
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•ad also •^oal ihUwddt, yul Udb peipendiculan dtanm Aon theV^rttM i ^ 
•ad E upon Ui# pbnM BCD, FGH : the pjrtamid ABCD w oqiiftl toltli i 

pyramid EFGH. 

If they ftre not equal, let the pyramid EFGH egtceedthe pyramid ABGH D 

by the solid Z. Then, a series of prisms of the same aiciti^e may be de .^0 
scribed about the pyramid ABCD that shall exceed it, by a solid less the 
Z (13. 3. Sup.) ; let these be the prisms that have for their bases the trial 
gles BCD, NQL, ORl, PSM. Divide £H into the same number of ngiir i^- 
parte into which AD is divided, viz. HT, TU, UV, V£, and through \ 




pohdts T, U and V,let ihe sections TZW, U^X, Y4>Y be made parallel 
to the base FGH. The section NQL is equal to the section WZT (VL 
3. Sup.) ; as also OKI to X JU, and PSM to Y4>V ; and therefore also the 
prbms that stand upon the equal sections are equal (1. Cor. 8 3. Sup.), 
that is, the prism which stands on the base BCD, and which is belwoen 
the planes BCD and NQL, is equal to the prism which stands on the base 
FGH, and which is between the planes FGH and* WZT ; and so of ibe 
rest, because they have the same altitude : wherefore, the ^um of idl the 
prisms described about the pyramid ABCD is equal to the sum of aU thcMo 
described about the pjnramid EFGH. But the excess of the prisma do> 
scribed about the pyramid ABCD above the pyramid ABCD ie less thaa 
Z(13. 3, Sup.); and therefore, the excess of the prism described abopl 
the pyramid EFGH above the pyramid ABCD is also less than Z. . Bm 
the excess of the pyramid EFGH above the pyramid ABCD ia«qnid tQ 
Z,by hypothesis, therefore, the pyramid EFGH exceeds the pyramid 
ABCD, more than the prisms described about EFGH exceeds the same 
pyramid ABCD. The pyramid EFGH is therefore^ greater than the sum 
or the prisms described about it, which is impossible. The pyranuda 
ABCD, EFGH therefore, are not unequal, that is, they are eqiul to 
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PROP. XV. THEOR, 

kime iriaHgular kateSf amd that tare equal to oHotker. 

Let therefbe a prism of whicli die bate is llie triaagfe ABC, and lei 
DBF be the triangle opposite the base : The prism ABCD£F may be 
dinded into 4hree equal pyramids having triangular bases. 

Join AE, EC, CD ; and because ABED is a parailetegmm, of whii* 
Ait is^he diameter, the triangle AOE is equal 
(34. 1.) to the triangle ABE : therefore the py- 
raottd of ^«;hich the base is the triangle ADE, 
andxertezthe point C, is. equal (14. 3. Sup.) to 
the pyramid, of wbieh the base is the triai^le 
ABE,..aed vertex the point C. But the pyrsr 
mid of which the base is the triangle ABE, and 
weriejf. the point C, that is, the pyramid ABCE 
is equiJ to the pymmid DEFC (14 3. Sup.), 
lor they have equal bases, viz. ^ triaaj^ee 
ABC, DEF, and the same altitude, viz. the al- 
titude of the prism ABCDEF. Therefore the 
three pyramids A DEC, ABEC, DFEC wtm 
equal to one another. But the pyramids ADEC, 
ABEC, WRG nake up the whole prism 
ABCDEF ; therefore, the prism ABCDEF is 
divided into three equal pyramids. 

CoR. 1. From this it is manifest, that every pyrtuntd is fbie Mit 'gM 
of a prism which has the same base, and the same altitude with it ; fei^ if 
the Imse of the prism be any other figure than a triangle^ it may be divided 
into prisms Jiuii4ifg triangular. bases. 

Cor. 2. Pyramids of equal altitudes are to one anothjer as flilrur bases ; 
because the prwma upon the wtme bases, and of the san|e altit^^de, are (1. 
Cor. 8. 3. Sup.) to oee ane^Mr as their bases. 

PROP. XVI. THBOp. 

If from eny \pditU m the eiremmferenee of the baife of a efhnieri a siraigki 
Une be drat!m perpenikuiar to the pkme of the iase^ k^fijlU bewfufUy in the 
c^Umdrie superficies* 

I^t ABCfy be a cylinder of which the b«se is t$e circle AEB, DFC 
the circle opposite to die base, andOH the lods ; ima E, any ifoint in the 
circumference AEB, let EF be drawn perpendicular to t^ f^^ue of the 
circle AEB : the i^aight line EF is in the superficies of the cylinder. 

Let F be the point in which EF meets the plane DFC opposite to the 
\\\ms% EG and FH ; and let AOHD be the rectangle (< 4. dbllS 
Hsfk) Igr tbe revolution of which the cylinder ABCD is described 
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Noif . because GH is at right angles to 6 A, 
die straight line, which by its revolution des- 
cribes the circle AEB, it is at right angles to 
all the straight lines in the plane of that circle 
w]ii(4t meet it in G, and it is therefore at right 
angles to the fdane of the circle AEB. Bat 
EF is at right angles to the same plane ; there- 
Coire, EF and GH are parallel (6. 2. Sup.) and 
IB the same plane. And since the plane through 
GH and EF cuts the parallel planes AEB, 
DFC, in the straight lines EG and FH, EG is 
paraUel to FH (14. 2. Sup.). The figure 
EGHF is therefore a parallelogram, and it has 
the angle EGH a right angle, therefore it is a 
rectan^e, and is equal to the rectangle AH, 
because EG is equal to AG. Therefore, when 
ii[4he revolution of the rectangle AH, the straight line AG coincides with 
EG, the two rectangles AH and EH will coincide, and the straight line 
AD will coincide with the straight line EF. But AD is always in the 
superficies of the cylinder, for it describes that superficies ; therefore, EF 
is aliu) in the supei&ies of the cylinder. 




PROP. XVII. THEOR. 

A ^Under m^ a paraiBelopiped havmg equal bases and akitudM, areequalU 

one another. 

Let ABCD be a cylinder, and EF a parallelopipe^aving equal bases, 
viz. tha circle AGE and the parallelogram EH, and having also equal al- 
titudes ; the cylinder ABCD is equal to the parallelopiped EF. 



Jf not, kl (ksm be uneqaal^ and first, lei the cylinder be less iha& dM ' 
paraIlelopf|i«d EF. - aad iiom the parallelopiped EF let there be cqt off •' 
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put EQ bj a plana PQ panOlel to NF, equal to the cylinder ABCD. U 
tte eirde A6B hwcribe the polygon A6KBLM that shall differ from tht 
curda by a apaee leaa^han the pmllelogram PH (CkNr. 1 4. 1. Sup.), and 
Ml off fiom tiie parallelogram £H, a part OR equal to the polygon 
A6KBLM. The point R will fall between P and N. On the polygon 
AGKBLM let an upright prism A6BCD be constituted of the same alti 
tode with the cylinder, which will therefore be less than the cylinder, be* 
came it i» within it (10. 3. Sup.) ; and if through the point R a plane R8 
panllel to NF be made to pass, it will cut off the parallelopiped ES equal 
f2. Cor. 8. 3. Sop.) to the prism AGBC, because its base is equal to that 
of die prism, and its altitude is the same. But the prism AGBC is less 
than the cylinder ABCD, and the cylinder ABCD is equal to the parallel- 
<^ped £Q, by hypothesis ; therefore, ES is less than EQ, and it is also 
greater, which is impossible. The cylinder ABCD, therefore, is not less 
Uian the parallelopiped EF ; and in the same manner, it may be shewn 
Ml |o be greater than £F. 

PROP. XVIII. THEOR. 

IfmeamB omj eyjUnder have the sam$ base and the same al titu d e ^ ihe cane u ike 
third part of the eyUnder. 

Let the cone ABCD, and the cylinder BFKO have the same base, tIs. 
die circle BCD, and the same altitude, viz. the perpendicular from the 
point A upon the {dane BCD, the cone ABCD is the third part of the cylin- 
der BFKO. 

If not, let the cone ABCD be the third part of another cylinder LMNOi 
having the same altitude with the cylinder BFKG, but let the bases BCD 
nd Llli be unequal* and first, let BCD be greater than UM 





Then, because the circle BCD is greater than the circle LIM, a polygon 
flsay be inscribed in BCD, that shall differ from it less than LIM does (4. 
I. Sup.), and which, therefore, will be greater than LIM. Let this l>e tOM 
^ygon BECFD; and upon BBCFD, let there be constituted tlfo pyra 
odd ABECFD, and the prism BCFKHG. 
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Bemo^d tiie|polvgo» BECFD is greater thaa tlie cirdei LIM, t^e pn 
BCFKIiti ifl greater than the cylinder LMNO, for ihey have the aa 
akituiLe, hat the priaiO haa the greater baae. But the fiyfaraid ABfiCFB 
it the third part of the priam (15. S. Svp.) BCFKH6, therefore it is great* 
•c than the third part of the cylinder LMNO. Now, the done ABECFB 
ii^ by hypotheaia, Uie third part of the cylinder LMNO, therefore the pyni* 
and ABECFD la greater than the cone ABCD, and it ia also leas, becauaa 
it i$ inacribed in the oono, which is impossible. Therefore, the oone ABCD 
i« not less than the third part of the cylinder BFKG : And in the aaoM 
Manner, by ciDcnsMcribing a polygon about the eirde BCD, it nay hm 
akewn thft the /9one ABCD is not greater than the third part of the ej^ 
dar BFKG; thMofore. it ia equal to the third part of that cylinder 

PROP. XIX. THEOR. 

IfuhemUpkereanda eane have equal bases and tdtUudet^msmtUstfttyilMitM 
may he inscribed in the hemisphere j and another series may be described about 
the coney having ail the same altitudes with one another, and such thai their 
sum shall differ from the sum of the hemisphere^ and the cone^ by a soUd 
Usstkonetnygimensfdid* 

Let ADB be a semicircle of which the centre is C, and lot CD be at right 
anclea to AB ; let DB and DA be aq^area deacribed on DC, draw CE, 
and let the fignre thua constructed revolve about DC : then, the aecunr 
BCD, which ia the htuf of the semicircle ADB, wi]l describe a heinispbeHi 
having C for its centre (7 def. 3. Sup.), and the triangle CDE willdeAcrUMi 
a oone, ha^g its vertex to C, and having for iu fa^e the circle (1 1. det 
a Bnpw) deboiibed by Dl&^ equal to that described by BC, which ia the baa# 
of the hemiiph^re. Let W be any given solid* A series of cylindnts- n|«^ 
be inscribed in the hemisphere ADB, and another described about the cone 
ECI, so that their, sum shall differ from the sum of the hemisphere and 
the cone, by a solid less than the solid W. 

Upon the base of the hemisphere let a cylinder be constituted equal to 
W, and let it^ a]titude be CX. Divide Cv into such a nuqnber of eqi\U 
parts, that each of tEom shall be less than CX ; let these be CH, HG, GF, 
and FD. iTirough the points F, G, H, draw FN, GO, HP parallel to 
CB, meeting the circle in the points K, L and M ; and the straight line 
CE in the paints Q, R and S. From the poinU K, L, M draw Kf, Lg, 
Mh, perpendicular to GO, HP and CB ; and from Q, R, and S, draw Qq, 
Rr, Ss, perpendiculai to the $ame lines. It is evident, that tha figure being 
thub constructed, if iha whole revolve about CD, the rectangles Ff, Gg, Hh 
will describe eyfinders (14. def. 3. Sup.) that will be circumjiertbed by the 
hemisphere BDA ; and the rectangles DN, Fq, Gr, Hs, will also describe 
cylinders that will circumftcribe the cone ICB.- NeWj H may he demon- 
strated, as was done of the prisms inscribed in a pyramia (13. 3. Sup.), 
that the sum of all the cylinders described within the hemisphere, ia ^- 
ceeded by the hemisphere by a solid less than the cylinder generated bf, 
die rectangle HB, that is, by a solid less than W, for the cvlinder generateS 
by H B- is less than W. In the same manner, it may be demonstmtej 
that the sum of the cylinders circumacribiu^ the cone ICS is greater, tlwi' 
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tfre eone bj « solid less than the cylinder generated by the rectangle ON 
that iuK* br a solid less than W. Therefore, since the sum of the cylindeiv 
iBBcrihed in the hemisphere, together with a solid less than W, is equal Is 
the hemisphere ; and, since the sum of the cylinders described about the 
.cone is equal to the cone together with a solid less than W ; adding equals 
to equals, the sum of all these cylinders, together with a solid less than W, 
is equal to the sum of the hemisphere and the oone together with a soUiA 
leas than W. Therefore, the diflerence between the whole of the cylin- 
ders and the sum of the hemisphere and the cone, is equal to the difference 
of two solids, which are each of them less than W ; but this difference 
must also be less than W, therefore the diflerence between the two series 
of cylinders aid the sum of the hemisphere and oone is less than the giren 

PROP. XX. THEOR. 

Tk§ same things being supposed as in the last proposition, the sum of aU the 
qfhnders inscribed in the hemisphere^ and described about the cone^ is equal 
to a eyUnder^ hannng the same lose and altitude with the hemisphere. 

Let the figure BCD be constructed as before, and supposed to rerolre 
About CD ; Uie cylinders inscribed in the hemisphere, that is, the cylinders 
ieecribed by the revolution of the rectangles Hh, Gg^ Ff, together with 
those descrioed about the cone, that is, the cylinders described by the revo- 
hitipn of the rectangles Hs, Gr, Fq, and DN are equal to the cylinder de 
•cribed by the revolution of the rectangle BD. 

Let L be this point in which GO meets the circle ABD, then, because 
C6L is a right angle if CL be joined, the circles described with the dis- 
tances CG and GL are equal to the circle described with the distance CL 
(2. Cjt. 6. 1 Sup.) or GO; now, CG is equal to GR, because CD is equal 
to DE, and therefore also, the circles described with the distance GR and 
GL are together equal to the circle described with the distance GO, that 
is, the circles described by the revolution of GR and GL about the point 
G,'are together equal to the circle described by*the revolution of GO about 
the same point G ; therefore also, the cylinders that stand upon the two 
first of these circles, having the common altitudes GH, are eqr'^ o *1m 
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cylinder «/luch stands on the remaining circle, and which has the same 
altitude 6H. The cylinders described by the revolution of the rectangles 
6g, and Gr are therefore equal to the cylinder described by the rectangle 
6P. And as the same may be shewn of all the rest, therefor^ the cy^ 
lers described by the rectangles Hh, Gg, Ff, and by the rectangles Hs, Gr, 
Pq, DN, are together equal to the cylinder described by BD, that is to the 
cylinder having the same base and altitude with the hemisphere. 

PROP. XXL THEOR. 
Every sphere is two-thirds of the drcumseribing eylindet. 

Let the figure be constructed as in the two last propositions, and if the 
h jidsphere described by BDC be not equal to two-thirds of the cylinder 
dascribed by BD, let it be greater by the solid W. Then, as the cone de- 
scribed by ODE is one-third of the cylinder (18. 3. Sup.) described by BD, 
the cone and the hemuphere together will exceed the cylinder by W. Bnl 




that cylinder is equal to the sum of all the cylinders described by the rect- 
angles Hh, Gg, Ff, Hs, Gr, Fq, DN (20. 3. Sup.) ; therefore the hemisphere 
aud the cone added together exceed the sum of all these cylinders by the 
given solid W, which is absurd ; for it has been shewn (19. 3. Sup.), that 
the hemisphere and the cone together differ from the sum of the cylinders 
by a solid less than W. The hemisphere is therefore equal to two-thirdS 
of the cylinder described by the rectangle BD ; and therefore th<i whole 
sphere is equal to two-thirds of the cylinder described by twice the rectaa 
gle BDy that is, to two-thirds of the circumscribing cylinder. 
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PLANE TRIGONOMETRY. 



Trioonometrt is the application of Aritbmetic to Geometry : or, mor» 
precisely, it is the application of number to express the relations of ihe sides 
and angles of triangles to one another. It therefore necessarily-supiioses 
the elementary operations of arithmetic to be understood, and it borrows 
from that science several of the signs or characters which peculiarly be- 
long to it. 

The elements of Plane Trigonometry, as laid down here, are divided into 
three sections : the first explains the principles ; the second delivers th^ 
mles of calculation ; the third contains the construction of trigonometrical 
tables, together with the investigation of some theorems, useful for extmid- 
ing trigonometry to the solution of the more difficult problems 



SECTION I. 



LEMMA L 

An angle ai the centre of a circle is to four right angles as the are on whck 
it stands is to the whole circumference. 

Let ABC be an angle at the centre of the circle ACF, standing on IInT 
circumference AC : 3ie angle ABC is to four right .angles as the aro AC 
to the whole circumference ACF. 

Produce AB till it meet the circle 
in E, and draw DBF perpendicular to 
AE 

Then, because ABC, ABD are two 
anises at the centre of the circle ACF, 
the angle ABQ is to the angle ABD as 
the arc AC to the arc AD, (33. 6.) ; 
and therefore also, the angle ABC is to 
lOur times the angle ABD as the arc 
AC to four times the arc AD (4. 5.). 

Put ABD is a right angle, and there- 
fore four times the arc AD is equal to 

28 
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the irlcilo cucumference ACF ; therefore the angle ABC is to foiur xi|(bt 
angles as the arc AC to the wboLs cb<ciunferaice ACF. 

Cor. Equal angles at the centres of diiTerent circles stand on arcs which 
hare the same ratio to their circumferences. For, if the angle ABC, at 
the centre of the circles ACE, GUK, stand on the arcs AC; GH, AC is 
to the whole circumference of the circle ACE, a^. t|^^ an^6^BC .o Snit 
right angles ; fja^ the arc HO is to the whole circumference of the circle 
6HK in the same ratio. 



DEFINITIONS. 



h If 4WO straight lines intersect one another in the eentre of a circle, tHo 
ra ef the circumference intercepted between them is called the Mtosun 
ef the angle which the^ contain. Thus the arc AC ie the meaeuie el 
dMiogteABa 

2. If the circumference of a circle be divided into 360 equal parts, each ol 
these parts is called a Degree ; and if a degree be divided uito 60 equal 
parts, each of these b called a Minute '; and if a minute be divided into 
60 equal parts, each of them is called a $eeondy and so on. And as many 
degrees, minutes, seconds, die. as are in any arc, so many degrees, rai* 
nutes, seconds, ^c. are said to be in the angle measured by t^ arc. 

CoR. 1. Any arc is to the whole ciroumfenence of which it is a part, as 
the number of degrees, and parts of a degree contained in it is to the 
number 360. And any angle is to four right angles as the number of 
degrees and parts of a degree in the arc, which is the measure of that 
angle, is to 360. 

Q»it. 2. Hence also, the arcs which measure the same angle, whateter 
^ the radii with which they are described, contain' the same miinbei of 
degrees, and parts of a degree. For the number of degrees and parte eC 
a degree contained in each* of theee arcs has the same ratio to the aopi- 
ber 360, diat the angle which they measure has to four rigli^ apgjlee 
(Cw. IfOm. 1*). 

The degrees, minutes, seconds, die. contained in way arc or angle^ are 
usually written as in this example, 49<>. 36'. 24^'. 42''' i that is^ 49 de* 
grees, 36 minutes, 24 seconds, and 42 thirds. 

t. IVe angles, which are together equal to two right angles, or two aine 
wl^ch are together equal to a semicircle, aro cdled the SuppUm^tU^ el 
one another. 

4 A straight line CD drawn through C, one of the extreipitiea of ihe m 



Digitized 



by Google 



PLAWE TRIGONOMETRY. 



. AG9 perpeadicttiar to the diameter 
ptBsing through the other extremity 
A, is called the Sme of the arc AC, 
or of the angle ABC, of which AC 
is the measure. 

wOR 1. The sine of a quadi ant, or of 
a right angle, is equal to the radius. 

Cor. 2. The sine of an arc is half the 
chord of twice that arc : this is evi- 
dent by producing the sine of any 
arc till it cut the circumference. 




5. The segment DA of the diameter passing through A, one extremity of 
the arc AC, betw^^en the sine CD and the point A, is called the Ytr^d 
situ of the arc AC, or of the angle ABC. 

6. A straight line AE touching the circle at A, one extrenaity of the ar^ 
AC, afid meeting the diameter BC, which passes through C the other 
extremity, is called the Tangent of the arc AC, or of ihe angle ABC 

Cor. The tangent of half a right angle is equal to the radius. 

7. The straight line BE, between the centre and the extremity of the tan 
gent AE is called the Secant of the arc AC, or of the angle ABC. 

Cor. to Def. 4, 6, 7, the sine, tangeat and secant of any angle ABC^ are 
likewise the sine, tangent, and secant of its supplement CBF. 

It is manifest, from Def. 4. that CD is the sine q( the angle CBF. Let 
CB be produced till it meet the circle again in I ; and it is also mani 
fest, that AE is the tangent, and BE the secant, of the angle ABI, e^ 
CBF, from Def. 6. 7. 

Cor. to Def. 4, 5, 6, 7. The sine, rersed sine, tangent, and secant of an 
are, which is the measure of any gi- 
ven angle ABC, is to the sine, versed 
sine, tangent and secant, of any other 
arc which is the measure of the same 
angle, as the radius of the first arc is 
to the radius of the second. 

l^i AC, MN be measures of the angle 
ABC, according to Def. 1. ; CD Uie 
sipe« DA the versed aine. AE the 

tangent, and BE the secant of the arc AC, according to Def. 4, ^^ 6,' 7 , 
NO the sine, OM the versed sine, MP the tangent, and BP the sedant 
of the arc MN^ according to the same definitions. Since CD, NO, AE 
MP are parallel, CD : NO : : rad, CB : rad; NB, and AE : MP : : rad 
AB : rad. BM, also BE : BP : : Afi : BM ; likewise because BC : BP 
: e BN : BO, that is, BA : BD : : BM : BO, by conversion and altema^ 
tion, AD : MO : : AB : MB. Hence the corollaiy is manifest. And 
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dierefore, if tables be constructed, exhibiting in numbers the nnes, I 
gents secaiis, and versed sines of certain angles to a given radius, tfaey 
will exhibit the ratios of the sines, tangenu, Ac. of the same an|{loi to 
any radius whatsoever. 
In such tables, which are called Trigonometrical Tables, the radius is 
either supposed 1, or some in the series 10, 100, 1000, dtc. The uas 
and construction of these tables are about to be exjdained. 

S. The dilTerence between any angle 
and a^ rig&t angle, or between any 
arc and a quadrant, is called the 
Complement of that angle, or of that 
arc. Thus, if BH be perpendicular 
to AB, the angle CBH is the com- 
plement of the angle ABC, and the 
arc HC the complement of AC ; 
also, the complement of the obtuse 
angle FBC is the angle HBC, iu 
excess above a right angle; and 
th.e complement of the arc FC is 
HC. 

9. The sine, tangent, or secant of the complement of any angle is called 
the Cosine^ Cotangeni^ or Cosecant of that angle. Thus, let CL or DB, 
which is equal to CL, be the sine of the angle CBH ; HK the tancent, 
and BK the secant of the same angle : CL or BD is the cosine, HK the 
cotangent, and BK the cocrtdcant of the angle ABC. 

Cor. 1. The radius is a mean proportional between the tangent and the 
cotangent of any angle ABC ; that is, tan. ABC X ooL ABCsR*. 

For, since HK, BA are parallel, the angles HKB, ABC are equal, and 
KIIB, BA£ are right angles; therefore the triangles BAE, KHB aie 
similar, and therefore AE is to AB, as BH or BA to HK. 

Cor. 2. The radius is a mean proportional between the cosine and ee- 
cant of any angle ABC ; or 
COS. ABC X sec. ABC=R«. 

Since CD, AE are parallel, BD is to BC or BA, as BA to BE. 




PROP. L 

/» e right tmgled plane triangle^ as the hypotenuse to either ofthesides^ 9$ 
the radius to the sine of the angle opposite to thai side ; and as either of the 
sides is to the other side, so is the radius to the tangent of the angle eppo^ 
site to that side. 

Let ABC be a right angled plane triangle, of which BC is the hypote- 
nuse. From the centre C, with any radius CD, describe the arc DE ; 
draw DF at right angles to C£, and from E draw EG touching the circle 
h E, and meeting CB in 6; DF is the sine, and EG the tanger> of the 
arcDF or of the angle C. 
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The two triangles DFC, BAG, are equian g ular, because the aa|^es 
DFG, BAG are right angles, and the 
angle at G is common. Therefore, 
CB : BA : : GD : DF ; but GD i» 
die radius, and DF the sine of the 
angle G, (Def. 4.) ; therefore GB : 
BA : : R : sin. C. 

Also, because EG touches the cir- 
cle in £, G£G is a right angle, and 

therefore equal to the angle BAG ; ^ ^ 1 ■ 

and since the angle at C is common ^ ^ 

to the triangles CBA, CGE, these triangles are equiangular, wherefore 
OA. : AB : : CE : EG; but GE is the radius, and EG the tangent of the 
an^e G ; therefore, CA : AB : : R : tan. G. 

.GoR. 1. As the radius to the secant of the an^e C, so is the side adja- 
cent to that angle to the hypotenuse. For CG is the secant of the angle 
G (def. 7.), and the triangles CGE, GBA being equiangular, GA : CB : ; 
CE : CG, that is, CA : GB : : R : sec. G. 

Cor. 2. If the analogies in this proposition, and in the abore corollary 

be arithmetically expressed, making the radius s= 1, they give sin. C = 

AB AB BC 

^T^ ; tan. C = -ttT, sec. C ss ----. Also, since sin. Csscos. B, because B 

HO AO AO 

AB 

b the complement of G, cos. B s^^, and for the same reason, cos. C s 

AC 

Be- 

Cor. 3. In erery triangle, if a perpendicular be drawn from any of the 
angies on the opposite side, the segments of 
that side are to one another as the tangents of 
the parts into which the opposite angle is di- 
Tided by the perpendicular. For, if in the tri- 
angle ABC, AD be drawn perpendicular to 
the base BC, each of the triangles CAD, ABD 
being right angled, AD : DC : : R : tan. CAD, 
and AD : DB : : R : tan. DAB ; therefore, ex 
asquo, DC : DB : : tan. GAD : t^. BAD. 

SCHOLIUM. 

The proposition, just demonstrated, is most easily remembered, by stating 
^ thus : If in a right angled triangle the hypotenuse be made the radiusb 
the sides become the sines of the opposite angles ; and if one of the sides b^ 
made the radius, the other side becomes the tangent of the (q;>pmite angle^ 
and the hypotenuse the secant of it. 
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PROP. II. THEOR. 

like stdes of a plane triangle are to me anetker as the nnee of the 

angles. 

(*rom A any angle in tbe triangle ABC, 
let' AD be drawn perpendicular to BC« 
Afki because the tnangle ABD is rj^hl 
an^ >dat D, AB : AD ; ^ R : ain. B ; and 
for the same reason, AC : AD : : R : 
mL Cr and inversely, AD : AC : : sin. 
C : B^ theFeioie, ex ^uo inversely, AB 
: AC : sin. C : sin. B. In the 'same 
manner it may be demonstrated, that AB 
} Be : : alii. C : sin. A. 

PROP. III. THEOR. 

The svm of ike sines ofan^f two ares 'of a eireU, ts to the dtferenee of thm 
sines^ as the tangent of half the sum of the ares to the tangent of half H^^ 
iifferemee^ 

Let AB, AC be two arcs of a cirde ABCD ; let E be the centre, jto 
f3£Xk the diameter which passes through A ; sin. AC+siA. AB : sin. 'A< 
—sin. AB : : tan. 1 (AC+AB) : tan. \ (AC—AB). 
X Draw BF parallel to AG, meeting the circle again in F. Draw B| 
and CL perpendicular to AE, and they will be the sines of the arcs A] 
and AC ; produce CL till it meet the circle again in D ; join DF, FC, Di 
EB, EP, DB. 

No^, since EL from the centre is perpendicular tp CD, it biseeta A 
line CD iit L and the arc CAD in A : 
DL is tlierefore equal to LC, or to the 
siiv^ cf the arc AC ; and BH or LK 
being the sine of AB, DK is the sum 
of llie sinee^of the arcs AC and AB, 
aiid CK is the difference of their sines; 
DAB also is the sum of the arcs AC 
and AB, because AD is equal to AC, 
and BC is their difference. Now, in 
.the triangle DFC, because FK is per- 
pendicular to DC, (3. cor. 1.), DK : 
KC : : tan. DFK : tan.CFK; but 
tan. DFKstau. 1 arc. BD, because 

the angle DFK (20. 3.) is the half of DEB, and therefore measured b 
half the arc DB. For the same reason, tan. CFK=tan. \ arc. BC ; an 
consequently, DK : KC : : tan. \ arc. BD : tan. \ arc. BC. But DK i 
the sum of the sines of the arcs AB and AC ; and KC is the difference < 
the sines ; also BD is the sum of the arcs AB and AC, and BC the diffi 
fence of those area 
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Cor. 1. Because EL is ttie cosiAe of AC, stid EH of AB, FK is tho 
•am of these cosines, and KB their difference ; for FK=XFB-f ELsEH 

2 -EL, sad KBs&LH » £H-£L. Now, FK : KB : : tan. PDK : taa. 
DK; and tan. DFKsscotan. FDK, because DFK is the compfemeiit 
af FDK ; therefore, FK : KB : ; coUn. DFK : tan. BDK, that is, FK : 
KB : : cotan. I are. DB : tan. } arc. BC. The sum of the cosines of tf9o 
aios is therefore to the difference of the same cosines as the cotangenf 6f 
half the sum ef the arcs to tlie tangent of half their diflerence. 

Cor. 2. Iirthe right angled triangle FKD, FK : KD : : R : tan. DFK; 
Now FKsscos. AB+cos. AC, KD=s sin. AB+sin. AC, and tan. DF^Kai 
lan. I (AB+ AC), therefore cos. AB+cos. AC : sin. AB+sin. AC : ; R : 
.an.f(AB+AC). 

In the same manner, by help of the triande FKC, it may be shewn that 
cos. AB+cos. AC : sin. AC— sin. AS : : R : tan. |(AC— AB). 

Cor. 3. If the two arcs AB and AC be together equal to 90^, the tan- 
frent of half their sum, that is, of 45^, is equal to the radius. And the arc 
BC being the excess of DC above DB,or above 90<^,the half of the are 
BC will be equal to the excess of the half of DC above the half of DB,tlut 
is, to the excess of AC above 45^ ; therefore, when the sum of two arcs is 
90^, the sum of the sines of those arcs is to their difference as the radius to 
the tangent of the diiBerence between either of them and 45^. 

PROP. IV. THEOR. 

Tke sum of any two sides of a triangle is to their difference^ as the tangent of 
half the svm of the miglos opposite to those sides > to the tangem ofhSf^ksw 
'mtworenoe* 

Let ABC be any plane triangle ; 
CA+AB : CA-'AB : : tan. } (B+C) : tan. J (B^C). 
For (2.) CA : AB : : sin. B : sin. C ; 
and therefore (&. 5.) 

C2A+AB : CA«-^AB : : sin. B+stn. C : sin. B^sin. Q. 
Bat, by the last, sin. B+sin. C : sin. B-*sin. C : : 
Inu i (B+C) : tan. J (B--C) ; therefore also, (11.5.) 
OA+AB : CA— AB : : tan. j^ (B+C) : tan. ^ (B-C). 
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Otherwise, withont Uie 3d. 

Let ABC be a triangle ; theaumof AB and AC any two sides, is to the 
■ difference of AB and AC as the tangent of half the sum of the an^^es ACB 
sad ABC, to the tangent ef half their difference. 

About the centre A with the radius AB, the greater of the two sides, d^ 
scribe a circle meeting BC produced in D, and AC produced in £ and F 
Join DA, £B,FB ; and diaw FG parallel to CB, meeting EB in O 




Beeanse the exterior angle £ AB is equaTto the two interior ABC, ACB 
(32. 1.) : and the angle EFB, at the circumference is equal to half tks an- 
gle EAB at the centre (20. 3.) ; therefore EFB is half the sum of the an- 
gles opposite to the sides AB and AC. 

Again, the exterior angle ACB is equal to the two interior CAD, ADC, 
and therefore CAD is the difference of the angles ACB, ADC, that is, of 
ACB, ABC, for ABC is equal to ADC. Wherefore also DBF, which is 
the half of CAD, or BFG, which is equal to DBF, is half the diffeienoo of 
the angles opposite to the sides AB, AC. 

Now because the angle FBE, in a senncircle is a right angle, BE is the 
tangent of the angle EFB, and BG the tangent of the ansle BFG to Am 
radius FB ; and BE is therefore to BG as the tangent of half the sum of 
the angles ACB, ABC to the tangent of half^their difference. Also CE is 
the sum of the sides of the triangle ABC, and-CF their difference ; and be- 
cause BC is parallel to FG, CE : CF : : BE : BG, (2. 6.) that is, the sum 
of the two sides of the triangle ABC is to the tr difference as the tangent of 
half the sum of the angles opposite to choee sides to the tangent of half 
Uieir difference. 
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PROP. V. THEOft. 



|f « perfeniieular h$ drawn from any anajle rfa triangle to the omosite eiie^ 
or base ; the sum of the segments of the base is to the sum oft^ other, twm 
sides of the triangle as the difference of those sides to the £fferenee of the 
segments ef the base. 

For (K. 6.), the rectangle under the sum and difference of the aegmenti 
of the base is equal to the rectangle under the sum and difierence of tha 
mdes, and therefore (16. 6.) the sum of the segments of the base 19 totha 
■am of the sides as tne difference of the sides to the difference of the s^ 
ments of the base. 




PROP. VI. THEOR. 

In any triangle^ twice the rectangle contained by any two sides ts tothe dtf^ 
ference between the sum of the squares of those siaes^ and the square of i§ 
base, as the radius to the cosine of the angle induded by the two sides. 

Let ABC be any triangle, 2AB.BC is 
to the difference between AB^+BO and 
AC' as radius to cos. B. 
' From A draw AD perpendicular to BC, 
fend (12. and 13. 2.) the difference be- 
tween the sum of the squares of AB and 
BC, and the square on AC* is equal to 
fflC.BD. 

But BCBA : BC.BD : : BA : BD : : ^- — _.=^ 
R : .COS. B, therefore also 2BC.BA : 2BC. U P 

BD : : R : cos. B. Now 2BC.BD is the differenoe between AB*+BO^ 
and AC, therefore twice the rectangle 

AB.BC is to the difference between A 

AB«+BC», and AC» as radius to the '^^ 

oosine of B. 

CoR. If the radius =sl, BDpsBA 
Xcos. B, (1.), and 2BC.BAxco8. B 
B2BC.BD, and therefore when B is 
acute, 2BC.BAXC0S. B » BC«+BA« 
i=*AC*,,and adding AC to both; AC 
+ 2 COS. B X BCBA = BC+ BA« ; 
and taking 2 cos. BxBC.BA from both, AC*ssBCS--2 cos. B^BCJiA 
+BA». Wherefore AGsfe VH®C«-2 cos. B X BC.BA-pBA»): ' " 

If B is an obtuse angle, it is s hewn in th« same way that ACaa 
y (BC«+2 COS. B X BC.BA+BA«). 

M 
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PBOP. ¥11. THEOR. 

Fmtr tmes the reeUmgU contain^ hy any two sides of atnoM^is^He 
reetoM^ «nUained hy two streSgkt Hne^^of which eneistie base .or iisH 
Me gHhe tnangle increased hy the differeniu (^ the tmoMdeSi^md the 
other the hose diminished hy the difference of the sams sides^as the <gi>«r» 
rf the radius to the square of the sine of half the angle included between the 
two sides of the Sria^gk. 

Lcit ABC be a triaiu^e of whicli BC is the baao^sjiA AB ihe ^oeal^af 
Che two sides; 4AB.AC : {BC+(AB-ACj) ^ j(BC-.(AB-ACJ) ;.: JP 
r(sin.|BAC)«. 

Fiodiice the side AC to D, so that AD=AB ; join BD, and draw AB 




CF at right angles to it ; from the centve C with ihe :radius CD deaeiihe 
the semicircle GDH, cutting BD in K^ BC in G,.and .meetiiig BC ft^ 
duced in H. 

It is plain that CD is the diiTerence oftheiiidfis, and therefore that BH ji 
the base increased, and B6 the base diminished by the differenee of ditf 
sides ; it is also evident, because the triangle BAD is isosceleSy'that DE is 
the half of BD, jmd UF knhe half of DK, wherefore DE— DFssthe h^ 
of BD— DK (6. 5.), that is, £F=113K. And because AE is drawn* w- 
raHel to CF, a side of the triangle CFD, AC : AD : : EF : £D« (2. £jj 
and rectangles of the same altitude being as their bases ACAD : AD* n 
EP.ED : ED2 (1. 6.), and therefore 4AC.AD : ADi« : : 4Erj:D : £D*»xv 
aheniately, 4AC.AD : 4EF.ED : : AD* : ED«. 

But «ince 4EF=2BK, 4EF.ED=2BK.ED=«2ED.BK=DB.BK« 
HB.B6 ; therefore 4AC.AD : DB.BK : : AD* : CD*. Now AD : ED : : 
R : sin. EAC=asin. I BAG (1. Trig.) and AD* : ED* : : R* : (sin. } BACJP^ 
therefore, (11. 5.)4AC.AD : HB.B6.: : R* : (sin. I BAC)*, or since AB 
S.AD, 4AC.AB : HB.BG : : R* : (sin. i BACJ*. Now4AC.AB is Bm 
times the feelan^ eonlained by the sides of the triangle ; IIB.BG ja tli| 
OMitainedby BC+(AB-.AC) and BC-(^A3--AC). 

Com. HfMe 9 VAC3I>; /SBJB& - & :^in|BAa 
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PROP. VJI|. THEqgR, 

Fmr Hmei,tkf rectangle eoniqir^ hf snijf iiOQ M&9 efm itimglB, u ie 4ke 

f^tat^ c^mifimfifi ty ^we Hraigki Imis, efmhkih erne it Ae ptm efikom 

Mee imrfitued i>y A0 Ikese^tfthe imt^k^^ni $ke otterike tmmrf^^mme 

, Md§0 Hmmskfid by th/s han^ as $he sgHmre4f$he raime U ite sqti^u^ 

* ike coeineo/hfllfihe amgle included bettoeen the $we sides efikein^ngi^ 

Ijfit ASC b^ a triangle, of whiclr BC is ihe base, end AP tbf gscvi^ ¥ 
die inter two ^ides, 4AB,AC : (A»+AC+BC) (A3+44Dr-Bp) : : jl*- 
(COS. JRAC)». 

From the centre C, with the radius CP, describe the ciKslf Blillf « n> m » 
ing AC, produced, in L and M. Produce Ah to N/fo ^ AJj^f^/kMi^i^ 
ADs AB ; draw AE perpendicular lo BD ; join BN, and let it meet the 
circle again in P ; let CO be perpendicular to BN ; and let it meet AE in R. 

It is evident that MN=:AB-fAC+BC; and that LNssAB+AC— 
BC. Now, because BD is bisected in £, ^d DN in A, BN is parallel to 
AE, and is therefore perpendicular to BD, and the triangles DAE, DNB 
are eqiii^nguiar ; wherefore, since m^2Jif)3Sj=aAJ&fMi^ Of ssABQ 
«2KjE; ia8oPN=s2AR. 

But because the triangles ARC and AED are equisngpdf^ AC x AD • • 
AR : AE, and because rectangles of the same altitude are as their baeee 




CI. «.)• ACAD : AD* : : AR.AE : AE«,and al^mslely ACAD : AR.AB 
: : AD> : AE^ and 4AC.AD : 4AR.AE : : AD* : AE^ But 4A]^AE» 
2ARx2AE=rNP.NB»xMN.NL ; therefon^AaAD : M-N Ji^L :: AD> t 
A£>. But AD : AE : : R : cos. DAE (1) aioiMk 1 (BAVU Wberefim 
4AC.AD:MN.NL:;R«:(coe.iBAC>» . ''^ 
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Now 4AC. AD is four tiroes the rectangle under the sides AC and AB, 
(for ADasAB), and MN.NL is the rectangle under the sum of the sides 
increased by &e base, and the sum of the sides diminished by the base 

XSciu I. Hsnee2yAC.AB : y MN.NL : : R : cos. 1 BAG. 

Corn* Jl. Sinee by Prop. 7. 4AC.AB : (BC+(AB-AC)) (BC— (AB 
M>BO)) : : R' : (sin. i BAG)'; and wn has been now proTed 4 AC JIB : 
(AB-f AG4-BC> (AB+AG-BC) : : R« : (cos. 4 BAG)*; therefore, ex 
«I«),(AB + AG + BG) (AB+AG— BG) : (BC + (AB-AG)) (BG— 
fAB— AG)) : : (cos. } BAC)^ : (sin. ^ BAG)^. But the cosine of any are 
IS to the sine, as the radius to the tangent of the same arc ; therefore, ( AB 
+AG+BG) (Afi+AG-BG) : (BC+( AB-AG)) BG-(AB-AC)) : : 
R «;(tan.iBACy; and 
:; /(Ah-hAC+BC)(AB+AG>::BC ; 
VlCbti+AJ^-AC) (HG-(AB'-AG)) : : R : tan. } BAG. 



LEMMA IL 



^ikm U iwowieqwii magniiudes^ half their iiffermu added fp W^Tttiim, 
mm is f^wd to the greater ; and halj their difference taken fivm h^ 
mtm is e^uei te tkeUes, ' > 

Let AB and BG be two unequal magnitudes, of which AB is the great* 
or ; suppose AG bisected in D, and AE 

equal to BG. It is manifest that AG is J g 5 B ^C 

the sum, and £B the difference of the 

magnitudes. And because AG is bisected in D, AD is equal to DC : hot 
A£ is also equal to BG, therefore D£ is equal to DB, and D£ or DB k 
hdf the difference of the magnitudes. But AB is equal to BD and DA, 
that is, to half the differencjs added to half die sum ; and BG is equal to 
the excess of DC, half the sum abore DQ,.half the difference. 

CoR. Hence, if th^ sum and the difference of two magnitudes be giTon, 
the magnitudes themselves may be found ; for to half the sum add hdf the 
difference, and it wfll give the greater: from half the sum subtract half 
the difference, and i| will giro the \»», 

\ SCHOLIUM. 

This pn^rty is e^dent from the algebraical sum and difference of the. 
two quantities a and i, of which a is the gifater ; let their sum be deaoloi 
by «, and their difference by d : then, 

a^h^d S 
.«. by addition, 2asas-{-d\ 

B|ysaliC»clion,2^9#^i{; ;; 

aiid.-.*-4— 4- i 
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OF THB RULES OF TRIGONOMETRIOAL 
CALCULATION. 

Ths Qenbral Problem which Trigonometry proposes to ^e^re le ! 
in onypImM triangle^ ofthethrte sides and ike three mgies^ any M^e beimg 
ghen^ 4nd one of these three being a side^ to find any of the other three. 

The things here said to be given are understood to be eiq;>ressed by their 
numeric values : the angles, in degrees* minutes, ^e.; and the sides is 
feet, or any other known measure. 

The reason of the restriction in this problem to those cases in which at 
least one side is given, is evident from this, that by the angles alone being 
given, the magnitudes of the sides are not determined. Innumerable tii- 
angies, equiangular to one another, may exist, without the sides of any 
one of them being equal to those of any other ; though the ratios of their 
sides to one another will be the same in them all (4. 6.). If therefore, only 
the three angles are given, nothing can be determined of the trian^e bm 
the ratios of the sides, which may be found by trigonometry, as being the 
•ame with the ratios of the sines of the opposite angles. . 

For the conveniency of calculation, it is usual ta divide the general pro- 
Uem into two ; according as the triangle has, or has not, one of the anj^ 
a light aa^. 

PROBLEM L 

In « ri^ angUd triangle^ of the three sides t and throe angles^ eavf two hem§ 
gwem^ besides the right angle^ and one of those two being as^ie^ii is req m rm 

It 19 evident, that when one of the acute angles of a right angled triangle 
is given, the other is given, beins the complement of the former to a ri^ 
sJBjp^; it is also evident that the sineof any of the acute angles is ttuf 
edsine c^ the other. 

' This problem admits of several cases, and the solutions, or rules for cal* 
cnlation, which all depend on the first Proposition, may be conveniently 
flxiiibited in the form of a table ; where the first column contains the things 
given ; the second, the things required ; sfid the third, the rules or prop^ 
iby whi«k they are foimd. 
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CB and B, the 
hypotenuse and 
angle. 



AC and C, a 
the acute angles 



XC. 
AB. 



ft ^ iin B : : CB : AC 
R : cos B : : CB : AB 



BC. 

ab: 



Co« C : R : : AC : BC. 
R : taaCt: Ad i Alt. 



CB and BA, 
fkm hypotis nu ae 
pmi^aida^ 



O 
AO. 



CB i BA r: R : sm C 
R:cmC:: CF : AC 



AC and AB, 
the two sidea* 



C- 
CB. 



AC : AB : : R : tan C 
CoaC: R:: AO : CB. 




Remarks am the SchOwtu m tht$ tahh. 

In the second case, when AO art^ C are given to find the hypotemiM 
BC, a solution may also be obtained by help of the secant, for CA : CB : : 
R f #e«. C^; if, tluiraftMre, this propMtk>nb6 nuuleft t see. C : t AO ? CB; 
OB Wul to toMM/- 

In the third case, when the hvpotenuse BC and ths side AB af9 fp^u 
to find AC, this may be done either as directed in Uie Tab le, or by dio 
4Tlh of As firaf ; for sines AC« = BC<-BA», AC= ^Ud^^^HkK 
inria tiitus bf AC wiU be easy to calculnie by loffitrithms, if the suan^ 
BC-^BA^ be separated^ into two multipliers, which may be don» ; Decanss 
(C or. 5. 2 ), BC»-BA» =(BC + BA) . (BC-BA). therefore AC -■ 
V(B^tfAi (bfi-^Ai. 

When AO and AB are given, BCmaybe found froraths 47tb« is n dis 
proceding idstaade, for BCs^yBA'-t'AC?. But BA'4-AC cannot tai 
aeparated into two muhipliera ; and therefdrs^whss BA aad AC a n » ki y t 
numbera, this rule is inconvenient for computation by logarithms. It la 
best in such cases to seek first for the tangent of C, by the analogy in the 
TableTAC : AB : : R : tan. ; but if C itself is not required, it is aufficient. 
having found tan. by this proportion, to take firom ths Trigo&ometite 
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lUlas tjM cosine tliat corresponds to Uul C, and tiioa to compulo Cfi fnMB 
Ike piopoitioii COS. C : R : : A6 : CB. 

PROBLEM II. 

/» «fi Mt^ mngUd trumgU^ of the ihree sides and three angles^ any tknm 
hemg rivets emd one 0/ these three being a sOe^ it is regunred to find tks 

TJoM problsm has four cases, in each qf which thit solution depends on 
some q( the foregoing; pnipositions. 

CASE L 

-tSro anises A and Brandons side AByof a trianfie ABQ, beivf g^Tiii^ 
la iid the other sides. 

soLimoif. 

Becaose the an^es A and B are gi?en» G is siso giYen, Wi^f.*ae s^p 
pisment of A+B ; and, (3.) 
Sin. C : ain. A : : AB : BC; also» 
i^in. C : sin. B : : AB : AC. 




Two sides AB and AC, and the angle B opposite to 019 of them, Mt^ 
firen, to find t)ie other angles A and C, and also the other side BC. 



SOLUTION. 



The angle C is foond from this proportion, AC : AB : : sin. B : sfaL tk 
Also, AsslSOo— B--C ; and then, sin. B : sin. A ; : AC : CB, by Case 1. 

In this case, the angle C may hare two values ; for its sine being found 
by the nroportion above, the an^e belonging to tlnU. sine may either be thai 
Which IS (eund in the tables, or it may be the supplement of it (Cor. def. 4.). 
tills ambiguity, however, does not arise from any defect in the solmtionb 
bm (Vom a circumstance essential to the problem, vh. that whenever AC 
is less than AB, there are two triangles which have the sides AB, AC, and 
the angle at B of the same magnitude in each, but which are nevertheless 
unequal, the angle oppoeite to AB in tiie one, being ^ supplement oi that 
i^ch U opposite te it in the other. The truth of tins i^ipears by describ* 
ing from the centre A with the radiusr AC, an aro interseotioig Bp in 
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tfid C ; atk^Uf if AC and AC be drawn, it is evideAt that the triangtei 
ABCy ABC liaye the aide AB and the angle at B dommon, and the aidee 
AC and AC equal, but hare not the remaining aide of the one equal to the 
remaining aide of the other, that ia, BC to BC, nor their other angl^ia equal, 
HIT. BCA to BCA, nor 6AC to BAC. But in these triangles the ui^ 
ACB, ACB are the supplements of one another. For the triangle CiL& 
la isosceles, and the angle ACCs ACC, and therefore, ACB, which is 
the supplement of ACC, is also the supplement of ACC or ACB ; and 
dieae two angles; ACB, ACB are the anglea ibund by the computation 
aboYe. 

From these two angles, the two angles BAC, BAC wiH be found : the 
angle BAC is the supplement of the two angles ACB, ABC (32. 1.), aiid • 
therefore its sine is the same with the sine of the sum of ABC and ACB 
But BAC is the difierence of the angles ACB, ABC : for it is the difie- 
rence of the angles ACC and ABC, because ACC, that is, ACC is equal 
o the aumof the angles ABC, BAC (32. 1.). Therefore, to find BC, 
having found C, mak^ sin. C : sin. (C-fB) : : AB : BC ; and again, aio. 
C : sin. (C— B) : : AB : BC. 

Thus, when AB is greater than AC, and C consequently greater than 
B, there are two triangles which satUfy the conditions of the question. 
But when AC is greater than AB, the intersections C and C fall on oppo- 
site sides of B, so that the two triangles have not the same angle at B com- 
mon to them, and the solution ceases to he ambiguous, the angle required 
being necessarily less than B, and therefore an acute angle. 

CASE III. 

Two sides AB and AC, and the angle A, between them, being given te 
iod the other anglea B and C, and also the side BC. 

SOLUTION. 

first, make AB+AC : AB-AC : : tan. J^ (C-fB) : tan. i (C^-Bl 
Then, since I (C-f B) and 1 (C— B) are both given, B and C may be f )una. 
For B«} (C+B)+i (C-B), and C= J (C+B)-J (C-B). (Lem. 0.) 

To find BC. . 

Havbff found B, make sin. B : sin. A : : AC : BC. 
But BC may also be found without se eking for the angle B and C i to 
DCs VAB*— d ^^oi^ A X AB.AC-f AC*, Prop 6 
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TUfl. neAlod of ibduig BC is extremoly utefbl in many geometrical In* 
iMtigalioM, but it is not very well adapted for computation by logarithmti 
Idacaaae die qnanti^ imder the radical sign cannot be separated into aim 
pie multipliers, llierefore, when AB and AC are expressed by large 
■mobers, the oUmr aohition, by finding the angles, and then computing BQ, 
iipraienUe. 

CASE IV. 

The dffee sides AB, BC, AC, being giren, to find the angles A, B, C. 

SOLUTION 1. 

. TAm F such that BC : BA+ AC : : BA-^AC : F, then F is either d». 
•Vi «r the difference of BD» DC, the segmente of the base (5.). If F be 
mater thsn BC» F b the sum, and BC the difference of BD, DC ; but, if 
1 be less than BC, BC ia the sum, and F the difference of BD and Da 
la either case, the sum of BD and DC, and their difference being given« 
BD sad DC are found. (Lem. 2.) 

Then»(l.) CA : CD : : R : coa. C ; and BA : BD : : R : cos. B ; wheie 
iwe C aad B aie given, and consequently A. 




n. 



Let.D be the difleren ce of the sides AB, AC. Then (Cor. 7.) 3 ^'ESIKC 
! V(BC+D) (BC-D) : : R : sin. J BAC. 



SOLUTION III. 



Let S be the sum of t he sides BA and AC. 
V(S+BC) (S-BC) : : R ; COS. i BAC. 



Then (1 . Cor. 8.) 2 V^OO 



SOLUTION IT. 

8 and D r etainingthe s ignifications above, (2.Cqr.8.) V(S-|-BC)(S -fi?J) 
: y(BC+D)(BC*D):: R : tan. J BAC. 

It may be obeerrod of these four solutions, that the first has the adraa* 
ti^ di being easily remembered, but that the others are rather more expei^ 
dmous in calculation. The second solution is preferable to the third, when 
die angle sought is less than a right angle ; on the other hand, the third 
ii pt«fanbU to the second, when the a^e so«ight is greater than a iig|M 

30 
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ftBfk ^ juid ia extrane cases,, that isy,wheB the 4»|^ 00^ 
oc Y«ry obuiasy tikis diatiactiop is vsiy msterisl ta bs soasidsrscL Th* 
Tsssoa is, ihai ihs stnas <^ snglss, wfaick srs sesxhr a 9<^i<<Nr tbs ^rrf'^flp 
of angles, which are nearly s= 0, irarj very iittls ua si considerabW varii^ 
tioB in the coore^pondiBg anjj^^ ^m- may be seen ftoia looksag into thft tap 
Ues of sines and cosines. The consequence of this is, that wheft the ainst 
or cosine of such an angle is given (that is, a sine or cosine nearly equal to 
the radius,) the angle itself cannot be veiy accurately found. If, for in 
stance^ the natural sine .9998500 is given, it will be iausnediately peiw 
ceivod from the tables, that the arc corresponding is between 89^, and 89^ 
1' ; but it cannot be found true to seconds, because the %ines of 89^ and ol 
89^ 1', differ only by 50 (in the two last places,) whereas the arcs them- 
aaif es difier by 60 secondsr Two arcs, therefoie, that differ bf 1*, ov even 
by^moie than r', lHnr» the same smo iii the taUes, if tkmj-Ulm thoksi 
disgrse of the qua&ant. * 

The fourth solution, which finds the angle fton its taagens, is net liaiKi 
to tfus objection ; nef nthe^Sr when an arc approaehes very near to^ 90^^ 
the variations of the tangents become exeesMve, and aio too irmgiiaF MS 
alisw the proportional ports to be found ¥rith exactness, so that when the 
sngle sought is extremelr obtuse^ and its half olsoaseqfnenoe veoy nenrtn 
90, the third solution is tne best. 

It may always be known, whether the angle sought is greater or 1 
than a right angle by the square of the side opposite to it being greater < 
loss than the squares of the other two sides* 



SECTION HI. 

CONSTRUCTION OP TRIGONOMETRICAL TABLES. 



In all the calculations performed by the preceding rules, tables of i 
snd tangents are necessarily employed, the construction of which remains 
to bo explained. 

The tables usually contain the sines, &c. to every ndnute of the qoBii^ 
rant from T to 90<>, and the first ththg required! to bo donOy is t» compKo 
the sine of T, or of the least arc in the tables. 

' 1. If ADB be a circle, of which the centre is C, DB, any arc of that cir» 
dis, and die arc DBE doiMe of DB ;[ and if tko chonAi DE, DB be dim#n, 
also the perpendiculars to them fiocn C, viz. CF, CO, it has boon d e in i Mi * 
strated (8. I . Sup.), that CG is a mean proportional between AH, hal^ the 
mdBns, and AF, the Kne made up of the radius and' the peipis ndaculaB GF, 
Now CF is the cosine of the arc BD, and CG tkn cosine of the half of BAp 
whence the cosine of the bdf of any arc BD, of a circle of which th» ni^ 
dius s9 1, is a mean proportional between ^ and 1 -^-^ob, BD. Or, for f 
gusaSer generality, siipp<Ming A m any arc, cos. ^ A ini 
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hlwe# ^^mdl+cos. A, and therafore (cm. ^ A)>b jf {JL+co^ A) o^ 



3. FioiD UiU theorem, (whith it the seme that is d^mmetntled itL 1. 
Sop<X on^T ^^>^ ^ ^ ^^^ expressed trigottbmetricall]r J it is evident, utst if 
Uie cx>i^ne of aay are be given, the cosine of half chat arc may be fouiidL 
Let BD, therefore, be equal to 00°, so Aat the chord BD^rtcfius, thentlH 
eosfae or perpendicvdar CF was shewn (9. 1. Sap.) to be ssz^^ and theni* 

Ak8cii.}Bl>,orco0.9OOsVi(l-HH\^l»-^ In the same ma«i 

nsft cos. 15o» V^(l+cos.30o), and cos. ?<>, 30's vTU+cmTB^ Aa 
fa this way the cosine of 3^, 45 , of l^, 52', 30", and so on, will be coitf* 
pated, till after twelve bisections of the arc of 60o,the cosine of 52". 4i'\ 
93^^. 45^. is foond. But from the cosine of an arc its sine may b^ 
(band, for if from the square of the radius, that is« from 1, the square of 
the cosine be taken away,, the remainder is the square of the sine, and itn 
square root is the sine itseUl Thus the sine of 52". 44'". 03"".45\is 
ionnd. 



3« B«titia SMnifiiet, thtttbennesof verysmaBaiMaretoonei 
»snilj aatbe arcs themselves For k has been shewn that the namber of 
Uie sides of an equilatcfral polygon Inscribed in a circle may be* so grei% 
that tbe perimeter of lh« pcAygon and the circwnferenee of ^ circle may 
differ by a line less Hums any giveiy Hue, or, which is the same, may be 
nearly to one anothoi^ ift fhe rataoof equattty. T&eraibre their like parts 
inXk $hm be nearly in the ratio of oqnalHy, so that die skke of die pol3rgon 
will be to ^ are whidi it subtends nearly in the ra^o of equality ; and 
therefore, half the side of the polygon to half the arc subtended by it^ that 
Imta 9MVi the sine of anyyery small arc will be to the are itself, nearly in 
iha wmt of equalUy. Therefore, if two arcs are both very smaH, the &ft 
Siifl be to the second as the sine of the first to the sine of the second 
Hence, from the sine of 52". 54'". OS'"'. 45^ being found, iho mno of 1 
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becooMs known , for, as 5^. iA'". 03^''. 45^ to 1, so is the sine of thb 
former-arc to the sine of the^ latter. Thus the sine of 1' is found tm 
0.0002908882.. 

4. The Aine 1' being thus found, the sines of 2^ of 3', or of any number 
«f minutes, may be fonnd by the following: proposition. 

THEOREM. 

Let AB, AC, AD be three such arcs, that BC the difference of the ^nit 
and second is equal to CD the difference of the second and third ; the rsr 
dius is to the cosine of the coinmon difference BC as the sine of AC, the 
middle arc, to half the sum of the sines of AB and AD, the extreme arcs. 

Draw CE to the centre : let BF, CG, and DH perpendicular to A£, be 
the sines of the arcs AB, AC, AD. J^n BD, and let it meet CE in I ; 
draw IK perpendicular to AE, also BL and 
IM perpendicular to DH. Then, because 
Afe arc BD is bisected in C, EC is at right 
angles to BD, and bisects it in I ; also BI is 
the sinej and EI the cosine of BC.or CD. 
And, since BD is bisected in I, and IM is 

rlel to BL (2. 6.), LD is also bisected in 
Now BF IS equal to HL, therefore BF 
+DH«DH+HL r:: DL+2LH » 2LM+ 
dLHs2MH or 2KI ; and therefore IK is 
half the sum~ of BF and DH* But because 
tile triangles C6£, IKE are equiangular, 
CE : EI : : CG : IK, and it has been shewn that EI=scos. BC, and IKm 
I (BF+DH) ; therefore R : cos. BC : : sin. AC : | (sin. AB+sin. ADV 




A.JS 



Cor. Hence, if the point B coincide with A, 
R : oos. BC : : sin. J3C : ^ sin. BD, that is, the radius is to the cosme di 
my arc as the sine of the arc is to half the sine of twice the arc ; or if any 
ires A, I sin. 2A=sin. A x cos. A, or sin. 2A=s2 sin. A x cos A. 

Thereiore also, sin. 2'=2' sin. 1' X cos. 1' : so that from the sine aici 
eosine of one minute the sine of 2' is found. 

Again, T, 2% 3', beine three such arcs that the' difference between the 
first and second is the same as between the second and third, R : cos. 1' :: 
■ia. 2^ : 1 (sin. I'-f sin. 3'), or sin. I' +sin. 3'a:2 cos. I'+sin. 2\aiid takiiif 
si^ 1' tram both, sin. 3'ss2 oos. I'xsm. 2'— sin. 1. • 

la like manner, sin. 4'sb2' cos. I'xsin. 3'— sin. 2, 
sin. 5'ss2' COS. Txsin. 4'— sin. 3, 
sin. G'r=2' COS. Txsin. 5'— sin. 4, &e. 

Thus a table containing the sines for erery minute of the quadrant nmy 
be computed ; and as the multiplier, cos. 1' remains always ihe same, tlw 
odcvliOion is easy. 

For computing the sines of arcs that differ by more than 1', the methoj 
itdiesame. Let A, A+B, A+2Bbe three sueb arcs, then, by this tbe* 
«mn, R : cos.B : : sin. (A-|-B) : } (stnu A-f sin. (A+2B)) ; and thereftsii 
ipakiskg the ladins L 
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At A+sin. (A+2B)»2 ccm. Bxsin. (A+B), 

or sin. {A+2B)mm2 cot. Bxsin. (A+B>^nii. A. 
' ^ moiiis of these the<Mreiiis, a table of the sines, aod consequently slot 
if the oosinesyof aics of aajrnunib^of degrees and minutes, from to9Qi 

iiajr bo constrocted. Then, because tan. A=3 . — '-—^ the table of tangents 

COS. A 

IS computed by diriding the sine of any arc by the cosine of the same ai!ik 
?nien the tangents hare been found in this manner as far as 45^, the tan* 
gsnts Ibrthe other half of the quadrant may be found more easily by an- 
sQwr nde. For the tangent or an arc above 45^ being the co-tangent of 
sn arc as much under 45^ ; and the radius being a mean proportional be- 
tween the tangent and co-tangent of any arc (1. Cor. def. 9), it follows. It 
die difference between sny arc and 45^ be called D, that tan. (45^— O) : 

1 : : 1 : tan. (450+D), so that tan. (450+D)«jjj-j^53^j. 

Lasdy, the secants are calculated from fCor. 2. def. 9.) where U ik 
shevm that the radius is a mean proportional between the cosine and tho 

secant of any arc, so that if Abe any arc, sec. As j-. 

COS. A 

The rersed sines are found by subtracting the cosines from the radius. 

9. The preceding Theorem is one of four, which, when arithmetically 
siqnressed, are frequently used in the application of trigonometiy to the so- 
lution of problems. 

1m9, If in the last Theorem, the arc ACsA, the arc BC=B, and the 
isfiiis ECsI, then AD=:A+B, and AB=sA— B ; and by what has jail 
baea demonstrated, 

i : COS. B : : sin. A : ^ sin. (A+B)+^ sin. (A— B), 

and therefore, 
sin. Axcos. Bsl sin. (A+B)-}-) (A— B). 
. iU^, Because BF, IK, DH are parallel, the straight lines BD and FH 
are cut proportionally, and therefore FH, the difference'of the straight lines 
FE and HE, is bisected in K ; and therefore, as was shewn in the last 
Theorem, K£ is half the sum of FE and HE, that is, of the cosines of the 
arcs AB and AD. But because of the similar triangles EGO, EKI, EC 
* EI : : 6E : EK ; now, GE is the cosine of AC, therefore, 
R : COS. BC : : COS. AC : ^ cos. AD+\ cos. AB, 
or 1 : eoB4 B : : cos. A : ^ cos. (A-|-B)-|-i cos. (A— B) ; 

and therefore, ' 
cos. Axcos. BsB^ COS. (A-t-B)-f4 cos. (A^B); 
3<to, Again, the trianales lOM, CEG are equiangular, for die angles 
KIM, EID iire equal, being each of them right angles, and therefore, talL« 
ing away the angle EIM* the angle DIM is equsl to the angle EIK, thai 
is, to the angle ECG ; and the angles DMI, CGE are also equal, hexts^ 
both right angles, and therefore the triangles IDM, CGE have the sides 
about iheir equal angles proportionals, and consequently, EC : CG : : DI 
; IM ; BOW, IM is half the difference of the cosines FE and EH, therefine, 
R : sin. AC : : sin. BC : } cos. AB^i cos. AD, 
or 1 : sin. A : : sin. B : } cos. (A— *B)r^ cos. (A+B) • 
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nn. kxm. B»^iM.^Ai-B)-^l em. (k+B). 
4«t, iiMrijr, in ^tm Mme^riMgiet £€G, DIM, fiC -. EGnz W c ]MI; 
9 DM U iMilf Um diiTar^noe of tiM «inM DH^uid Bfi, ^Kerafovs, 
R ; co«. AC : : «iii. BC : | sin. AD— 4 sin. AB, 
or 1 : COS. A : : siiL JB : | sin. (A+B)— ^ sin. tA+'B) ; 
ftiid tAcyrofoKo 
4m, AxoiB. Bm^^ MA. ( A+B)— i ain.' {A'^). 

0. Vi3iei[9f9T0 Ami B bo any two uc9 wli»|iiQ0T9r, th# ndwMv 



L sin. Ax cos B^Mn. (A+Bi+1 sin. (A— Bl 
n. C0S.AXC05* B=«lco«-(A— B)+; cos.?A+Bj . 
III. sin. Ax tin. B==Icos.(A- B)— • cos.(A+£i). 
lY. COS. A xm. B«B{«in. (A4-B)-* sin. <A B). 
From tlicise four Theorems are al^o. deduced other four. 
' For adding the first ai\d fourth together, 
iStL Axcos. B+CQS. Ax sin. Bssin. (A+B). 

Also, by taking ihe&urih'froiu the fi»t^ 
•in. Ax COS. B-*€OB. Ax sin. B=:sin. (A— B). 
Afoin, «ddi ng «he second oiid ibifd, 
008. Ax COS. B+sin. Axsin. B=scos. (A— B); 
Attd, iasily, suhtmeting the thinl from the second, 
COS. Ax-cae. B-*«in. Ax sin. B^boos.^A+B). 

7. Agiun, ^ce by the first <if the nbove iheorems, 
jdn. Ax coiJB*;^^ wn. ( A+ B)+i sin,(A-BVf A+B?=:S, und A^B^wiQt 

g I Q ^ S— D • S4-D 

then (Lent. 2.) A-s— - — , and B= — ^ — ; wherefore sin. T X con. 

S— D 

— — =J sin. S+J D. .But as S ajad D may be any a^r^iti w^atjSTor, to 

ipMwve the former notation, they may be called A and 'B, wfakii alao^oi* 

fvess«iiy arcs whatever: thus, 

At"B A"*B - , * . » • <>« 

am. '■ 1 X COS. ac^ sin. A+ J sinu B, or 

A • -^"l*^..- A— B * . . *• 

2 sm. — — • X COS. — 5 — cssin. A4»sin. B. 

In the same m<mner, from Theor. 2 is derired» 
A I o A— B 

2 COS. ' ^ X COS. — - — sscos. B+cos. A. Froip tl\e 3d, 

^ iin. -^ Xf in. -:^=acos. B-.cos. Ai lya* ftpm ^p #9l, 

«k A+o A<«^B . * • •* 

2 co$. .-I— x«n. -_««sin. k^m. B. 

In dl these Theorems, the arc B is supposed less than A* 

A. Theonns^f toe same «tnd with respect to the tangents of ares mvf 
bo deduced from the precedic^. Seeauso the tangMit of nay arc is equal 
tothe sine of the;aro divided l^rilncoaine. 



Digitized 



by Google 



PLANE TRIGONOMETRY. 830 

tin. (A+B)ai ""' LT. w But k lias just iieen shewn, that 

ML (A+B)rsssiii. Ax COS. B+cos. Ax sin. B, and that 

COS. (A4-B)sco8. Axcos. B— sin. Axsin. B ; thererore, tan. (A+B) w 

iin> Ax cos. B+cos. Axsin. B ,,.... . •u.u . jj 

. ^ 5 : — I : — -Tr» ^^d dividing DOth the numerator and dano- 

cos. Axcos. B— sin. Axsin. B ^. 

■inatmrorthis fraction hy COS. Axcos. B,tan.(A+B)= '^^"'^'^^"' ^ . 
•' t V I / J tan. Axian. B 

t ft. .. J A T%% 'tan. A tan. B 

In hke manner, tan. (A— B)^--; r ^. 

^ ' 1+tan. Axtan. B 

9. If the Theorem demonstrated in Prop. 3, be expressed in the sama 
manner with those above, it gives 

sin. A-f sin. B _ tan. ^ (A + B) 

ain. A — sin. B "" tan. \ (A— Bi' 
jQao by Cor. 1, to the 3d, 

TOa. A+cos. B _ cot. |( A+B) 

COS. A— COS. B "■ tan. \ (A— B)' 
Aid \v§ Ooc .2, ta tfaa same proposition, 

iria. A+Bin. B tan. ^ (A+B) . « . , j # 

aoa. A+eoa. B ^ Yi ^^ ^ '"'^ ** *** wsf^Wk^ a«T« 

an. A+rai. B ^ v , » , t»\ 

10. In all the preceding Theorems, R, the cadios, is supposed »l, W 
eioae in this way the propositions are moat concisely expressed, andiaiia 
tlao most readily applied to trigonometrical circulation. But if it be re- 
quired to enunciate any of them geometrically, the multiplier R, which 
has disappeared, by being made = 1, must be restored, and it will always 
be evident from inspection in what terms this multiplier is wanting. Thus, 
Theor. 1,2 sin.Axcos. B=sin. (A+B)+sin. (A— B),i8 a true proposition, 
taken arithmetically ; but tak^n geometrically, is absurd, unless we sup* 
pfyliie radiM as a millttplier of the terms on the right hand of the sine of 
equality. It then becomes 2 sin. Axcos. B=R(8in. (A+B)+sin. (A— B)); 
or twice the rectangle under the sine of A, and the cosine of B equal to.tjita 
reelangle under thd radius, and the sum of the sines of A+B and A— B* 

In general, the number of Ivmot muUipUers^ that if, of lines whose nmrn^ 
tkoA values are muhipiied together, must be the same in every term, other- 
wise we wifi compare unlike magnitudes with one another. 

The prapnaitions in this section are useful in many of the higher branches 
af the Mathomatica, and are the foundation oif what ia called the Afithmrtk 
Sv vMsa. 
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ELEMENTS 



OP 



SPHERICAL 

TRIGONOMETRY. 



PROP. I. 



If a sphere heeuthy a plane through theeentre^ the section is a eiretef hmnngthe 
same centre with the sphere, and equal to the circle by the revohuian of which 
the sphere was described. 

For all the straight lines drawn from the centre to the superficies of the 
sphere are equal to the radius of the generating semicircle, (Def. 7. 3. 
mp.). Therefore the common section of the spherical superficies, and of 
a plane passing through its centre, is a line, lying in one plane, and hav^ 
ing all its points equally distant from the centre of the sphere ; therefore il 
is the circumference of a circle (Def. 11.1.), having for its centre the cen« 
tre of the sphere, and for its radius the radius of the sphere, that is, of the 
semicircle by which the sphere has been described, it is equal, therefofe, 
to the circle of which that semicircle was a*part 



DEFINITIONS. 



1 . Ant circle, which is a section of a sphere by a plane through its centre, 
is called a great circle of the sphere. 

Cor. All great circles of a sphere ^re equal ; and any two of them bised 
one another. 

They are all equal, having all the same radii, as ha^ iust been shewn ; and 
any two of them bisect one another, for as they have the same centr«» 
their common section is a diameter of both, and therefore bisects both. 

2. The pole of a great circle of a sphere is a point in the superficies of th^^ 
sphere, from which all strai ^ht lines drawn to the circumference of the 
circle are equal. 

3. A spherical angle is an angle on the superficies of a sphere^ contained 
by the arcs of two ^eat circles which intersect one another ; and is ibm 
same with the inclination of the planes of these great circles 
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*<* A spllerieal triaii|^e is a figme, upon the 8iq>erficie8 of a tpliere, oom- 
pnbeiidedby throe aico of threo groat circles, oacU of which is less thaa 
% somicircle. 

PROP. II. 

lit mre of a great eirete^ between the pole and the circumferenee of another 
great circle^ u a quadrant. 

Lei i BC be a great circle, and D its pole ; if DC, an arc of a great 
«drele, pass throng D, and meet ABC in U, the arc DC is a quadrant. 
Let the circle, of which CD is an arc, meet ABC again in A, and let 

^C be the common section of the planes 
'^ these great circles, which will pass 
^Vhnnigh £, the centre of the sphero : Join 

DA, DC. Because ADaDC, (Def. 2.), 
Slid equal straight lines, in the same cir- 
<^e;e«t off equal arcs (28. 3.), the arc AD 

SB the are I>C ; but ADC is a semicircle, 
therefore the arcs AD, DC are each of 
them quadrants. 

Com. 1. If DE be drawn, the angle AED is a right angle ; and DE 
Iwiiig therefore at right angles to every line it meets with in the plane ol 
tHe ciicla ABC, is at riglu angles to that plane (4. 2. Sup.). Therefore 
the straight line drawn from the pole of any great circle to the centre of the 
sphere is at right -angles to the plane of that circle; and, conversely, a 
straight line drawn from the centre of the sphere perpendicular to the plane 
^if ttkj greater circle, meets the superficies of the sphero in the pole of that 
^irole. 

Cor. 2. The circle ABC has two poles, one on each side of its plane, 
-which are the extremities of a diameter of the sphere perpendicular to the 
][dane ABC ; and no other points but these two can be poles of the circle 
ABC. 

PROP. IIL 

Jf the note of a great cirde he the eame with the intersection of other two gf eat 
circles : the are ^the first mentioned circle .intercepted between the other 
too, is the measure of the spherical angle toAtcA the same two circles make 
with one another. 

Lot die great circles B A, CA on the superficies 
of a ^here, of which the centre is D, intersect one 
smother in A, and let BC be an arc of another great 
«irde, of which the pole is A ; BC is the measure 
«f the spherical angle BAC. 

Join AD, DB, DC ; since A is the pole of BC, 

AB, AC are quadrants (2.),- and the angles ADB, 

ADC are right angles : therefore (4. def. 2. Sup.), 

he angle CDB is the inclination of the planes of 

31 
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ctw oiroles AB, AC, and it ^dcf. 8.) equal to the apiierleal angle 8AC^ 
bat the are BC measlures the angie BDC, therefore h akio meamiim |he. 
spherical angle BAG.* 

CoR. If two arcs of great circles, AB und AC, which intersect one an- 
o4i<9r in A« (>e each of them quadrants, A will be the pqle of the gr^at eir- 
eld which passes through ^ and G the extremities of those arcs. For 
since the arcs AB and AC are quadrants, the angles ADB, ADC are right 
angles, and AD is therefore perpendicular to the plape BDG,thi^ is.iplhe 
plane of the great circle which passes through B and C. The point A i* 
tlMreiore (I. Cor. 2.) the pole of the great circle whioh psiases through B 
and C. 

PROP. IV. 

If ike phnes'of two gfat circles of a sphere be at right angles ia cm at^th0\ 
the eircufr^ence of each of the circles ptisses through the poles ef lAi 
other ; and if the eireumferenee of one great cirok pass through the pplas 
of another ^ the pUmes of these cir^iles are at right qr^s- 

Let ACBD, AEBF be two great circles, the planes of which are right 
angles to one another, the poles of the circle AEBF are in the oircumference 
ACBD, and the poles of the circle ACBD in the circumference AEBF. 

From G the centre of the sphere, draw GC in the plane ACBD perpen- 
dicular to AB. Then because GC in the plane ACBD, at right angtos 
to the plane AEBF, is at right angles 
to the common section of the two 
(danes, it is (Def. 2. 2. Sup.) also at 
right angles to the plane AEBF, and 
therefore (1. Cor. 2.) C is the pole of 
the circle AEBF ; and if CG be pro- 
duced in D, D is the other pole of the 
circle AEBF. 

In the same manner, by drawing 
GE in the plane AEBF, perpendicu- 
lar to AB, and producing it to F, it has 
shewn that E and F are the poles of 
the circle ACBD. Therefore, the 
poles of each of these circles are in 
the circumference of the other. 

Again, If C be. one of the poles of the circle AEBF, the great circie 
ACBD which passes through C, is at right angles to the circle AEBF. 
For. CG being drawn from the pole to the centre of the circle AEBF, is 
at right angles (1. Cor. 2.) to the plane of that circle ; and therefore, erery 
plant* passing through CG (17. 2. Sup.) is at right angles to the plsne 
AEBF ; now, the plane ACBD passes through CG. 

CoR. 1. If of two great circles, the first passes through the poles of .^ 

• Whenmanyi«fei«mMiipiqMitioaia«BMleoraBook,«rortlwPb&eT 
Sotier'ail Tnfonometfy is mMuH. 
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itMiidi Ibe •eooai alio pMtea thiODi^ the pol«M of the first For, if 4m 
ftH p i > » ee thiuQgh the poiee of the second, the plane of the firet mutt bo 
It right angles to the plane of the aocond, hv the second pvt of this pn^fM^ 
sition ; and therefore, by the first part of it, the circumference of each 
passes through the poles of the pther. 

Cor. 2. All greater circles that hare a common diameter have theii 
poles in the circumference of a circle, the plane of which is perpendiculai 
tslbildisaietor. 



PROP. V. 
§m iss j osfa # spkeriemi HiangUs $k$ angUt of the base are equeL 

Let ABC bo a spherical triangle, haying the side AB equal to the side 
4C; tho spherical angles ABC and ACB are equal. 

Let C be the centre of the sphere ; join 
DB, OC, DA, and from A on the straight 
lines Di^^ DC, draw the perpendiculars AE, 
AF ; and from the points £ and F draw in 
the pUne DBC the straight lines EG, FG 
perpendieular to DB and DC, meeting one 
another in G : Join AG. 

Because DE is at right angles to each oi 
Ae strai^t lines AE, EG, it is at right angles 
to the plane AEG, which passes through 
AE, EG (4. 2. Sup.) ; and therefore, every 

plane that passes through DE is at right angles to the plane AEG (17. 2. 
Sup.); wherefore, the plane DBC is at right angles to the plane AECk 
For the same reason, the plane DBC is at right angles to the plane AFG, 
and therefore AG, the common section of the planes AFG, AEG is at 
right angles (18. 2. Sup.) to the plane DBC, and the angles AGE, AGF 
are consequently right angles. 

But since the arc A B is equal to the arc AC, the angle ADB is equal 
to the angle ADC. Therefore the triangles ADE, ADF, have the angles 
EDA, FDA, equal, as also the angles AED, AFD, which are right an- 
gles ; and they have the side AD common, therefore the other sides are 
equal, vii. AE lo AF(26. 1.), and DE to DF. Again, because the angles 
AGE, AGF are right angles, the squares on AG and GE are equal to the 
square of AE ; and the squares of AG and GF to the square of AF. But 
the squares of AE and AF are equal, tliereforo the squares of AG and GE 
are equal to the squares of AG and GF, and taking away the common 
square of AG, the remaining squares of GE and GF are equal, and GE is 
therefoie equal to GF. Wherefore, in the triangles AFG, AEG, the side 
GF is equal to the side GE, and AF has been proved to be equal to AE, 
Swl the base AG is oonunon ; therefore, the angle AFG is equal to the 
angle AEG (8. 1.). But the angle AFG is the angle which the piano 
ADC makes with the plane DBC (4. def. 2. Sup.), because FA and FG, 
which are drawn in these planes, are at right angles to DF, the common 
section of the planes. The angle AFG (3. def.) is therefore equal to the 
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•pheneal angle ACB ; and, for tbe Mine remson, the angle AEG m equal 
to tbe aplierical angle ABC' But the angles AFG, AEG are eqoal 
Therefoie the epherical angles ACB, ABC are also eqmL 

PROP. VI. 
I/ih$ angles at the hast rfa^^hmealinangU he eqtud^ ike trtmigUUuos 

Let ABC be a spherical triangle haying the angles ABC, ACB equal 
to one another ; the sides AC and AB are also equal. 

Let D be the centre of the sphere ; join DB, DC, DA, and from A on 
the straight Ikies DB, DC, draw the perpendiculars AE, AF ; and from 
the points E and F, draw in the plane DBC 
the straight lines EG, FG perpendicular to 
DB and DC, meeting one i||K>ther in G ; 
join AG. 

Then, it may be prored, as was done in 
the last proposition, that AG is at right an- 
gles to the plane BCD, and that therefore 
the angles AGF, AGE are right angles, and 
also that the angles AFG, AEG are equal 
to the angles which the planes DAC, DAB 
make with the plane DBC. But because ^ 

the spherical angles ACB, ABC are equal, the angles which the planea 
DAC, DAB make with the plane DBC are equal (3. defA, and therefore 
the angles AFG, AEG are also equal. The triangles AGE, AGF have 
therefore two angles of the one equal to two angles of the other, and thej 
hare also the side AG common, wherefore they are equal, and the side AF 
is equal to the side AE. 

Again, because the triangles ADF, ADE are right angled at F and EI,, 
the squares of DF and FA are equal to the square of DA, that is, to the 
squares of DE and DA ; now, the square of AF is equal to the square of 
AB, therefore the square of DF is equal to the square of DE, and the side 
DF to the side DE; Therefore, in the triangles DAF, DAE, because DF. 
is equal to DE and DA common, and also AF equal to AE, the ang)« 
ADF is equal to the angle ADE ; therefore also the arcs AC and AB» 
which are the measures of the angles ADF» and ADE, are equal toone. 
another ; and the triangle ABC ia isosceles. 



PROP. VIL 

Aiijr tw9 sides of a spkerieai triimgU are greater than file l&KrdL 

Let ABC be a spherieal triangle, any two sides AB^BC aire greater Omb 
IM third side AC. 
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liet D be ibe cantn of tfa« sphere; 
jfolii pA» 06, DC. 

The solid sngle st D is cootained bf 
three jdane angles ADD, ADC, BDC ; 
any two of which, ADB, BDC are 
greater (20. 2. Sup.) than the third 
ADC ;» and therefore any two of the 
arcs AB, AC, BC, which measure 
Aese angles, as AB and BC mint also 
be grwaar than the third AC. 

PROP. VIII. 

J%e d^ree sties of a spherioai triamgle art less than the esrcumfereme sf m 

great drde. 

Let ABC be a spherical triangle ss before, the three sides AB, BC, AC 
me less than the circumference of a great circle. 

Let D be the centre of the sphere : The solid angle at D is contained 
by three plane angles BDA, BDC, ADC, which togetlier are less than 
war right sngles (21. 2. Sup.) therefore the sides AB, BC, AC, which srs 
the measures of these angles, are together less than four quadrants describ- 
ed with the radius AD, that is, than the circumference of a great circle. 

PROP. IX. 

h m spkerieed iriang^ the greaier angle is eppasks is ihegreaiet sUsramd 

eanversely. 

Let ABC be a spherical triangle, the greater an^e A is opposed to the 
gieater side BC. 

Let the angle BAD be made equal a 

Isthe angle B, and then BD, DA will 
Is eqoal (6.), and therefore AD, DC 
Sis equal to BC ; but AD, DC are 
greater than AC (7.), therefore BC is 
greats than AC, that is, the greater 
angle A is opposite to the greater side 
BC. The converse is demonstrated as 
Flop. 19. 1. Elem. 

PROP. X. 

JLsoordimg as the sum eftuw of the sides of a sphsrieai triangle^ is greater than 
a iemicirdef equal to it^ or less^ each of the interior angles at the base is greater 

^ than the ea^terior and opposite angle at the base^ equal toit^ or less ; and also 
the sum of the two interior angles at the base greater than two right angles^ 
Sfual to two right angles^ or less than two right angles. 

3 et ABC be a 8{^erical triangle, of whaeh the sides are AB and BC , 
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l»iodfice any of the two sides as AB, and the bal« AC, till they ikieet agmb 
u D ; then, the arc ABD is a semicircle, and the spherical an^leit at A 
and D are equal, because each of tlMm k the inclination of the circle ABD 
lo the circle ACD. ' 

1. If AB, BC be equal to a 
semicircle, that is, to AD, BC will 
!• il)ual to BD, and therefore (5.) 
the single jD, or the angle A, will 
be equal te the angle BCD, that 
is, the interior angle at the base 
equal to the exterior and oppo- 
site. 

2. If AB, BC together be greater than a semicircle, that is, greater thall 
ABD, BC will be greater than BD ; and therefore (9.), the angle D, that 
B, the angle A, is greater than the an^e BCD. 

3. In the same manner it is shewn, if AB, BC together be less than a 
ieaucircle, that Uie an^e A is less than the angle BCD. 

Now, since the angles BCD, BCA are equal to two right angles* if tliM 
angle A be greater than BCD, A and ACB together will be gr^t^r than 
two right angles. If A be equal to BCD, A and ACB together* will b« 
•qua] to two right angles ; and if A be less than BCD, A iknd ACB will 
be leas than two right ai^slea^ 

PROP. XI. 

If the angular pomts of a spherical triangle he made the poles of three greai 
mrektiikese tkrm eireles ij their itUerseetUms willfprm a tHangk^ whi^k 
is said to he supplemental to the formers and the two triangles are such, 
that the sides of the one are the supplements of the ares which measure the 
^mgleS 0fik^ Hh^, 

Let ABC be a spherical triangle ; and from the points A, B, and C as 
poles, let the great circles FE, ED, DF be described, intersecting one an- 
other in F, D and £ ; the sides of the triangle FED are the supplement of 
the measures of the angles A, B, C, viz. FE df the angle BAC* DE of tte 
angle ABC, knA DF of the angle ACB : And again, AC is the supptemeat 
of the angle 1)FE, AB of the angle FED, and BC of the angle EDF 

Let AB podnced meet DE, EF in G, M ; 
\6i AC meet PD, FE in K, L ; and let BO 
meet FD, DE in N, H. 

Since A is the pole of FE, and the circle 
AC passes through A, EF will pass through 
the pole of AC (1. Cor. 4.) and since AC 
passes through C, the pole of FD, FD will 
pass through the pole of AC ; therefore the 
|>o!e of AC is in the point F, in which the 
arcs DF, EF intersect each other. In the 
same manner, D is the pole of BC, and E 
;he pole of AB. 

And aince F,E are Ihe p<rfes of kU AM, the arcsTL and BM (2.) in 
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qsadnmU, mA FL« £M tog^ther^ that it, FE and ML together, are equa^ 
Id a^aemkircla. Bui aiiiee A ie the pole of ML, ML is the measure of the 
aarie BAG (3.), eonsequentlj F£ is the supplemeat of the measure ol the 
a^le BAG. In the same manner, £D, DF are the supplemenu oi' th» 
measuree of the angles ABG, BGA. 

Since likewise CN, BH are quadrants, GN and BH together, that is, 
Nil and BG together, are equal to a semicircle ; and since D is the polo ol 
Nllt NH is the measure of the ancie FOE, therefore the measure of the 
angle FDE is the supplement of the side BG. In the same manner, it is 
diewn thai the measures of the angles DEF, £FD are the supplements 
of the sides AB, AG in the triangle ABG. 

PROP. XII. 

Tke three angles of a spherical triangle are greater than two, and less than sta 

tight angles. 

The measure of the angles A, B, G, in the triangle ABG,^ together with 
tike three sides of the supplemental triangle DEF, are (11.) equal to three 
semicircles ; but the three sides of the triangle FDE, are (8.) le»s than two 
semicircles ; therefore the measures of the angles A, B, G, are greater than 
t semicircle ; and hence the angles A, B, G are ^eater than two riglu 
sngles. 

And because the interior angles of any triangle, together with the exte- 
rior, are equal to six right angles, the interior Jone are less than six right 



PROP. XIIL 

(fto the cirewarferenee ef a great circle, from a point in the suffaee of the spUre, 
which i$ not the pole of that circle, arcs of great circles be drawn ; the greatest 
f these arcs is that which passes through the pole of the first-mentioned cir* 
de, and the sftpplement of it is the least ; and of the other arcs, that which is 
nearer to the greatest is greater than that which is mare remoU. 

Let ADB be the circumference of a great circle, of which the polo is H, 
«nd let C be any other point ; through G and H let the semicircle AGB be 
drawn meeting the circle ADB in A and B ; and let the arcs CD, CE, CF 
also be described. From G draw GO perpendicular to AB, and then, be- 
cause the circle AHGB which passes 
through H, the pole of the circle ADB, 
is at right angles to ADB, GG is per- 
pendicular to the plane ADB. Join 
GD, GE, OF, GA, CD, GE, CF, GB. 

Because AB is the diameter of the 
circle ADB, and G a point in it, which 
is not the centre, (for the centre is ir 
die point where the perpendicular from 
H meets A B), therefore AG, the part 
of the diameter in which the centre is 
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it the greatest (7. 3.), mnd GB the least of all the straight lines that ean be 
drawn from G to the cireumference ; and GO, which is nearer to AB, is 
gieater than G£, which is more remote. But the triangles CGA, CGD 
are right angled at G, and therefore kC*miX&+GC\ and BC?^DC^+ 
GC«; but AGa+GCVD<5*+GC2; because AG7DG; therefore AC« 
/DC, and AC7DC. And because the chord AC is greater than the 
chord DC, the arc AC is greater than the arc DC. In the same manner, 
since GD is greater than G£, and G£ than GF, it is shevm that CD is 
greater than C£, and C£ than CF. Wherefore also the arc CD is greater 
than the arc C£, and the arc G£ greater than the arc CF, and CF than 
CB, that is, of all the arcs of greater' circles drawn from C to the circum- 
ference of the circle ADB, AC which passes through the pole'H, is the 
greatest, and CB ita supplsment is the least ; and of Ske others, that which 
is nearer to AC the greatest, is greater than that which is more remote. 



PROP. XIV. 

h a right angled spherical triangle^ the sides eontaimng the right angle etre o, 
thesame affet^tian with the angles opposite to them^ that is^ if the sides be 
greater or less than quadrants, the opposite angles wUl be greater or less than 
right angles, and conversely. 

uei ABC be a spherical triangle, right angled at A, any side AB wiH 
be of the same affection with the o[qposite angle ACB. 

Produce the arcs AC, AB, till they meet again in D, and bisect AD in 
£. Then ACD, ABD are semicircles, and A£ an arc of 90<>. Also, be- 
cause CAB is by hypothesis a right angle, the plane of the circle ABD is 
perpendicular to the plane of the 

circle ACD, so that the pde of ^ 

ACD is in ABD, (1. Cor. 4.), ^ 

and is therefore the point E. • Let ^ 

EC be an arc of a great circle 
passing through E and C. 

Then because E is the pole of 
the circle ACD, EC is a (2.) 
quadrant, and the plane of the 
circle EC (4.) is at right angles 
to the plane of the circle ACD, 
that is, the spherical angle ACE 
is a right angle ; and therefore, 
when AB is less than AE, the 
angle ACB, being less than 
ACE, is less than a right angle. 
But when AB is greater than 
AE, the angle ACB is greater 
than ACE, or than a right an- 
gle. In the same way may the 
oonvorae be demonstrated. 
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PROP. XV. 

IfUmUmMu^a right attgied spkerieal triangle about the right angle beet 
the same e^eetimi^ tSehwpotenuse wiU be less thotn a quadrant ; and if they be 
efdijferent afeetien^ the hypotenuse wiU be greater than a quadrant. 

Let ABC be a right angled spherical triangle ; according aa the two 
M'm AB, AC are of the same or of different affection, the hypotenuse BC 
Will be less, or greater than a quadrant. 

llie construction of the last proposition remaining, bisect the semicircle 
ACD in G« then AG will be an arc of 90<', and G will be the pde of the 
circle ABD. 

1. Let AB, AC be each less than 90^. Then, because C is a point on 
die surface of the sphere, which is not the pole of the circle ABD, the arc 
CGD, which passes through G the pole of ABD is greater than C£ (13.), 
^d C£ greater than CB. But Cfl is a quadrant, as was before shewn, 
therefore CB is less than a quadrant Thus also it is proved of the right 
ini^ed triangle CDB, (right angled at D), in which each of the sides CD, 
DB is greater than a quadrant, that the hypotenuse BC is less than a 
quadrant 

2. Let AC be less, and AB greater than 9(P. Then because CB falls 
Iwtween CGD and C£, it is greater (12.) than CE, that is, than a quad- 



. Coft. 1. Hence eonyersely, if the h^rpotennse of a right angled triangle 
be greater or less than a qua^ant, the sides will be of d^erent or the same 
affection. 

Cor. 2. Since (14.) the oblique angles of a right angled spherical trian- 
^ jaye the same affection with the opposite sides, therefore, according as 
the hypotenuse is greater or less than a quadrant, the oblique angles will 
be different, or of the same affection. 

Cor. 3. Because the sides are of the same affection with the opposite 
vugles, therefore when an angle and the side adjacent are of the same affeo 
Hon, the hypotenuse is less than a quadrant : and conversely. 

PROP. XVL 

fit any spherieai tria$igle^ if the perpendicular upon the base from the oppostH 
angle fall within the triangle j the angles at the base are of the same affectum; 
and if the perpendieulmrjall without the triangle ^ the angles at the base are oj 
different affection, 

let ABC be a spherical triangle, and let the arc CD be drawn from C 
serpettdicular to the base AB. 

\. Let CD fall srithin the triangle ; then, since ADC, BDC are rigfal 

angled spherical triangles, the angles A, B must each be of the same affec* 

tkm with CD (H.). 

32 
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3 Let CD fall without the triangle ; then (14.) the angle fi id of fM 
Mune affection with CD ; and the angle CAD is of the same affection with 
CD; therefore the angto CAD and B are of the same affection, and thlb 
angle CAB and B are therefore of different affections. 

(*0R. Hence, if th* angles A and B be of the same affection, the per- 
pendicular wiU fall within the base ; for if it did not, A and B would be ci 
different affection. And if the angles A and B be of different affection, 
Che perpendicular will fall without the triangle ; for, if it did not, the anglet 
4 and B would be of the same affection, contrary to the supposition. 



PROP. XVII. 

tfto the base of a spherical triangle a perpendicular he draienfram the appont9 
angle^ which either falls within the triangle, or is the nearest of the two lAcf^ 
fall without ; the least of the segments of the base Is adjacent to the least ef 
the sides of the triangle^ or to the greatest^ aeCttrding as the sum of the Meg 
is less or greater than a seimcircle. 

Let AB£F be a great circle of a sphere, H its pole, and GHD any cir- 
cle passing through H, which therefore is perpendicular to the eifd* 
A6£F. Let A and B be two points in the circle AB£F, on oppcttilt 
sides of the point D, and let D be nearer 
to A than to B, and let C be any point 
in the circle GHD between H and D. 
Through the poinU A and C, B and C» 
let the arcs AC and BC be drawn, and 
let them be produced till they meet the 
circle ABEF in the points E arid F, 
then the arcs ACE, BCF are semicir- 
cles. Also ACB, ACP, CFE, ECB, 
are four spherical triangles continued 
hy arcs of the same circles, and having 
the same perpendiculars CD and CG. 

i . Now because CE is nearer to the arc CHO tlan CB is, CE is kw^»Mr 
than CA, and therefore CE and CA are greater than CB and CA, where 
fore CB and CA are less than a semicircle ; but because AD is by sup 
oosition less than DB, AC is also less than CB (13.), and therefore in flS» 
ease, viz. when the perpendicular falls withm the triangle, and when ih» 
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mxA of tbe ddes is len than a semicircle, tbe least segnieDt isadjaeen* to the 
least side. 

i. Again, in the Crianf lo FCA the two sides FC and C A are less than 
a semicircle ; for since AC is less than CB, AC and OF are less than BG 
Md CF. Also, AC is less than CF, because it is more remote from CHG 
Aau CF is ; therefore in tliis case also, viz. when the perpendicular falls 
wkhout the triangle, and when the sum of the sides is less than a semicir- 
tie, the least segment of the base AD is adjacent to the least side. 

& But in the triangle FC£ the two sides FC and C£ are greater than 
a semicirole ; for, since FC is greater than CA, FC and C£ are greater 
^an AC and CE. And because AC is less than CB, £C is greater than 
CF, and^ EC is therefore nearer to the perpendicular CHG )han CF is, 
wherefore EG is the least segment of the base, and is adjacent to the 
greater side. 

4. In the triangle ECB the two sides EC, CB are greater than a semi 
aiicle ; for, since by supposition CB is greater than CA, EC and CB are 
neater than EC and CA. Also, EC is greater than CB, wherefore in 
mis case, also, the least segment of the base EG is adjacent to the greatest 
aide of the triangle. Therefore, when the sum of the sides is greater than 
a semicircle, the least segment of the base is adjacent to the greatest side, 
whether the perpendicular fall within or without the triangle : and it has 
bosB shewn, that when the sum of the sides is less than a semicircle, the 
Isaai segmeni of the base is adjacent to the least of the sides, whether th* 
perpendicular fall within or without the triangle. 

PROP. XVIII. 

jfi Hgki angled spherical triangles^ the sine of either oftlte sides about the ftgm 
angk^is to the radius of the sphere ^ as the tangent of the remaining Ms iS 
fa the tangent of the angle opposite to that side. 

Let AfiC be a triangle, having the right angle at A ; and let AB h€ 
either of the sides, the sine of the side AB will be to the radius, as the tan* 
gent of the other side AC to the tangent of the angle ABC, opposite to AC. 
Let D be the centre of the sphere ; join AD, BD, CD, and let AF be drawn 
aerpendicular to BD, which the(|}fore will be the sine of the arc AB, and 
from the point F, let there be drawn in the plane BDC the straight line 
Pfi at right an^es to BD, meeting DC in 
E| and let A E be joined. Since therefore 
the straight line DB is at right angles to 
both FA and FE, it will also be at right 
angles to the plane AEF (4. 2. Bup.) j 
wherefore the plane ABD, which passes 
through DF, is perpendicidar to the plane 
AEF (17. 2. Sup.), and the plane AEF 
perpendicular to ABD : But the plane 
ACD or AED, is also perpendicular to 
the aame ABD, because the spherical an- 

£BAC is a right angle . Therefore AE, 
common section of the planes AED, 




Digitized 



by Google 



iW SPHERICAL TRIGONOMETRY 

AEF, it at right Mi|l6s to the pUne ABD (18. 3. Siip.)» and EAP, EAD 
are right angles. Therefore A£ is the tangent of the arc AC ; and m the 
rectilineal triangle AEF, having a right angle at A, AF is to the radiue as 
AE to the tangent of the angle AFE (1. PI. Tr.) ; but AF is the sine oi 
the arc AB, and AE the tengent of the arc AC ; and the angle AFE is 
the inclination of the planes CBD, ABD (4. def. 2. Siip.)f or is equal to the 
nherical angle ABC : Therefore the sine of the arc AB is to the radius ae 
me tangent of the arc AC to the tangent of the opposite angle ABC. 

Coa. Since by this proposition, sin. AB : R : : tan. AC : tan. ABC ; 
and because R : cot. ABC : : tan. ABC : R (1 Cor. def. 9. PL Tr.) by 
equally, sin. AB : cot ABC : : tan. AC : R. 

PROP. XIX. 

In right mighd spherical triangles the sine of the hypotenuse tstothe radius as 
the sine of either side is to the sine of the angle opposite to that side. 

Let the triangle ABC be right angled at A, and let AC be either of the 
sides ; the sine of the hypotenuse BC will be to the radius as the sine of 
die arc AC is to the sine of the an^e ABC. 

Let D be the centre of the sphere, and let CE be drawn perpendicular 
to DB, which will therefore be the sine of the hypotenuse BC ; and fipom 
the point E let there be drawn in the 
plane ABD the straight line £F per- 
pendicular to DB,and Ut CF be joined ; 
then CF will be at right angles to the 
|4ane ABD, because as was shewn of 
£A in the preceding proposition, it is 
the common section of two planes DCF, 
ECF, each perpendicular to the plane 
ADB. Wherefore CFD, CFE are right 
angles, and CF is the sine of the arc 

AC ; and in the triangle CFE having ^ 

the right angle CFE, CE is to the ra^us, as CF to the sine of the angle 
CEF (1. PI. Tr.). But, since CE, FE aje at right angles to DEB, which 
is the common section of the planes CBD, ABD, the angle CEF is equal 
to the inclination of these planes (4. def. 2. Sup.), that is, to the spherical 
angle ABC. Therefore the sine of the hypotenuse CB, is to the radius, as 
the sine of the side AC to the sine of the opposite angle ABO 

PROP. XX. 

In right angled spherical triangles^ the cosine of the hypotenuse ts to the radius 
as the cotangent of either tjthe angles tstothe tangent of the remaimng 
angle. 

Let ABC be a ^erical triangle, having a right angle at A, the ooeiue 
of the hypotenuse BC is to the radios as lie cotangent of the angle ABC 
to the tsiigent of the angle ACB 
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OeMfibe the circle D£, of which. D is the pole, and let it meet AC io 
f Mid the circle BC in £ ; and siiice the circle BD pases through the 




pole B, of the circle DF, DF must pass through the pole of BD (4.). An 
since AC is perpendicular to BD, the plane of the circle AC is perpendi. 
ealar to the plane of the circle BAD, and therefore AC most also (4.) pass 
through the pole of BAD ; wherefore, the pole of the circle BAD is in the 
point F, where the circles AC, DE, intersect The arcs FA, FD are 
therefore quadrants, and likewise the arcs BD, BE. Therefore, in the tri* 
mif^e CEF, right angled at the point E, CE is the complement of BC, the 
hypotenuse of the triangle ABC ; EF is the complement of the arc ED, 
die measure of the angle ABC, and FC, the hypotenuse of the triangle 
CEF, is the complement of AC, and the arc AD, which is the measure of 
the anf^e CFE, is the complement of AB. 

But?18.) in the triangle CEF, sin. CE : R : : tan. EF : tan. ECF, thai 
is, in the triangle ACB, cos« BC : R : : cot. ABC : tan. ACB. 

Con. Because cos. BC : R : : cot. ABC : tan. ACB, and (Cor. 1. def. 9. 
PI. Tr.) cot ABC } R : : R : Un. ABC, ex aequo, cot ACB :cos.BC :: R 
: cot ABC. 

PROP. XXI. 

JmffgkimighdspherieaitrkmgUSf the easine of an angU is toUteradiut as tk$ 
tmi^md of ik$ side adjacmt to tJuAangUis to the tangent of ike hypo , 

The same construction remaining ; In the triangle CEF, sin. FE : R : . 
tan.CE:tan.CFE(18.): butsin.£F=cos. ABC; tan.CEsscot BC,anil 
tan. CFEsscot AB, therefore cos. ABC : R : : cot BC : cot AB. Now 
because (Cor. 1. def. 9. PI. Tr.) cot BC : R : : R : tan. BC, and cot AB : 
R : : R : tan. AB, by equality inrerscly, cot BC : cot AB : tan. AB': 
BC; Aorefore (11. 5.) coe. ABC : R : : Un. AB : tan. BC. 

GoK. 1 . From the demonstration it is manifest, that the tangentt of any 
two ares AB, BC are reciprocally proportional to their eoUngents. 
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Cor. 2 Because cos. ABC : R : : tan. AB : tan. BC, and R : cos. BC : : 
tan. BC : R, by equality, cos. ABC : cot. BC : ; iam, AB : R. That is, tim 
cosine of any of the oblique angles is to the cptangent of the hypotenusey 
as tha tungent of the side adjacent to the %ngle is to the radius. 

PROP. XXII. 

h right angled spheneul triangles, the cosine of either of the sides is to the rth 
diuSf as the cosine of the hypotenuse is to the cosine of the other side* 

The same construction remaining : In the triangle CEF, sin. CF : R : : 
•in. CG : sin. CFE (19.) ; but sin- CF=cos. CA, sin. C£=rcos. BC, ^nd 
■in. CF£=sCQS. AB ; therefore cos. CA : R : : cos. BC : cos. AB. 



PROP. XXIII. 

fit rtghi angled spherical triangles, the cosine of either of the sides is to the ra- 
dius, as the cosine of the aiigle opposite to that side is to the sine of the other 
angle. 

The same constmetion remaining : In the triangle CEF, sin. CF : R ; t 
•in. EF : sin. ECF (19.); but sin. CF=co8. CA,sin. EF=cos. ABC, and 
sin. ECFsssin. BCA : therefore, cos. CA : R : : cos. ABC : sin. BCA. 



PROP. XXIV. 

/b ftpherieal trimnfjUs, whether right angled or obHtim angled* the sines of fk$ 
■ sides are proporHonal to the sines of the angles opposite io thorn. 

First, lei ABC be a right angled triaiigl$« having a right angle at A ; 
kerefomOS-i ^^ •"» ^ ^^ hypotenuse BC it to the radius, (or. the sipr 
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Hf tli0 right mgle at A)» as the sine of 
Ills side AC to the sine of the angW B. 
And, in like manner, the sine of BC is 
to the sine of the angie A, as the sine 
of AB to the sine of the i^ngle C; 
wherefore (1 1. 5.) the sine of the side 
AQ is to the sine of the a«gle B,as the 
pine of AB to the sine of we angle C. 

Sec€mdly, Let ABC be an oblique angled triangle, the sine of any of the 
sMes BC will be to the sine of anj of the other two AC, as the sine of the 
WgU A opiM»ite 10 BC, is to the sine ef the angle B opposite lo AC. 
Through the point C, let there be drawn an arc of a great circle CD pe^ 
pendicular to AB ; and in the right angled triangle BCD, sin. BC : R : . 





dn. CD : sin. B (19.) ; and in the triangle ADC, sin. AC : R : : sin. CD : 
ain. A ; wherefore, by equality inversely, sin. BC : sin. AC : : sin. A : sin. 
B. In the same manner, it maybe proved that sin* BC ; sin, AB ; i.H/K 
A : sin. C, ice. 

PROP. XX\. 

In oblique angled spherical triangles, a perpendicular arc hetng drawn frmm 
mnf of the angles upon the opposite side, the cosines of the angles at the bas$ 
. mre proportional to the sines of the segments of the vertical angle. 

Let ABC be a triangle, and the arc CD perpendicular to the base BA « 
tke cosine of the angle B will be to the cosme of the angle A, as the sine 
of the angle BCD to the sine of the angle ACD. 

For having drawn CD perpendicular to AB,in the right angled triangle 
BCD (23.), pos. CD : R : : cos. B : sin. DCB ; and in the. right angled 
triangle ACD, cos. CD : R : : co«. A : sin. ACD ; therefore (11.5.) cos. 
B : sin. {)CB : : cos. A : sin. AQP, and alternately, cos. B * cos. A : : mftk. 
BCD : sm. ACD. 



PROP. XXVL 

The same thu^s remaining^ the cosines of the sides BC, CA, are prbportumm 
to the cosines ofhQ^ DA, the segments of the base. 

For to the triangle BCD (22.) cos; BC : cos. BD : : cos. DC : R, andli 
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the triangle ACD, cos. AC : cos. AD : : cm. DC : R ; therefore (U. 9.) 
COS. BC : COS. BD : : cos. AC : cot. AD» and altematelj, ooe. BC : cm 
AC : : COS. BD : cos. AD. 

PROP. XXVIL 

7^ tame cotutruetion remaining^ the sines o^BD, DA, ihe segments aftke 
hose are reeiproeally propariianal to the tangents cf B and A, ihe angles 
at the base. 

, In the triangle BCD (18.), sin. BD : R : : tan. DC : tan. B ; and in the 
triangle ACD, sin. AD : R : : tan. DC : tan. A ; therefore, by equality in* 
tersely sin. BD : sin. AD : : tan. A : tan. B. 




PROP. xxvm. 

T%e same eanstruetian remaming^ the cosines of the segments of the vertical 
angle are reeiproeally proportional to the tangents of the sides. 

Because ^21.), cos. BCD : R : : tan. CD : tan. BC, and also cos. ACD 
R : : tan. UD : tan. AC, by equality inrersely, cos. BCD : cos. ACD : : 
tan. AC : tan. BC. 

PROP. XXIX. 

Iffrom an angle efaspherieal triangle there he drawn a perpendicular to tko. 
opposite side^ or base, the recttn^e contained by the tangents of half tko 
sum^ and of half the differfinee of the segments of the base is equal to the 
rectangles contained by the tangents of half the sum^ and of half the diffn 
renee of the two sides of the triangle. 

Let ABC be a spherical triangle, and let the are CD be drawn from the 
angle C at right angles to the base AB, tan. ^ (m-fii) Xtan. ^ (m— fi)sB| 
tan. ((1+^) X I tan. (a— &). 

Let BCsa, ACsft ; BDssm, ADxsn. Because (26.) cos. a : cos. b : : 
eos.m: co8.n(E.5.), cos.o+ft : cos.a— cos. & : :cos. m-f-cos. n : cos.m— . 
eath n. But (1. Cor. 3. PI. Trig.), cos. a-f cos. b : cos. a— cos. b : : cot. I 
(a+b) : tan. i (a-~ft), and also, cos. m+cos. n : cos. m— cos. • : : cot. X 
(m+n) : ton. J {m-^n). Therefore, (11. 5.) cot. } {a+b) : tan, ^ (a—*) 
I • cot. ^ {m+n) : tan. | (m— »). And because rectongles of the same al- 
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ttode ire tt fhrni bases, tan. | (a-f &) Xcot } {a+b) : tan. I (a+5) x tan 
I («--^) :: tan. } {m+H)Xcoi. } (m+n) : tan. } (m X n)+tan. }fm— n) 
Roir.tlis first and third terms of this proportion are equaJ, being each eqaa 
to the sqnare of the radius (1. Cor. PI. Trig.), therefore the remaining twc 
■19 eqnal (9. 5.), or tan. 4(m+ji)xtan. f (m--ii)stan. } (a+6)xtan. 1 
(0«^) ; thai is, tan. } (BD+AD)x tan. | (BD— AD)stan. ^ (BC+ACJ) 
Xtan. I(BC-AC). 

Con* 1. Beeanse the sides of equal rectangles are Teciprocally proper- 
Amsl, tan. ^ (BD+AD) : tan. | (BC+AC) : : tan. J (BC - AC) : tan. ^ 
rBD— AD). 

Con. 2. Since, when the perpendicular CD fails within the triangle, 
BD+ADsAB, the base ; and when CD falls without the triangle BD^ 
ADs»AB, therefore, in the first case, the proportion in the last corollarj 
becoaiestan.|(AB) : tan. ^ (BC+AC) :: tan.i(BC-AC) : tan. j, (BD— 
AD) ; and in the second case, it becomes by inversion and alternation, tan. 
) (Afi) : tan. ^ (BC+AC) : : tan. } (BC-AC) : tan. i (BD+AD). 




The preceding proposition, which is yery useful in spherical trigonome 
try, may be easily remembered from its analogy to the proposition in plane. 
trw>nonietry, that the rectangle under half the sum, and half the difierence 
of the sides of a plane triangle, is equal to the rectangle under half the 
sam, and half the difrerence of the segments of the base. See (K^ 6.)^ alee 
4th Case PI. Tr. We are indebted to Napier for this and the two ibllow* 
ing theorems, which are so well adapted to calculation by Logarithms, 
Uial they must be considered as three of the most yaluable propositions in 
Trifooonietiy. 
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PROP. XXX 

Ijf m peff0fM)idar h0 (iraumfrmn mi m^le ^ a spkerktd irii^^ oM m* 

4iuid€or bas0t tht simtofthe sum of ike angles mi the hiueisto fh&snm 
of their difference as the tomgent ef half the base to the tangent ofkm^ilk 
differenee efiU segmsnts^ when the perpefmlieular falls wiMn; iui ets iMs/ 
co-tangent of half the base to the co-tangent of half the sum of the segnmaif^ 
when the perpendicular falls without the triangle : And the sine of the sum 
rf the two sides is to the sine of their difference ea ike eo-4angent ^hgdf 
the anj^ contained by the sides^ to ths tangent of keif ike difference of 
the angles which the perpendicular makes with the same sides when itfcMs 
within^ or to the tangent of half the sum of these angles^ when it falls witkr 

If ABC be a tpherical triangle, and AD a perpendicular te tke (aaArRCSi; 
■ki. (C-f B) : sin.(C— B) : : tan. i BC : tan. 1 (BD-l>CK whrntAD^Lfa 
within die triangle ; but sin. (C+B) : ain. (U— B) : : cot. 1 BC t oofti I 
(BD+DC), when AD falls without And agaia, 

A 





•in. (AB4-AC) : tin. (AB— AC) : : cot. J BAC : tan. ^ (BAD^CAD), 
when AD falls within; but when AD falls wiihout the triangle, 
•in. (AB+AC) : sin. (AB-AC) : : cot. i BAC : tan. i (BAD+CAD). 
For in the triangle BAC (27.), tan. B ; tan. C : : sin. CD : sin. BD, and 
therefore (E. 6.), tan. C+tan. B : tan. C— tan. B : : sin. BD+sin. CD : 
•in. BD— sin. CD. Now (by the annexed Lemma)^ tan. C+tan. B : tan. 
C— tan. B : : sin. (C+B) : sin. (C— B), and sin. BD+sin. CD : sin. BD 
-sin. CD : : tan. i (BD+CD) : tan. J (BDr-CD), (3. PI. Trig.), there* 
fere, because ratios which are equsd to the same ratio are equal to out 
another (11. 5.), si«. (C+B) : sin. (C-B) : : tan. I (BD+CD) ; taa. I 



/^ 
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flair wliM AO U within tketritngk, BD+CD«BO, aiid A^fMbrvshi 
-B) : «a. (€--B) : : tan. ^ BC : ua. ^ (BD-CD). And again, when 
I without the tnaimrle,BD-^CD»BC, and therefore iin. (C+B) : ^n 
^^— B) ; : tan. ^ (BD+CD) : taa. } BC, or because the Ungente ef aH; 
two arcs are leciprocally as their co-tan^nts, in (C+B) : nm. (C«^B) : : 
col. I BC: cot. I (BD+CD). 

Tne second part of the proposition is next to be demonstrated. Because 
(28.) tan. AB : Can. AC : : cos. CAD : cos. BAD, tan. AB+tan. AC : tan. 
AB— taa AC :: cos. CAD+cos. BAD : cos. CAD— cos. BAD. But 

! Lemma) tani AB+tan. AC : tan. AB— tan. AC : : sin. (AB+ AC) : sin. 
AB— AC),and (I. cor. 3. PI. Trig.) cos. CAD+cos. BAD : cos. C^D- 
cos. BAD : : cot 4 (BAD + CAD) : tan. ) (BAD-CAD). Therefore (11. 
6.) sin. (AB+ AQ : sin. (AB-AC) : : cot. } (BAD+CAD) : tan. ^ (BAD 
->CAD). Now, when AD is within the triangle, BAD+CADkBAC, 
and therefore sin. (AB+AC) : sin. (AB— AC) : : cot. ^ BAC : tan. } (BAD 
-CAD.) 
But IT AD be without the triangle, BAD— CADsBAC, and therefore 
eifi. (AB+AC) : sin. (AB— AC) : : 
ooL I (BAD+CAD) : tan. I BAC ; or because 
cot. I (BAD+CAD) : tan. | BAC : : cot. I BAC r 
m. I <BAD+CAD), sin. (AB+AC) : sin. (AB-AC) : : cOt 1 EiAC : 
Mu I (BAD+CAD). 

IjEMMA. 

n# svm mf t%t tangents of any ttoo ares^ is to the difference of their tangeniSk 
0S the sine of the sum of the mrcs^ -to the sike ff their differenkM, 

Let A and B be two arcs, tan. A+tan. B : tan. A— tan. B : : sin. (A+B) 

: (A-B). 

For, by ^6. page 232, sin. A X cos. B+cos. A Xsin. B=sin. (A+B), and 

j^ jMi »!i' ill. A r% WW. A , sin. B sin. (A+B) - ^ 

WMeferedividing all by cos. A cos. B, r -i == — -r-^ — ^5, that 

* ^ COS. A COS. B COS. AXCOS.B' 

. ^ ski. A ^ . . . „ sin. (A+B) - ^^ 

l». b ec au se r-sartan. A, tan. A+tan. B=x f ^T^ In the same 

' COS. A COS. AXCOS.B 

maimer it ia proved that tan. A— tan. Bs \^ "^ ~. Therefofe taa. A 

*^ COS. AXCOS.B 

-l-tan. B : tan. A— taa. B : : sin. (A+B) : sin. (A— B); 

PROP. XXXI. 

fh^simi ef half the sum ofmny Mo ithgles of a spherical triangle is to me 
sine of half their difference^ as the tangent, of half the side adjacent t6 these 
etnghs ii to the tangent of half the difference of the sides opposite to them ; 
mnd the cosine of half the sum of the scone angUs uf to the cosine of half 
their difference, as the tangent of half the side adjatent to them^ to dk^ tan- 
gent of half the sum of /Ae sides opposite. 

Le^C+B=s2S, C— B=:2D, the base BCss2B, and the difference ot 
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tbe tAgBMiBts of the base, or BD— CDatsSX. Then, because (30.) tm 
(C+ S) : sin. (C— B) : : tan. | BC : tan. } (BD— CD), tin. 2S : sin. 3D 
: : tan. B : tan. X. Now, sin. 2Ss38in. (S-|-S)s2 sin. Sx cos. 8, (Sect 
III. COT. PL Tr.). In the same manner, sin. 20=2 sin. Dxoo*. D 
Theiefbre sin. Sxcos. S : sin. Dxcos. D : : tan. B : tan. X 




Again, in the spherical triangle ABC it has been proved, thai sin. C-|- 
sin. B : sin. C— sin. B : : sin. AB+sin. AC : sin. AB— sin. AC, and since 
sin. C+sin. B=2 sin. | (C+B)+cos. ^ (C— B), (Sect III. 7. PL Tr.)s3 
2 sin. S X COS. D ; and sin. C— sin. B=2 cos. i (C+ B) X sin. ^ (C--B)ar 
2 cos« Sxsin. D. Therefore 2 sin. Sxcos. D : 2 cos. Sxsin. t) : : siou 
AB+sin. AC : sin. AB— sin. AC. But (3. PL Tr.) sin. AB+nn. AG : 
sin. AB— sin. AC : : tan. ^ (AB+AC) : tan. } (AB— AC) : : tan. X : taa. 
^, JS being equal to | (AB+AC) and ^ to ^ (AB— AC). Therefore sin. 

Sxcos. D : COS. Sxsin. D : : tan. S : tan. ^. Since then ^ * .^ as 

tan. II 

sin.Dxcos.D , tan. ^ cos.Sx8in.D . .... , . 

.m.Sxco,.S ''^^i;S:^° ,in.Sxco..D ' ""^ ^^V^T'^ti «»^ ^ 
^ tan. X tan. >J _ (8in. D)^xco8. Sxcos. D _ (8in. D)« 

^ ** tan. B ^ Un. :P"~(sin. S)^ x cos. S X cos. D""(sin. Sy»' 

11 */on^^i(BI^-I^C) tan. A (AB+AC) .-. ton.X tan. ^ 

^""^ (^^^ tan.V(AB-AC) '= tin ^BC > ^^^ "' U^^'uSTB^ 

J .u r ^^- X tan. £x tan. ^ , tan. X tan. ^ tan. ^ 

and therefore, :^ =r=x — ; -— — , as also =r=s ==7: sts- 

^ tan. B (tan. B)* * tan. B tan. X (tan. B)*^ 

„ , tan. X_ tan. J (sin. D)« . (tan. ^)« (sin. D)« . tan. ^ 

®'^'us:3^i=^==(nsrs?^ ^*^"^^"Sus:B?==(iisrs^' ^^ssrs 

ag . * , or sin. S : sin. D : : tan. B : tan. ^, that Is, sin. (C+B) : sin. 
sm. o 

(C— B) : : tan. } BC : tan. ^ (AB— AC) ; which is the first part of the 

... tan. ^ cos. S X sin. D , tan. S 

proposition. Again, since =;=-^ — 5 f:i or inversely -as 

"^ *^ ^ tan.X sm. Sxcos. D ^ tan. ^ 

sin. Sxcos. D . , tan. X sin. Dxcos. D . ^ , .... 

5 : — =r; and since S=«-^ — in^ "-5; therefore by mnmpU- 

cos.Sxsin. D' tan. B 8m.Dxcos. S' ^ *^ 

tan. X tan. J? (cos. D)s 
eation . v m ^ ' . 

*^""' tan. B'^taii -» (cc Sy» 
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•« t ■ « 1^ « tan. X tan. S x tan. J . ^ . 

Bvtil was alieady shewn thai ^gm — -r rr^r — , wherefore aleo 

^ tan. W^ . (tan. B)* 

ImlX tan. S (un. xy 
lMkB^tMi.^^(taa. B)^ 

V t«i.I^«Mi.Jr (coa.D)s V .^t. V 

N«w, - — kX: -jsz) -£-, as has just been shewn. 

tan. B tan. J (cos. S)^ ' 

-- , (coe D)> (tan. X)a . . cos. D tan. ^ 

Tliersiiirs ) ^k^): 5r;,andc0nBequently gas- — ^^otetm. 

• (cos. S)* (tan. B)* * ^ cos. S tan. B 

8 : eos. D : : tan. B : tan. 2*, that is, cos. (C+B) : cos. (C— B) : : tan. ) 

BC : tan. ^ (C+B) ; which is the second part of the proposition. 

CoK. 1. Bj apptying this proposition to the triangle supplemental to 
ABC (11.) ana by considering, that the sine of half the sum or half the 
difference of the supplements of two arcs, is the same with die sine of half 
tba som or half the difference of the arcs themselres : ^nd that the same 
is trve of the cosines, and of the tangents of half the sum or half the dif- 
ferenee of the supplements iif two arcs : but that the tangent of half the 
rapplenientof an arc is the same with the cotangent of half the arc itself; 
it will follow, that the sine of half the sum of any two sides of a spherical 
triai^^, b to the sine of half their difference as the cotangent of half the 
an^ eontained between them, to the tangent of half the difference of the 

S^es ajpfonie to them : and also thai the cosine of half the sura of these 
es» is to the cosine of half their difference, as the cotangent of half the 
ingle eontained between them, to the tangent of half the sum of the angles 
opposite to them. 

CoK. 3. If therefore A, B, C, be ttie three angles of a.i^erical tnaa- 
gle, m,hf€ihe sides opposite to them, 
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PRdbLEM I. 

Ill a right angled spherical triangle^ of the three rides em4 thpea erngtemt 
two being given^ besides the right angU, to find $he other thooo. 

This j^oblem has sixteen cases, the soivtiqoa of which 4re contained 
m tho foilowing taUe, where ABC is any apheocal fDangJe right aa^ed 



SITIN. 


sboeHT. 


SOLUTION. 




BCUUI9. 


AC. 
AB. 
.c. 


R ; sin BC : : sin B I sin AC» (19% 
R : cos B : : tan BC : tan AB, (21). 


> 
8 


A^Cwda 


AB. 

BC. 

B, 


R : sin AC : ; tan C : t«A AB, (18). 
cosC: R:;tanAC:taiiBC» (21). 
R : cos AC : ; sin C : cos B, (93). 


4 
5 


▲CaadB. 


AB. 

BG. 

C. 


tan B : ta^ AC ; : B : ain AB, (18). 
sin B : sin AC : : R : sia BC, (Id). 
COS AC : coaB : : R : sin C, (33). 


7 

8 



AC and BC. 


AB. 
B. 
C 


cos AC : cos BC : : R : cos AB; (38^ 
sin BC : sin AC : : R : sin B, (19). 
tanBC:^AC::B:miC, 31). 


11 
13 


ABandAC. 


BC. 
B. 

a 


R : cos AB : : cos AQ : cos BC, (22). 
sinAB: R::tanAC:tanB, flS). 
sin AC : R : : tan AB : tan C, (18). 


13 
14 
14 


BandC. 


AB. 
AC. 
BC. 


sin B 8 cos C : : R : dos AB, (23). 
sin C : cos B : : R : cos AC, (23)J 
tan B : cot C : : R : cos BC, (20). 


15 
15 
16 
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T \BLE for fctermimiif the aRe^tiam of the Sides and Aogtes found bf 
te preceding rules. 



AC and B of the same affectioo. 


1 


If BC/ GO^), AB and B of the same affection, otherwise dif- 




ferentt (Cor. 15.) 


2 


If BC ^ 90O. C and B of the same affection, otherwise diffe- 




rent. (16.) 


a 


AB and C are of the same affection, (14.) 


4 


If AC and C are of the same affection, BC ^ 90o ; otherwise 




BC 2^900, (Cor. 16.) 


5 


B and AC are of the same affection, (14.) 


6 


Ambiguous. 


7 


Ambiguous. 


8 


Ambiguous. 


9 


When BC ^ 90©, AB and AC of the same ; otheryiee of dif- 




ferent affection, (16.) 


10 


AC and B of the same affection, f 14.) 
When BC^QQo, AC and C of the same ; otherwise of dif- 


11 




ferent affection, (Cor. 16.) 


12 


BC^9<P, when AB and AC are of the same affection, 




(1. Cor. 16. 


13 


B and AC of the same affection, (14. 
C and AB of the same affection, (14. 


14 


14 


AB and C of the same'affection, (14.) 


15 


AC and B of the same affection, ' (14.) 


15 


When B and C are of the same affection, BC/90P, other- 




wise, BC 7 90o, (15.) 


16 



The cases marked ambiguous are those in which the thing sought has 
two yalues, and may either be equal to a certain angle, or to the supple- 
ment of that angle. Of these there- are three, in all of which the things 
given are a side, and the angle opposite to it ; and accordingly, it is easy to 
shew that two right angled spherical triangles may always be found thai 
have a side and the angle opposite to it the same in both, but of which the 
remaining sides, and the remaining angle of the one, are the supplements 
of the remaining sides and the remaining angle of the other, each of each. 

Though the affection of the arc or angle found may in all ^e other cases 
be determined by the rules in the second of the preceding tables, it is of 
use to remark, that all these rules except two, may be reduced to one, vii. 
thai when the thing found hy the rules in the first table is either a tangent er 
• cosine ; and when 9 oj the tangents or cosines employed in the computatiom Sf 
•C9 SM oiUy belongs to an obtuse angle^ the angle required is also Mute 
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Thus, in the 15th case, when cos AB is foundt if C be an obtuse an|^ 
bacsnto of cos C9AB must be obtuse ; and in esse 16yif either B or Cbe 
obtuse, BC is neater than 90^, but if B and C are either both acuta, ot 
both obtuse, BC is less than 9(P. 

It is oTident, that this rule does not apply when that which is found is 
the sine of an arc ; and this, besides the three ambiguous cases, happens 
also in other two, viz. the 1st and 11th. The ambi^ty is obyiated, in 
&eae two cases, by this rule, that the sides of a sphencal right angled tri 
amde are of the same affection with the opposite angles. 

Two rules are therefore sufficient to remove the ambiguity in all the 
mam of ^ ri|^ angled triangle, in which it can possibly be remoyed. 
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ste 



It nuy be nsefnl to express the same solutions as in the annexed tabhi. 
Lot A bie at the right angle as in the figure, and let the aide opposite to it 
ko «; let^be the aide opposite to B, ande the aide opposite to C 



•nrsH. 


'■ouaBT. 


•OLUTIOM. 




«aadB. 


C. 


sin^ = sinsXsinB. 
tane = tan a X cosB 
cotCsscosa X tanB. 


1 

a 

3 


landC. 


B. 


tanc MBsin^x tanC. 

tan^ 

tanfls 7^' 

cosC 

cosBscos^X sinC. 


4 

5 
6 


*aadB. 


C. 


tan^ 

tanB 
nxkh 

sinB 
, _ cosB 

coso 


7 
8 
9 


• and*. 


B. 
C. 


coss 
cost 

-nil ^^ 

cosCas: . 

tans 


10 
11 
12 


*ande. 


B. 
C. 


cos s ■■ cos & X cos e. 

tsn BB-T — » 

sin € 

tanC«i-r— r. 

ain h 


13 
14 

14 


BandC 


h 


cosC 

COSCHB-:— ^. 

sin B 
. cosB 
'^^'"sinC- 
cotC 
•^•■tanB- 


15 
15 
16 



34 
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PROBLEM IL 



In cnjf Migue angled spherical triangle^ of the three sides and three angks^ 
anf three being gimn^ U is re^iuited to find the other three* 

In this Table die references (c. 4.), (c. 9.), &c. are to ihe caees in ihm 
preceding Table, (16.), (37.), &e. to efauB propositions In Spherical Trigo- 



Two sides 

AB,AC, 

and the in- 

2|cludedan|^e 

A. 



■OIJCrRT. 



ThetUsA 
side 
BO. 



notation. 



Let fall the perpendicubur CD from 

die unknoiwn angle, not requir- 

edyon AB. 
One of the [R : cos A : : tan AC ;4aa AD, 

(c. 2.) ; therefore BD is known, 
other an^es Aid sin BD : sin AD : : tan A 

tan B, (27.) ; B and A are of 
B. the same or diflereot sfieeiion, 

according as A B is greater or 

less than BD, (16.). 



Let iail the per p enditulai ' C&from 
one of the unkno'wn angles on 
the side AB. • 

R : cos A : : tan AC ; tan AD, 
(e. %) ; therefore BD is known, 
and cos AD : cos BD : : cos AC 
: oos BC, (26.) ; according as 
the segments AD snd DB are of 
the same or different aflectlon, 
AC and CB will be of the ssine 
er diiferent adection. 
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TABLE ctmtimnai. 



0ITIII. 


•fwaiT. 


•OLVTIOH. 


1 

•Ml 
the aide be. 


• 


Fmin C tbe extnmity of AC nefi 
tbe side 80i^ht» 1ft fall the poj> 
pondiculai CO qn AB. 

B ; coe AC : : tan A : cot AC9, 
(q. 3.) ; therefose BCD is know^ 
and eos BCD : cos 4^D ; ; imi 
AC:tanBC,(28.]. BC is less 
or greater ihm 90P.wxov4i«« 
as the angles A and BCD aia 
of the same, or diliBir«itt fffi»s- 
tion. 


Tbethi^ 
B. 


Lt^ fall the perpendicular CD from 
one e( th» given angles on the 
opposite side AJS* 

R : cos AC : : tan A ; opi ACD. 
(c. 3.) I therefore the angle BCD 
IS given, and sin ACD i fpp BCD 
:;cosA:c0sB,(26.); Band 
A sre of the same or difleBi 
ot afiectjonp according as C)D 
(ails within or without the t|i- 
sngle, that.W| accprding as AQB 
jf greater or leis than BCp, 
(16.^ 
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TABLE' eontinnfed. 



aiTiM. 


•OVOHT. 


•ourrioK. 


9 

Two aides 

ACandBC, 

ndanani^e 

A 

opporitelo 
6 
MM of them, 

EC. 

1 


The angle 

B 
opposite to 
Ihe other gi- 

AC. 


Sin BC : shi AC : : sin A : sin B, 
(24.) The affection of B is am- 
biguous, unless it can be deter- 
mined by this rule, that accord- 
ing as AC -|- BC is greater oi 
less than 18(K>, A+B is greater 
or less than ISQo, (10.) 


The angle 

ACB 

contained by 

the ffiTen 

sides 

ACandBC. 


From ACB the angle sought draw 
CD perpendicular to AB ; then 
R: cosAC:: tanA:cotACD, 
(c. 3.); and tan BC : taa AC^ : 
cos ACD : cos BCD, (28.) ACD 
± BCD » ACB, and ACB is 
ambiguous, because of the am- 
biguous sign -1- or — >. 


The third 
side 
AB. 


Let fall the perpendicular CD from 
the angle C, contained by the 
^ven sides, upon the side AB. 
R : cos A :: tan AC : tan AD, 
(c. 2.) ; cos AC : cos BC : : cod 
AD : cos BD, (26.) 
ABsADdbBD, wheref<Nre AB 
is ambiguous. 
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TABLE 



Twouf^M 

A,B, 
■ad a nde 

AG 

oppont6 to 

one of them, 

B. 



10 



Thotido 
BC 



totbo 
other 
ghren an- 
gle A. 



The side 
AB 

adjacent 
to the 
giren 
angles 
A,B. 



The third 
angle 
ACB. 



B : sm A : : sin AC : sin BC. 
(24) ; the affection of BC is i 
ceitain, except when it can he do- 
tennined hj this role, thst accoid< 
ingas A+B is greater or less than 
180O, AC+BC is also greater 
less than ISO^, (lo.). 



From the unknown angle C, draw^ 
CD perpendicular to AB ; then 
R : cos A : : tan AC : tan AD, 
(c. 2.); tan B : tan A : : sin AD : 
sin BD. BD is ambignoos ; and 
therefore AB a: AD :t BD may 
hsre foor Talnes, some of whidn 
will be excluded by this condition, 
that AB most be less than ISQO. 



From the angle required, C, draw CD 
perpendicular to AB. 
R : cos AC : : tan A : cot ACD, 
(c. 3.), cos A : cos B : : sin ACD : 
sin BCD, (25.). The affection of 
BCD is uncertain, and therefore 
ACB s ACD :t BCD, has four 
Yalues, some of which may be ex< 
eluded by the condition, thai ACB 
is less than 180<'. 



11 



The three 

sides» 

AB, AC, 

and 



BC. 



One of the 
angles 



From C one of the angles not requir- 
ed, draw CD perpendicular to AB. 
Find an arc E such that tan 1 AB 
: tan ) (AC+BC) : : tan 1 (AC— 
BC) : tan } £ ; then, if AB be 
greater than £, AB is the sum, and 
£ the difference of AD and DB ; 
but if AB be less than £, £ is tibe 
sum and AB the difference of AD, 
DB, (29.). In either case, AD an( 
BD are known, and tan AC 
AD : : R : cos A. 



t AJJ, 

Dand 

3 
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TABLE oonlfaiMl 





OITBN. 


•OV0HT. 


•OLUTIOH. 








Supposs the supplements of tho 




1 




tliree gi^sn angles, A, B, C, to 








be a, b, «, snd to be the sides of 




Thethre* 


One of t&6 


a spherical triangle. Find, by 








the lasl oase, the angle of this 


13 


uiglot 


sides 


triangle, opposite to the side a, 
and it will be the supplement of 


,. 


KB,C. 


BC. 


the side of the giveo triangle^op- 






• 


posite to the angle A, that is, oi 
BC, (U.); and therefore BC is 














found. 



(n the foregoing table, the rules are given for ascertaining the affection 
of the arc or angle found, whenever it can be done : Most of these rules 
are contained in this one rule, which is of general application, viz. thai 
whim tJke thing found is either a tangent or a cosine^ and of the taugents or 
cosines employed in the computation of it^ either one or three belong to obtuss 
angles^ the angle fnund is also obtuse. This rule is particularly to be attend- 
ed to in cases 5 and 7, where it removes part of the ambiguity. 

It may be necessary to remark wivh respect to the 1 1th ease, that the 
segBients of the base computed there are those cut off by the nearest per- 
pendictilar; and also, that when the sum of the sides is less than 180^» 
the least segment is adjacent to the least side of the triangle ; otherwise 
to the greatest, (17.> 
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The last table may also be conveniently expressed in the following 
manner, denoting the side opposite to the aagle A, by a, to B by 6, and to 
C by e ; and also the segments of the base, or of opposite angl^, by • 
and If. 



aiVBir. 



Two sides 

the angle 
between 
them A. 



Angles 

AandC 

and 

sides 



Sides 

and 

aMHe' A« 



SOLUTION. 



Find x^ so that 

tan ff =tan b X cos A ; then 

sindpXtanA 

tanlSss — :— ?-. 

sin (e-^x) 



B 



B 



C 4 



then cos as 



Find Xf as above, 

cos &xeo9 («--«) 



cos X 



Find «, so that 

cot «s=cos ixtan A; then 

tan ^X cos « 

tan ass r-. 

cos (c— x) 



Find fl% ae abore, 



then cos B: 



cos A X sin (g— >•) 



sm« 



sinBa 



sin &X sin A 



sin a 



Find «, so that 

cot orsscos ^Xtan A ; then 

. cosorXtan b 

cosCs — , 

tan a 



Find «, so that 
y, so that 



tandrsstan^Xcos A; and 
cos aXcos X 



find 



cos ya 
g«apJLy. 



cos b 
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TABLE contmiwd. 



•OVOBT. 



The tablet 

AandB 

tad die 

eide^ 



10 



sues:- 



■in &X sin A 



•inB 



Find »9 so tiiat 

tan «stan ^x coe A ; end y, eo 

that 

eia «Xtan A 
sin ya 



tanB 



»«±y. 



Find ft» so thmi 

col«=soo0&XtanA; andaleoyi 

so that 

^, sin «Xgos B 
cmysB— 

e»«J:y. 



coe A 



11 



«!*•*• 



13 



Af B| C« 



sm 



'Le t e+^+^=sj. 



or coe 



ysin^Xsm c 
1 j^_^ ygin i^ X sin (|#->g^ 



^sin 6xsin e 



Let A+B+C=S. 
^ ,_ Vcoe}Sxcoe(|S-A) 



or cos 
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APPENDIX 

TO 

SPHERICAL 

TRIGONOMETRY, 

OONTAIKIirO 

NAPIEITS RULE8 OP THE CIRCm.AR PARTS. 



Thb rule of the Circular Parts^ inyented by Napier, is of great um ib 
S^erical Trigonometry, by reducing all the theorems employed in ths 
solotton of right angled triangles to two. These two are not new proposi- 
tions, but are merely enunciations, which, by help of a particidar arrange- 
SMMK and classification of the parts of a triangle, include all the six propo- 
HOoiw, with their corollaries, which have been demonstrated above mn 
the iSdi to the 28d inclusive. They are perhi^ the happiest example oi 
aitificial memory that is known. 



DEFINITIONS. 



t. If in a spherical triangle, we set aside the right angle, and consider only 
the five remaining parts of the triangle, viz. the three sides and the two 
oblique angles, then the two sides which contain the right angle, and 
the complements of the other three, namely, of the two angles and the 
h3rpotenu8e, are called the Circular Parts. 

Thus, in the triangle ABC right angled at A, the circular parts are AC, 
AB with the complemento of B, BC, and C. These jp^irts are called 
circular ; because, when they are named in the natural order of their, 
succession, they go round the triangl(9. 

3. When of the five circular parts any one is taken, for the middle part, 
then of the remaining four, the two which are immediately adjacent to 
it, on the right and left, are called the adjacent part$ ; and the other two, 
each of which is separated from the middle by an adjacent part, are call- 
ed opposite parts. 

Thus in the right angled triangle ABC, A, being the right angle, AC, AB, 
doo— B, 90o-.BC, 900—0, art the chrcular parts, by Def. J ; and if 

95 
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any one, as AC, be reckoned the middle part, then AB and 90^— C, whick 

are contiguous to it on different tides, ay« called adjacent parts ; and 90^ 

-B, 90O— BC are the opposite parts. In like manner if AB is taken foi 




the middl* part, AC and 90<^^B are th^ adjacent' parU : 9(K>— -BC, and 
90^^C are the opposite. Or if QOo^BC be the middle part, 90— B, 
90^— C are adjacent ; AC and AB opposite, dec. 

This arrangement being made, the rule of the circidar part is contained 
in the following 

PROPOSITION. 

In a right angled spherical triqngUy the rectangle under the radius and the dm 
of the middle part^ is equal to the rectangle under the tangents of the4Kyacenl 
parts ; or^ to the rectangle under the cosines of the opposite parts 

The truth of the two theorems included in tMs enuncii^on may be 
easily proved, by taking each of the five circular parts in succession for 
the middle part, when the general proposition will be found to coincide 
with some one of the analogies in the table already given for the resolution 
of the cases of right angled spherical triangles. Thus, in the triangle ABC, 
if the complement of the hypotenuse BC be taken as the middle part, 90^ 
— B, and 90^— C, are the adjacent parts, AB and AC the opposite. Then 
the general rule gives these two theorems, Rxcos BC^cot Bxcot C, 
and R x cos BCscos AB x cos AC. The former of these coincides with 
the cor. to the 20th ; and the latter with the 22d. 

To apply the foregoing general proposition to resolve any case of a right 
angled spherical triangle, consider which of the three qualities named 
(the two things given and the one required) must be made the middle term, 
in order that the other two may be equi-distant from it, that is, may be 
both adjacent, or both opposite ; then one or other of the two theorems 
contained in the above enunciation will give the value of the thing re« 
quired. 

Suppose, for e^mpte, that AB and BC are given, to find C ; it is evi« 
dent that if AB be made the middle part, BC and C are the opposite parts, 
and therefore Rxsin ABsssin Cxsin BC, for sin C=cos (90^—0), and 

cos (90°— BC)=ssin BC, and consequently sin Cs=-^ — ^^, 

Again, pappose that BC and C are given .to find AC ; it is obvious thai 
C is iA the ouddle between the adjaofiit parts AC and (90<^— BC), there- 
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fowRxco«OaetanACXcotBC,or»iiAC» ^— o o^O-^ltoBC | 
becaute, as has been shewn abore, , ^ wm^toBL BC» -."^i 

col oV/ 

In the same way may all the other cases be resolved. Oneor twotnais 
will alwajTs lead to the knowledge of the part which in any given case is 
to be assttmed as the middle part ; and a little practice wiu make it easy, 
eren without such triab, to j^idge at one» whieh of them is to be so aa- * 
■umed. It may be useful wt Uie learner to range the names of the fa% 
circular parts of the triangle roisid the circumference of a circle, at equal 
distances from one another, by which means the middle part will be inuae 
diately determined. 

Besides the rule of the rtrotlsrjMrte, Napier derived ham tba^IaiiMftlie 
three theorems ascribed to him above, (schol. 29.) the solutions of all the 
eases of oblique angled triangles. These solutions are as follows : A, B, 
C, denoting the three triangles of a spherical tiiaBgjk, and a, &,e, the sides 
opposite to them. 

• I. 

Given two sides 5, e, and die angle A b et we en theiii*" 
To find the angles B and C. 

'•Mi|(B-C)-cotiAX^^iJ^. (31.)eof-l. 

•anJ(B+C)«cotiAx^^^i^ (31.) eor. 1. 

To find the third side «. 
sinB:sinA::sin5:sin«. 

II. 

Given the two sides hy e, and the angle B oj^Kisite to one of ttes. 
r^* TofindCtandthean^eoi^wsitelothoollttraidA. 

sin & : sin e : : sin B : sin C. 

To find the contsined angle A. 

•otiA-«ani{B-<J)x£|ij^. (3r.)««.t.^ 

Totfndtfaotlurdsidotf. 
sin B : sin A : : sin A : sin «. 

«•..-... •■ .• .-.. ■ ..Y ra- . -, : -v,.- .■ _ 

Gifen two angles A and B, and the side ebetweaadMS. ^' 

To find the other two sideo «, ^ 



Digitized 



by Google 



fit . i 'r AFFOMMXTO 

To ftid it tba inda OHpoaito to tbo odier. 
tfaiA:lnBsxiiao:«Bili 

To ibid c,di6 tide between the giren angles. 

.«|«,»i(.-*)X^|i^ (31.) 

To find tlie Oird an|^e C. 
Mno:abi« ::8inAs«m6. 

The other two caeei, whm the three ridta ane £ir^te;iiid 4ho«M|[io% 
er when the throe angles are giren to find the iidee, are reeolyed by the 
''S9th, (the ftnt of Napisr'b PrcpositimMi) in the same way as in the table 
alreadj giren for the casd of the oUiqti^ angled triangle. 

There is a solution of the case of the three sides being given, which it 
is often rery conrenient to nse, and Which b set down here, though the 
propositi^ on which it depends has not been demonstrated. 

Iween t anid e. 

IfRad »U»do + > + it»s, 
^ 1 A Vain ajw»)x sin |(#~^) 

eosiA-J^^^^p3:* 
Inlikerasnner, ifthethieeanglelii A,B,Caregifontoihidf thesido 

4fP»»- ■■■-.: . -..:■ 



b •-?.:, .. 
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L0*A + B+C»S, 

wbkleia^ * . ^ .^ *; or, 

^tmBxnnC 

VtmBxainC. 

♦ 
Thete diemwiiM, on acoomit of die facility with which Logiridunt an 
affiled to them, are the moat conyenieiil of any lor reaolTing the two cae e e 
to which they refer. When A is arenr obtuse angle, the aecoDd theoren, 
whieh gifee the Talne of the ooaine of its haU^ is to be need ; otherwiae 
tlia liral theorem, giring die yalne of the aine of ita half ita preferaUe. 
The aame is to be obaerred with respect to the aide e, die reaaon of wUeh 
V fl esrplaiaedt Plane Trig. SchoL 
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NOTES 

ON THE 

nRST BOOK OF THL ELEMENTS. 



DEFINITIONS. 
L 



In the definitions a few changes have heen made, of which it is nece» 
aaiy to give some account. One of these changes respects the firs*, defini- 
. tion, th^ of a point, which Euclid has said to be, ' That which has no 
parts, or which has no magnitude.' Now, it has been objected to this defi- 
nition, that it contains only a negative, and that it is not convertible, as 
every good definition ought certainly to be. That it is not convertible is 
evident, for though every point Is unextended, or without magnitude, yel 
every thing unextended or without magnitude, is not a point To this it 
is impossible to rejAy, and therefore it becomes necessary to change the 
defimtion altogether, which is accordingly done here, a point being defined 
to be, that which has position but not magnitude. Here the affirmative part 
includes all Qmi is essential to a point, and the negative part includes 
every thing that is not essential to it. I am indebted for this definition to 
a friend, by whose judicious and learned remarks I have often profited. 



11. 

After the second definition Euclid hat introduced the fdlowing, ^ fim 
** extremities of a line are points.** 

Now, this is certaiidy not a definition, but an inference from the defini« 
tions of a point and of aline. That which terminates a line can hav^ no 
breadth, as the line in which it is has none ; and it can have no length, as it 
would not then be a termination, but a part of that which is supposed to 
terminate. The termination of a line can therefore have no magnitude, and 
having necessarily position, it is a point. But as it is j^ain, that in all this 
we are drawing a consequence from two definitions already laid down, and 
not giving a new definition, I have taken the liberty of putting it down as 
a corollary to the second definition, and have added, thai the intersections of 
one hneioith another (xre points ^ as this aflbrds a good illustration of the nature 
of a point, and is an inference exactly of the same kind with the preceding. 
The same thing nearly has been done with the fourth definition, where 
that which Euclid gave as a separate definition is made a corollary to tbo 
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fourth, Lecause it is in fact an inference deduced from compariiig die deft 
iiitions of a superficies and a line. 

As it is impossible to explain the relation of a superficies, a line, and a 
point to one another, and to the solid in which they all originate, bettei 
than Dr. Simson has done, I shall here add, with very little change, the 
illustration given by that excellent Geometer. 

^ It is neceaaary So consider a solid, thai is, a magnitude which hat 
ength, breadth, and thickness, in order to understand ai^t the definitions 
of a point, line and superficies ; for these all arise from a solid, and exist in 
it ; The boundary, or boundaries which contain a solid, are called superfi- 
cies, or the boundary which is commo(|^ two solids which are cuntiguous, 
or which divides one solid into two contiffuous parts, is callecfa superfi- 
cies ; ^fhus, it BCGF be one of the boundaries which contain the solid 
ABCDEFGH, or which is the common boundary of this solid, and the solid 
BKLCFNMG, and is therefore in the one as well as the other soiid, it is 
called a superficies, and has no thickness ; For if it have any, thi« thick- 
ness must either be apart of the thickness of the solid AG, or the solM BM, 
or a part of the thickness of each of them. It cannot be a part of the thick- 
ness of the solid BM ; because, if this solid be removed from the solid AG, 
the superficies BCGF, the boundary of the solid AG, remains stHI the 
same as it was. Nor can it be a part of the thickness of the solid AG : 
because if tliis be removed from the solid BM, the superficies BCGl , the 
boundary of the solid BM, does nevertheless remain | therefore the si>per- 
ficies BCGF has no thickness, but only length and hreadth. 

'* The boundary of a superficies is called a line ; or a line is the common 
bouitdaiy of two superficies that are contiguous, or it is that which diTidos 
oas superficies into two contiguous parts : Thus, if BC be ^e of the boun- 
daries which contain the superficies ABCD, or which is the conuBon boi'n- 
dary of this superficies, and of the superficies KBCL, which is contiguous 
to it, this boundary BC is called a line, and has no breadth ; For, if it have 
any, this must be part either of the breadth of the superficies ABCD or 
of the superficies KBCL, or part of 
each of them. It is not part of the •* - 

breadth of the superficies KBCL ; 
for if this superficies be removed from 
Ae superficies ABCD, Ae line BC jj 
which is the boundary of the super- 
ficies ABCD remains the same as it 
WAS. Nor can the breadth that BC 
is supposed to have, be a part of the 
breadth of the superficies ABCD ; be- 
cause, if this be removed from the su- 
perficies KBCI^ the line BC, which 

18 the boundary of the superficies *« ^ 

KBCL, does nevertheless remain : Therefore the line BC haaiia bM^tb* 
And because the line BC is in a superficies, and that a superfieiee hae no 
thickness, as was shown ; therefore a line has neither breadth bm thick* 
Hess, out only length. 

•* The boundary of a line is called a point, or a point is i common bona 
dwy or extremity of two lin^s that are contiguous : Thus, if B be the ex* 
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_. , of the Kne AB, or the coimnon extremitj of the two lines AB, KB, 
extiemity h called a point, and haa no length : For if it have any, thia 
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length must either be jpajt of the 

length of tb3 Une AB, or of tl» line 

KB. It 18 not part of the length of 

KB ; for if the line KB be removed 

from AB, the point B, which is the 

•xiremity of the line AB, remains the 

same as it was ; Nor is it part of the 

Isngthof the line AB ; for if AB be 

.emoved from the line KB, the point 

B, which is the extremity of the line 

KB, does nevertheless remain : 

Therefore the poin( B has no length ; 

jlnd becanse a point is in a line, and 

m line has neither breadth nor thickness, therefore a point has no lengthy 

breadth, nor thickness. And in this manner the definition of a point, luie, 

^md superficies are to be midorstood.** 



V 



> IIL 

Euclid has defined a straight line to be a line which (as we translate it) 
^lies evenly between its extreme points.** This definition is obviously 
Ikoky, the word evenly standing as much in need of an explanation a« thi 
word straight, which it is intended to define. In the original, however, it 
must be confessed, that this inaccuracy is at least less striking than in out 
translation ; for the word which we render ^enly is c|«a0, eqwMy, and is ao* 
cordingly translated ex ^mio^ and equaliter by Commandine and Gregonr* 
The definition, therefore, is, tliat a straight Ime is one wh}cu lies equally 
between its extreme points : and if by Uiis we understand a line that lies 
between its extreme points so as to be related exactly alike to the space 
on the one side of it, and to the space on the other, we have a definitiim 
that is perhaps a little too metaphysical, but which certainly contains in it 
the essential character of a straighfline. That Euclid took the defimtioo 
in this sense, however, is not certain, because he has not attempted to 
deduce from it any property whatsoever of a straight line ; and indeed, it 
should seem not easy to do so, without employing some reasonings of a 
more metaphysical kmd than he has any where admitted into his Elemema 
To supply tne defects of his definition, he has therefore introduced the 
Axiom, that ttoo straight lines cannot inclose a space ; on which Axiom it is, 
and not on his definition of a straight line, tnat his demonstrations ar« 
finmded. As this manner of proceeding is certainly not so regular and 
scientific as that of laying down a definition, from which the properties of 
the thing defined may be lo^cally deduced, I have substituted another defi* 
• nition of a straight line in the room of Euclid's. This definition of a straight 
tine was suggested by a remark of Boscovicb, who, in his Notes on tht 
philosophical Poem of Professor Stay, says, " Rectam lineam rect» coqp 
<* gniere totam toti in infinitum productum si bins puncta unius binis al* 
* terius congruant, patet ex ipsa admodum clara rectitudinis idea quam 
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^kaberous* (Sapplementum in lib. 3. ( 550.) Now, that which Mi: 
Boscovich would consider at an inference from our idea of straightness, 
teems itself to be the essence of that idea, and to afibrd the best ^criterion 
for judging whether any given line be straight or not. On this principle 
we have given the definition above, If there he two lines which cannot coin^ 
eid§ in two paints^ without coinciding altogether ^each of them is called a straight 
kns. 

7*hi8 definition was otherwise expressed in the two former editions ; it 
was said, that lines are straight lines which cannot coincide in part, with 
out coinciding altogether. This was liable to an objection, viz. that it de 
iaed straight lines^ but not a straight line ; and though this in truth is but 
a mere cavS, it is better to leave no room for it The definition in the form 
now given. is alsomorfe simple. 

From the same definition, the proposition which Euclid gives as an 
Axiom, that two straight lines cannot inclose a space, follows as a neces- 
sary consequence. For, if two lines inclose a space, they must intersed 
one another in two points, and yet, in the intermediate part, must not coin- 
cide ; and therefore by the definition they are not straight lines. It follows 
in the same way, that two straight lines cannot have a common segment, 
or cannot coincide in part, without coinciding altogether. 

After laying down the definition of a straight line, as in the first Edition, 
I was favoured by Dr. Reid of Glasgow with the perusal of a MS. contain- 
ing many excellent observations on the first Book of Euclid, such as might 
be expected from a philosopher distinguished for the accuracy as well as 
the extent of his knowledge. He there defined a straight line nearly as 
has been done here, viz. ** A straight line is that which cannot meet ano- 
** ther straight line in more points than one, otherwise they perfectly coincide, 
** and are one and the same.** Dr. Reid also contends, that this must have 
been Euclid*s own definition ; because, in the first proposition of the 
eleventh Book, that author argues, ** that two straight lines cannot have a 
** common segment, for this reason, that a straight line does not meet a 
^ straight line in more points than one, otherwise they coincide." Whether 
this amounts to a proof of the definition above having been actually 
Euclid*s, I will not take upon me to decide ; but it is certainly a prodi 
l^at the writings of that Geometer ought long since to have suggestea this 
definition to his commentators ; and it reminds me, that I might have learn- 
ed from these writings what I have acknowledged above to he derived horn 
m remoter spurce. 

There is another characteristic, and obvious property of straight lines, 
by whioh 1 have often thought that they might be very conveniently defin* 
ed, viz. that the position of the whole of a straight line is determined by the 
position of two'of its points, in so much that, when two points of a straight 
tine continue fixed, the line itself cannot change its position. It might 
therefore be said, that a straight line is one tn which^ if the position of twa 
points be determtned^ the position of the whole line is determined. But this de- 
finition, though it amount in fact to the same thing with that aln.ady given, 
b rather more abstract, and not so easily made me foundation of reason- 
ing. I therefore thought it best to lay it aside^and to adopt the definitioB 
ghren in the text. 
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Hie definhioii of a pltae is giyea from Dr. Simson. Euclid's being liiitU 
to tbe aame objections with ll» definition of a straight Une ; for, he says* 
that a plane superficies is one which " lies evenly between ite extreme 
" lires.** The defects of this definition are completely removed in that which 
Dr. Simson has given. Another definition difierent from both might have 
been adopted, viz. That those superficies are called plane, which are such, 
•hat if three points of the one coincide with three points of the other, the 
whole of the one must coincide with the whole of the other. This defini« 
liofiy as it resembles that of a straight line, already given, might, perhaps 
have been introduced with some advantage ; but as ^e purposes of demon* 
station cannot be better answered than by that in the text, it has been 
ihouight best to make no farther alteration. 



In Euclid, the general definition of a plane angle is placed before thai of 
a rectilineal angle, and is meant to comprehend those angles which are 
fiirmed by the meeting of the other lines than straight lines. A plsne 
angle is said to be "Uie inclination of two lines to one another which 
" meet together, but are not in the same direction.* This definition is 
omitted here, because that the angles formed by the meeting of curve lines, 
dum^ they may become the subject of geometrical investigation, certainly 
do not belong to the Elements ; for the angles that must first be considered 
are those made by the intersection of straight lines widi one another. 
The angles formed by the contact or intersection of a straight line and a 
lircle, or of two circles, or two curves of any kind with one another, 
oould produce nothing but perplexity to beginners, and cannot possibly be 
understood till the properties of rectilineal angles have been fully explained. 
On this ground, I am of opinion, that in an elementary treatise it may 
birly be omitted Whatever is not useful, should, in explaining the ele- 
ments of a science, be kept out of sight altogether ; for, if it does not assist 
die progress of the understanding, it will certainly leta^rd it 



AXIOMS. 

Amoko the Axioms there have been made only two alteratioaa. The 
lOlh Axiom in Euclidis, that ** two straight lines cannot inclose a space ;'' 
which, having become a corollary to our definition of a straight line, ceases 
of eourse to be ranked with self-evident propositions. It is therefore re* 
flftoved from among the Axioms. 

The 12th Axiom of Euclid is, that '^ if a straight line meets two straight 
Unes, so as to make the two interidr angles on the same side of it taken 

* together less than two right angles, these straight lines being continually 

* produced, shall at length meet upon that side on which are ihA aafhs 
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** which ire less than two right uigles.'* Instead of this proposition, 
which, though true, is by no means self-evident ; another that i4>peared 
nofe obvious, and better entitled to be accounted an Axiom, has been in 
tfisdoeed, viz. ^ thai two straight lines, which interstol one another, ean- 
**]iol be both psnllel to the same straight Une.** On this subject, how«- 
•ver, a fuller eiq^hmatiaii is necessary^ far which see the note on who 2M 
Pkop. 

PROP, IV. and VUI. B. L 

ThelV. andYIILpvopositiOM of the first book are tho feondation ef att 
thai fallows with reelect to the comparison of triangles. They am d»* 
OMinstiated by what is called the method of d^iaposition, that is, by kvy 
tag die one triangle upon the other, and pvovinff that they most coiiadM 
To this some objections have been made, as if it wets ungeomstricul to 
suppose one figure to be removed from its place and appUed to another 
figure. " The laying," says Mr. Thomas Simson in his Elements, ** of 
" one figure upon another, whatever evidence it may afibrd, is a meehanieal 
** consideration, and depends on no postulate." It is not clear what Mr. 
Simaon meant here by the word oi^cAaatco/; but he probablv intended ^wdT 
lOisa^, that the meUiod of superapoai(u>a involves the idea of motion, wUcA 
belongs rather to mechanics than geometry ; for I think it is impoe^Uff 
that auch a Geometer as he was could mean to assert, that die evidi^n^n 
derived from this method is like that which arises from the use of infrtiruo 
mento, and of the same kind with what is fumiahed by experience and oib- 
servation. The demonstrations of the fourth and eighth* as they arer givem 
ky Euclid, axe as certainly a process of pure reasoning, depending mely 
on the idea of equalitv, as established in the 8th Axiom, as any thing in 
ffoometiy. But, if stiU the removal of the triangle from its place be consi* 
dered as creating a difficulty, and «« inelegant^ l^cause it involves an idoai 
that of motion, not essential to geometry, this defect may be entirely re« 
nedied, provided that, to Euclidrs three postulates, we be allowed to sdd 
the following, viz. Thai if there be two equal straight Knes, andifanyfigura 
whatsoever ^ canstitated on the one^ a figure every way equal to it may oe em^ 
stUuted on the other. Thus if AB and uE be two equal straight lines, and 
ABC a triangle on the base AB, a triangle DEF every w^ equal to ABC 
may be supposed to be constituted on DE as a base. By this it is not 
meant to assert that the method of describing the triangle DEF is actually 
known, but merely that the triangle DEF may be conceived to exist in 
all respects equal to the triangle ABC Now, there is no truth whatso- 
ever that is better entitled than this to be ranked among the Postulates or 
Axioms of geometry ; far the straight Unes AB and D£ being eveiy way 
equal, there can be nothing belonging to the one that may not also bekmg 
festhe other. 

Oa the strength of this Postulsle the IV. proposition is thvs demonstralei. 

If ABC, DEF be two triangles, such thai dw two sides AB and AC o( 
dM one are equal to die two ED, DF of die od^r, and the angle BlAC, 
oontained hy die sides AB, AC of die one, eqnal lo die sr^e EDF, oon 
laiBedbydiesidesED,DFofdModier; die triangtes ABC and £DF •!• 



Digitized 



by Google 



NOTES. 





Chi AB lei a iritngie b« eoMtitQlitd erwy wmy equd to iIm 
fihm a tins tmn^ eoiiiqide with Ike iri»i|^e ABC» it le eirideet that the 
prapontkm ietnie,fer it is eqMd to DBF by faypelheaie, end to ABC, he- 
etuseit coincideewithit; wherelbieABC,DSFereeqiHil4beiietnothe» 
B«t if it does aot coincide with ABC, let it haT# the peeitioB AB6 ; and fimi 
•eppeee Gnec to&U OB AC ; then the angle BAG ii not e^oal le the amrfe 
BAC. Bat the angle BAO is equal to the angle EDF, therefore EOF 
wmA ADC are net equals and they aie also eqiiu by hypbtlieaiSy which ie 
•B M Poe ei fale. Therefore the point 6 raimt fall upon AC ; now, ifitfallnpon 
AG but not al C, ^en AG is noteqml to AC; bat AG is equal to DF, 
therefore DF and AC are not equal, and th^ are alee equal by aopposition, 
which is imposaible. Therefore G must coincide with C, and the triangle 
AGB with the triangle ACB. But AGB is every way equal to DEP, 
therefore ACB and D£F are aho ereiy way equal. 

By help of the same postulate, the fifth may also be reiy easily de- 



Let ABC be an isosceles triangle, in which AB, AC are the equal i 
4m angle ABC, ACB opposite to these sides are alee equaL 

Draw the straight line EF equal to BC, and suppose that on EF theni 
sqgie DEF is constituted every way equal to the triangle ABC, that ii. 
hmng DE equal to AB, DF to AC, the angle EDF to the angle BAG, the 
ai^ ACB to the angle DFE, j&c. 





Then because DE is equal to AB, and AB is equal to AC, DE is eq«e 
10 AC ; and ibr the same reason, DF is equal to AB. And because DF is 
e^ to AB, DE to AC, and the a^gle FDE to the angle BAUi the an|^ 
ABC is equal to the angle DFE. But the angle ACB ia abo, by ^ 
pothesis, equal to the angle DFE ; therefore tl^ angles AJKJ 4CB aio 
equal to one another. 
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Svcii demonstratUMis, it must, however, be acknowledged^ tietpata 
against a rule which Euclid has uniformly adhered to throughout the £le- 
menta, except where he was forced by necessity to depart from it ; This 
rule is, that nothing is ever supposed to be done, the manner of doing which 
has not been alre^y taught, so that the construction is derived either di- 
rectly from the three populates laid down in the beginning, or from pro- 
blems already reduced to those postulates. Now, this rule is not essentia] 
to geometrical demonstration, where, for the purpose of discovering the 
properties of figures, we are certainly at liberty to suppose any figure to be 
constructed, or any line to be drawn, the existence of which does not in- 
volve an impoesibility. The only use, theref<Nre, of Euclid's rule is to 
guard against the introduction of impossible h3rpothe8e8, mr the taking for 
granted that a thing may exist which in £act implies contradicticm ; nom 
•Qch snppoeitioBS, folse conclusions might, no doubt, be deduced, and the 
rule is therefore useful in as much as it answers the purpose of excluding 
them. But the foregoing poetulatum could never lead to suppose the 
actual existence of any thing that is impossible ; for it only assumes the 
existenee oi a figure equal and similar to one already existing, but in a dif^ 
ferent part of space from it, or having one of its sides in an assigned posi* 
tion. As there is no impossibility in the existence oi one of these figures' 
it is evident that thero can be none in the existence of the other. 



PROP, XXL THEOR. 

It is essential to the truth of this proposition, that the straight Imes 
drawn lo the point within the triangle be drawn from the two extremities 
of the base ; for, if they be drawn from other points of the base, their sain 
may exceedthe sum of the sides of the triangle in any ratio that is less 
than that of two to one. This is demonstrate by Pappus Alexandrinas 
in the 3d Book of his Mathematicdl CoUeeti^ns, but the demonstration is of a 
kind that does not belong to this place. If it be required simply to show, 
that in certain cases the sum of the two lines drawn to the point within the 
triangle may exceed the sum of the sides of the triangle, the demonstra- 
tion is easy, and is given nearly as follows by Pappus, and also by Proclus, ' 
in the 4th Book of his Commentary on Euclid. 

liCt ABC be a triangle, having the angle at A a right angle : let D be 
any point in AB ; join CD, then CD will be greater than AC, because in 
the triangle ACD the angle CAD is greater than the angle ADC From 
DC cut off DE equal to AC ; bisect CE 
in F, and join BF ; BF and FD are greater 
than BC and CA. 

Becaose CF is equal to FE, OF and FB 
are equal to EF and FB, but CF and FB 
are greater than BC, therefore EF and FB 
iarer greater than BC. To EF and FB add 
ED, and to BC add AC, which is equal to 
ED liy construction, And BF and FD will' 
%<i gteater t^n BC and CA. 
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It 18 etidhnij that if the angle BAG he obtnse, the s&me reasoning may 
be i^f^lied. 

- This pro|)08ition is a sufficient Tindication of Euclid for having demor- 
itrated the 2l8t. proposition, which some affect to consider as self-evident ; 
lor it proves that the circumstance on which the truth of that propositioil 
iepends is not obvious, nor that which at first sight it is supposed to be, vis. 
that of the one triangle being included within the other. For this reason i 
cannot agree with M. Clairaut, that Euclid domonstrated this proposition 
only to avoid the cavils of the Sophists. But I must, at the same time, ob* 
serve, that what the French Geometer has said on the subject has certain 
ly been misunderstood, and in one respect, unjustly censured by Dr. Simson. 
The exact translation of his words is as follows : ** If Euclid has taken the 
** trouble to demonstrate, that a triangle included within another has tbe 
** sum of its sides less than the sum of the sides of the triangle in which it 
** is included, we are not to be surprised. That Geometer had to do with 
** those obstinate Sophists, who made a point of refusing their assent to the 
** roost evident truths," ^c. (Elements de Geometrie par M. Clairaut. 
Pref.) 

Dr. Simson supposes M. Clairaut to mean, by the proposition which he 
' enunciates here, that when one triangle is included in another, the sum of 
the two sides of the included triangle is necessarily less than the sum of the 
two sides of the triangle in which it is included, whether they be on the 
same base or not. Now this is not only not Euclid's proposition, as Dr 
Simson remarks, but it is not true, and is directly contrary to what has 
just been demonstrated from Proclus. But the fact seems to be, that M. 
Clairaut*s meaning is entirely different, and that he intends to speak not of 
two of the sides of a triangle, but of all the three ; so that his proposition 
is, " that when one tnangle is included within another, the sum of all the 
^ three sides of the included triangle is less than the sum of all the three 
sides of the other," and this is without doubt true, though I think by no 
means self-evident. It must be acknowledged also, that it is not exactly 
Euclid's proposition, which, however, it comprehends under it, and is the 

Smeral theorem, of which the other is only a particular case. Therefore, 
ough M. Clairaut may be blamed for maintaining that to be an Axiom 
which requires demonstration, yet he is not to be accused of mistaking a 
fiJse proposition for a true one. 

PROP. XXII. PROB. 

Thomas Simson in his Elements has objected to Euclid's denK>nstration 
of this proposition, because it contains no proof, that the two circles made 
use of in the construction of the Problem must cut one another ; and Dr. 
Simson on the other hand, always unwilling to acknowledge the smallest 
blemish in the works of Euclid, contends that the demonstration is perfect. 
The truth, however, certainly is, that the demonstration ftdmits of some 
improvement ; for the limitation that is made in the emmciation of any 
Problem ought always to be shewn to be necessarily connected with ty» 
construction of it, and this is what Euclid has neglected to do in the pn^ 
•ent instanca The defect may easily be supjdied, and Dr. Simson him* 
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iilf hai dona it in effect in his note on thia i»o|MMkien, though he denhi it 
to be necesaaiy. 

Because that of the three straight lines DF, FO, GH^ any twoarefreal> 
ear than the third, hj hypothesis, FD is less than FG and 6H, that k, 
Ihsa FH,and therefore the circle described (roin the cenire F, with the 
distance FD must meet the Hne F£ between F and H s and* for ihe like 




reason, the circle described from the centre G at the distance GH, must 
meet DG J>etween D and G, and therefore the one of these circles can- 
not be wholly within the other. Neither can the one be wholly without 
the other, because DF and GH are greater than FG ; die two circles 
must therefore intersect one another. 

PROP. XXVII. and XXVIII. 

Euclid has been guilty of a alight inaccuracy in the enunciations of 
Aese propositions, by omitting the condition, that the two straight lines on 
which the third line falls, nuiking the alternate angles, dtc. e(|ual, ninst 
be in the same plane, w^out which they cannot be parallel, as is evident 
from the definition of parallel lines. The only editor, I belieye, who haa re* 
marked this omission, is M. db Foix Due ob Canoau.b, in his transhk 
tion of the Elements published in 1 566. How it lias escaped the notice of 
subsequent commentators is not easily explained, unless because they 
thought it of liule importance to correct an error by which nobody was 
likely to be misled* 

PROP. XXIX. 

The subject of parallel Imes is one of the most diffieidt in the Elements 
of Geometry. It haa accordingly been treated of in a great Tariety of differ* 
ent ways, of which, perhaps, there is none that can be aaid to have given 
entire aatisfaotipn. The diffiGult|rconsistomcofie«rtiN^ the 37th and 28th <tf 
Euclid, or in. demonstrating, that parallel straight lines, or such aa do not 
poet one another, when they meet a third line, make the alternate angles 
nth it equal, or, which comes to the same, are equally inclined to it, and 
anaike the exterior angle equal to the interior jaad q>poBiie. Inoidw to ds» 
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tMs proposUiont Evdid asftumed it u mi Axiom, tbal <^ c 
** «traight line meet two straight lines, so as to make the interior angles on 
** ibe same side of it less than two right angles, these straight lin^s beinf 
'^ continually produced, will at length meet on the side on which the angles 
' are that are less than two right angles." This pipposition, however, b 
not self-evident, and ought the less to be received without proof, that, as 
Proclus has observed, the converse of it is a proposition that confessedly 
requires to be demonstrated. For the converse of it is, that two straight 
lines which meet one another make the interior angles, with any third line, 
less than two right angles ; or, in other words, that the two interior angles 
of any triangle are less than two right angles, which is the 17th of the 
First Book of the Elements; and it should seem, that a proposition can 
never rightly be taken for an Axiom, of which the converse requires a de- 
monstration. 

The methods by which GeOmet«rs^haye aettempted to reikiove this 
blemi^ from the Elements are of three kinds. 1. By a new definition of 
parallel lines. 2. By introducing a new Axiom concerning parallel lines, 
more obvious than Euclid's. 3. By reasoning merely from the d^nition 
oi parallels, and the properties of lines already demonstrated without the 
■aumption of any new Axiom. 

1. One of the definitions that has been substituted for Euclid's is, that 
sinught lines are parallel, which preserve always the same distance from 
one another, by the word distance being tmderstood, a perpendicular drawn 
to one of the lines from any point whatever in the othdr. If these perpendicu- 
lafa be every where of the same length, the straight lines are called parallel 
This is the definition given b^ Wolfius, b}' Boscovich, and by Thomas 
Simson, in the first edition of his Elements. It is however a faulty defi- 
nition, for it conceals an Axiom in it, and takes for granted a property of 
straight lines, that ought either to be laid down as self-evident, or demonstrat- 
ed« if possible, as a Theorem. Thus, if from the three points, A, B, and C 
of the straight line AC, perpendiculars AD, BEl, CF be dravm all equal 
to one another, it i» implied in the definition 1^ f^^ "Ci 

thai the points D, £ and F are in the same -^ ^ ^ 

stnighl line, which, though it be true, it was 
not the business of the definition to inform us 
of. Two perpendiculars, as AD and CF, are 
alone sufficient to determine the position of the 
sicaight line DF, and therefore the definition ought to be, "that two straight 
^ lines are parallel, when there are two points in the one, from which the 
''perpendiculars drawn to the other are equal, and on the same side of it " 
Tlus is the definition of parallels which M. D' Alembert seems to prefei 
td all others ; but he acknowledges, and very justly, that it still remains a 
nwttwr of difiiculty to demonstrate, that all the perpendiculars drawn from 
Ae one of these lines to the other are equal. (Eneyehpedie^ Art. Parallele.) 
' Another definition that has been given of parallels is, that they are lines 
which make equal angles with a third line, toward the same parts, or such 
M make the exterior angle equal to the interior and opposite. Varignon 
Beiout, and several other mathematicians, have adopted this definition, 
which, it must be acknowledged, is a perfectly good on^ if iibeundersuiod 

37 
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acfftoiH third line, but not with any line that falls upon them. It remains 
therefore, to be demonstrated, That if AB and CD make equal angles with 
GH, they will do so also with any other line whatsoever. The definition, 
dierefore, must be thus understood, That parallel lines are such as make 
equal angles, with a certain third line, or, more simply, lines which are per* 
pendicular to a given line. It must then be proved, 1. That straight lines 
which are equally inclined to a certain line or perpendicular to a certain line, 
must be equally inclined to all the other lines that fall upcm them ; and also, 
9. That two straight lines which do not meet when produced, must make 
equal angles with any third line that meets them. 

The demonstration of the first of these propositions is not at all facilitated 
by the new definition, unless it be previously shown that all the angles of a 
triangle are equal to two right angles. 

The second proposition would hardly be necessary if the new definitioB 
were employed ; for when it is required to draw a line that shall not meet 
a given line, this is done by drawing a line that shall have the same incli- 
nation to a third line that the first or given line has. It is known that lines 
so drawn cannot meet. It would no doubt be an advantage to have a defi- 
tition that is not founded on a condition purely negativet 

2. As to the Mathematicians who have rejected Euclid's Axiom, and in- 
troduced another in its place, it is not necessary that much should be said. 
Clavius is one of the first in this class ; the Axiom he assumes is, ** That a 
''line of which the points are all equidistant from a certain straight line in 
** the same plane with it, is itself a straight line." This proposition he does 
not, however, assume altogether, as he gives a kind of metaphysical proof 
of it, by which he endeavours to connect it with Euclid's definition of a 
straight line, with which proof at the same time he seems not very we)! 
satisfied. His reasoning, ader this proposition is granted (though it ought 
not to be granted as an Axiom), is logical and conclusive, but is prolix and 
operose, so as to leave a strong suspicion that the road pmvued is by a» 
means the shortest possible. 

The method pursued by Simson, in his Notipts in the First Book of Euelld, 
is not Terr diflferent from that of CUtvius. He assumes this Axiom, •* Thar* 
• a straight line cannot first come nearer to another straight line^ and thet^ 
•• go farther from it without meeting it." (Notes, <kc. English Edition.) By. 
•oniBf nearer is miderstood, oonformably to aprevious definition, the dimt^ 
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I ef tbe perpendicidan drawn horn the ona Hne to the other. Thi* 
Axioiii ui nore readily assented to than that of Claviiis, fh>in which, how- 
ereryit is not very different : but it is not very happily expressed, as the idea 
WH notely of motion^ but of time, seems to be involved in the notion oifirsf 
oomiBg nearer, and them going farther off. Even if this inaccuracy is pass 
ad over, the reasoning c? Sinison, like that of Clavins, is prolix, and evt 
den^iy a circnitoos method of coming at the truth. 

Thomas Simson, in the second edition of his Elements, has presented 
titts Axiom in a simpler form. * *' If two points in a straight line are posited 
Mat iine<)iial distances from another straight line in the same plane, 
** thase two lines being indefinitely product on the side of the least di»- 
^ taace will meet one another.* 

By help of this Axiom it is easy to prove, that if two straight lines AB, 
CD an parallel, the perpendiculars to the one, terminated by the other« 
are all equal, and are also perpendicular to both the parallels. That they 
are equal is evident, otherwise the lines would meet by the Axiom. That 
they are perpendicular to both, is demonstrated thus : 

If AC and BD, which are perpendicular to AB, and equal to one another, , 
be not also perpendicular to CD, from C latt^E 
be drawn at right angles to BD. Then, be- 
cause AB and CE are both perpendicular to 
BD, they are parallel, and therefore the perpen- 
diculars AC and BE are equal. But AC is 

equal to BD, (by hypotheses,) therefore BE and ..^ _ 

BD are equal, which isr impossible ; BD is therefore at right angles to CD. 

Hence the proposition, that ^ if a straight line fall on two parallel lines, it 
**makes the alternate angles equal," is easily derived. Let FH and GE b« 





parpendicnlar to CD, then they will be parallel to one another, and also Si 
fight angles to AB, and therefore FG and HE are eqttai to one another, 
by the last mposition. Wherefore in the triangles EFG, EFH, the sides 
HE and EF are equal to the sides GF and FE, each to each, uid also the. 
diird side HF to the third side EG, therefore the angle HEF is equal to 
tiie angle EFG, and they are alternate angles. 

This method of treating the doctrine of parallel lines is extremely plain 
and concise, and is perhaps as gopd as any that can be followed, when % 
new Axiom is assumed. In the text above, I have, however, followed a 
diilerent method, employing as an Axiom, *^That two stj^ight lines, which 
** cut one another, cannot be both parallel to the same straight line.* This 
Axiom has been assumed by others, particularly by Ludlam, in his verjr^ 
■Stefnl little tract, entitled RuHmenU if Mafkemaiics. 
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It U a popovtioA nadily enough admitted aa aetf-erkieiily aaid kadi 
^o the demonatntiQa of Eudid'a 2^ PiopoaitioB^ eres with hmmni bnviljr 
than SimaoD'a. 

8. All the methoda aboTe eawnented leaire the mind aomeidiai diaaatia 
fied« aa we naturally expect to diacover the propertiea of pasaHel Unas, m 
we do thoae of other geometric quantitiea, hy comparing the definttioB ef 
thoae linea, with the propertiea of atraight Unea ahreadj Imo wn. The wok 
ancient writer who i^[^peara to haye attempted to do thia ia Ptc^emy the aa- 
tronomer, who wrote a treatiae ezpreealy oif the aubject cf Parallel Linea. 
Proclua haa preaenred aome account of thia work in Uie Fourth Bock of his 
commentaries : and it ia curious to observe in it an argnm«Bt founded en the 
principle which is known to the modems by the name of the sfMeietU nmtM, 

To prove, that if two parallel atraight linea, AB and CD, be out hy a 
thiid bne £F, in 6 and H, the two interior anglea AGH, CHG will be 




equal lio two right angles, Ptdemy reasons thus : If the angles AGHt 
CHG be not equal to two right KSgles, let them, if possible, be greater 
than two right angles : then, because the lines AG and CH are not more 
parallel than the lines BG and DH, the angles BGH, DHG are also 
mater than two right angles. Therefore, the four angles AGH, CHG, 
BGH, DHG are greater than four right angles ; and they are also equal 
to four right angles, which is absurd. In the same manner it ia shewn, 
that the ani^Ies AGH, CHG cannot be less than t¥ro right angles. There- 
fore they are equal to two right angles. 

But this reasoning is certainly inconclusiye. For why are we to asp^ 
pose that the interior angles which the parallels make with the line cutthi|^ 
them, are either in every case greater than two right anglea, or in everjr 
case less than two right angles ? For any thin^ that we are yet supposed 
to know, they may be sometimes greater than two riffht angles^ and aooMK 
times less, and therefore we are not entitled to conclude, because the aagUiit 
AGH, CHG are greater than two right angles, that therefore the an^ea 
BGH, DHG are also necessarily greater than two right angles. It 
ihay aafely be asserted, therefore, that Ptolemy haa not aucceeded in hist 
attempt to demonstrate the properties of parallel linea without the i 
ance of a new Axiom. 

Another atten^t to demonstrate the same proposition withml the i 
ance of anew Axiom >aw been made by a modem geometert FraaosaeUBi . 
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Professor of Malhemaliet in the Uniyersity of Bologna, in an essay, whid 
lie entitles. La Te^ria deiU paraUeU rigorosamente dimonsiraia^ printed uC 
kis OpuscoH Mathemaiieij at Bassano in 1787. 

Tlie difficulty b there reduced to a proposition nearly the same with this, 
That if BE make an acute angle with BD, and if DE be perpendicular tc 
BD at any pointy BE and D£, 
if prddoced, will meet To de- 
Bionalrate this, it is supposed, 
Aat BO, BC are two paru taken 
In BE, ii which BC is greater 
tea BO, and that the perpendi- 
enlais ON, CL are drawn to BD ; 
theft shall BL be greater than 
BN. For, if not, that is,' if the 
peipendicular CL falls either at 
N, or between B and N, as al 
P ; in the first of these cases the 
angle CNB is equal to the angle ONB, because they are both right angles, 
wMch is impossible ; and, in the second, the two an^es CFN, CNF of the 
trinngle CNF, exceed two right angles. Therefore, adds our author, since, 
as BC increases, BL also increases, and since BC may be increased wilJh- 
out limit, so BL may become greater than any given line, and therefore may 
be greater than BD ; wherefore, since the perpendiculars to BD from pomts . 
beyond D meet BC, the perpendicular from D necessarily meets it. 

Now it will be found, on examination, that this reasoning is no more 
conclusive than the preceding. For, unless it be proved, that whatever 
nniltiple BC is of BO, the same is BL of BN, the iitdefimte increase oi 
BC does not necessarily imply the indefinite increase of BL, or that BL may 
be made to exceed BD. On the contrary, BL may always increase, and 
yet may do so in such a manner as never to exceed BD : In order that the 
demonstration should be conclusive, it would be necessary to shew, that 
when BC increases by a part equal to BO, BL mcreases fdways by a part 
equal to BN ; but to do this will be found to require the knowledge of those 
very properties of parallel lines that we are seeking to demonstrate. 

Lege^dre, in his Elements of Geometry, a work entitled to the highest 
praise, for jslegance and accuracy, has delivered the doctrine of parallel lines 
without any new Axiom. He has done this in two different ways, one in 
die text, and the other in the notes. In the former he has endeavoured to 
prove, independently of the doctrine of parallel lines, that all the angles of 
a triangle are equal to two right angles ; from which proposition, when 
it is once established, it is not difficult to deduce every thing with respect t(S 
parallels. But, though his demonstration of the propertjr of triangles just 
mentioned is quite logical and conclusive, yet it has the fault of being long 
and indirect, proving first, that the three angles of a triangle cannot Jbs 
tfif^Uer than two right angles, next, that they cannot be less, and doing 
both by reasoning abundantly subtle, and not of a kind readily apprehend- 
ed by those who are only beginning jto study the Mathematics. 

The demonstration which he has given in the notes is extremely ingeni- 
oos, and proceeds on this very simple and undeniable Axiom, that we can- 
not compare an angle and a line, as to magnitude, or cannot have an equa- 
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tion u^ any sort between tliem. This truth is involved in the diatinetioii 
.between homogeneous and heterogeneous quantities, (Euc. y. def. 4.)» 
which has long been received in Geometry, but led only to negative con- 
sequences, till it fell into the hands of Legendre. The proposition which 
he deduces from it is, that if two anglc^ of one triangle be equal to two an- 
gles of another, the third angles of these triangles are also equaL For, it 
IS evident, that when two angles of a triangle are given, and also the side 
between them, the third angle is thereby determined ; so that if A and B 
be any two angles of a triangle, P the side interjacent, and C the third an- 
gle, C is determined, as to its magnitude, by A, B and P ; and, besides 
Uiese, there is no other quantity whatever which can affect the ma^gnituds 
of C. This is plain, because if A, B and P are given, the triangle can be 
constructed, all the triangles in which A, B and P are the sanae, l^ing e^ual 
to one another. 

But of the quantities by which C is determined, P cannot be one ; ibr if 
it were, then C must be k function of the quantities A, B, P ; that is to say, 
the value of C can be expressed by some combination of the quantities A, 
B and P. An equation, therefore, may exist between the quantities A, B, 
C and P ; and consequently the value of P is equal to some combination, 
that is, to some function of the quantities A, B and C ; but this is impossi- 
ble, P being a line, and A, B, C being angles ; so that no function of ths 
first of these quantities can be equal to any function of the other three. The 
angle C must therefore be determined by tne angles A and B alone, without 
any regard to the magnitude of P, the side interjacent. Hence in all trian- 
ries that have two angles in one equal to two in another, each to each, the 
Siird angles are also equal. 

Now, this being demonstrated, it is easy to prove that the three angles of 
any triangle are equal to two right angles. 

Let ABC be a triangle right angled at A, draw 4D perpendicular to 
EC. The triangles ABD, ABC have the an- ^ 

ries BAC, BDA right iangles, and the angle 
B common to both ; therefore by what has just 
been proved, their third angles BAD, BCA are 
also equal. In the same way it is shewn, that 
CAD is equal to CBA ; therefore the two an- 
des, BAD, CAD are equal to the two BCA, 
CBA ; but BAD+CAD is equal to a right B 
angle, therefore the angles BCA, CBA are tofi[ether equal to a right angle, 
and consequently the tnree angles of the right angl^ trian^e ABC are 
equal to two right angles. 

And since it is proved that the oblique angles of CYery right angled 
trian^e are equal to one right angle, and since every triangle niay bo 
divided into two right angled triangles, the four oblique angles of whicn are 
equal to the three angles of the triangle, therefore the three angles of every 
mangle are equal to two right angles. 

Though this method of treating the subject is strictly demonstrative, yet, 
as the reasoning in the first of the two preceding demonstrations is not per- 
haps sufficiejritly simple to be apprehended by those just entering on mathe- 
matical stupes, I shall submit to the reader another method, »it liable to 
^He aame objection, which I know, from experience, to be of ve# in ezplafai 
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ing the Elemeats. It procee48» like tbal of the French Geometert by de 
monstrating, in the first place,' that the angles of any triangle are togethei 
equal to two right angles, and deducing from thence, that two lines, whicl 
make with a third line the interior angles, less than two right angles, must 
meet if produced. The reasoning used to demonstrate the first of these 
Impositions may be objected to by some as involving the idea of motion, and 
the transference of aline from one place to another. This, however, is no 
Bore than Euclid has done himself on some occasions ; and when it fumisb* 
•8 so short a road to the truth as in Uie present instance, and does not io^ 
pair tlie evidence of the conclusion, it seen^s to be in no respect inconsistent 
with the utmost rigour of demonstration. It is of importance in explainiof 
the Elements of Science, to connect truths by the shortest ch^iin possible ; 
and till xbAX is done, we can never consider them as being placed in theif 
maiwrul ^rSer. The reasoning in the first tjf the following propositions is so 
iifliple, ^at it seems hardly susceptible of abbreviation, and it has the ad- 
vantage of connecting immediately two truths so much alike, that one 
might conclude, even from the bare enunciations, that they are but different 
cases of the same general theorem, viz. That aU the angles about a point, 
Mid all' the exterior angles of any rectilineal figure, are constantly of the 
same magnitude, and equal to four right angles. 

DEFINITION. 

Ip, while one extremity of a straight line re- 
mains fixed at A, the line itself turns about that 
point from the position AB to the position AC, it 
IS said to describe the angle BAC contained by 
the line AB and AC. 

Cor. If a line turn about a point from the position AC till it come into 
the position AC again, it describes angles which are together equal to four 
right angles. This is evident from tl^ second Cor. to the I5th. !• 

PROP. L 

All the exterior angles of any rectilineal figure are together equal to foot 
right angles. 

1. Let the rectilineal figure be the triangle ABC, of which the exterior 
angles are DCA, FAB, GBC ; these angles are together equal to four 
right angles. 

Let t£e line CD, placed in the direction of BC produced, turn about the 
point C till it coincide with CE, a part of the side CA, and have described 
the exterior angle DCE or DCA. Let it then be carried along the line 
CA, till it be in the position AF, that is, in the direction of CA prodvcei^ 
and ihe point A remaining Axed^ let it turn about A till it describe the 
angle FAB, and coincide with a part of the line AB- Let it next be car 
liod along AB till it come into the position B6, and by turning about B. 
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10- it describe the angle GBC, eo 
«t to coincide with a part of BC. 
Lastly. Let it be carried along BC 
till it coincide with CD, its first 
positioA. Then, because the line 
CD has turned about one of its 
ejOreinities till it has eome into 
the posidon CD agaiu, it has bj 
the eorollary to the above delini- 
tkm described angles whieh are 
together equal to four right an- 
ries; but the angles which h 
has described are the three ex- 
terior angles of the triangle ABC, 
therefore the exterior angles of 
the triangle ABC are equal to 
four right angles. 

9. If the rectilineal Hgure have anj number of sides, the proposition is 
demonstrated just as in the case of a triangle. Therefore all the exterior 
angles of any rectilineal figure are together equal to four right angles. 

Coa- 1. Hence, all the interior angles of any triangle are equal to two 
right angles. For all the angles of the triangle, both exterior and interior, 
are equal to six right angles, and the exterior being equal to four right 
angles, the interior are equal to two right angles. 

CoR. 2. An exterior angle of any triangle is equal to the tw6 interior and 
opposite, or the angle DC A is equal to the angles CAB, ABC. For the 
angles CAB, ABC, BCA are equal to two right angles ; an^ the angles 
ACD, ACB are also (13. ].) equal to two right angles ; therefore the three 
angles CAB, ABC, BCA are equal to the two ACD, ACB ; and taking 
ACB from both, the angle ACD is equal to the two angles CAB, ABC. 

Cor. 3. The interior angles of any rectilineal figure are equal to twice 
as many right angles as the figure has sides, wanting four. For all the 
angles exterior and interior are equal to twice as many right angles as the 
figure has sides ; but the exterior are equal to four right angles ; therefore 
tike interior are equal to twice as many right angles as the figure has sides 
wanting four. 

PROP. IL 

Two straight lines, which make with a third line the interioi angles on 
the same side of it less than two right angles, will meet on that side, if pro- 
duced far enough. 

Let the straight lines AB, CD, make with AC the two angles BAC. 
DCA less than two right angles ; AB and CD will meet if produced toward 
B and D. 

In AB take AF=AC ; join CF, produce BA to H, and through C draw 
flE, making the angle ACE equal to the angle CAH. 

Because AC is equal to AF,the ai^es AFC, ACF aie also equal (5 
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I.) ; bnl the exterkn: angle HAC is equal to the two interior and oroosite 
angles ACF, AFC, and therefore it is double of eitlier of them, as of ACF 
Now ACE is equal to HAC by construction, therefore ACE is double oi 
ACF, and is bisected by the line CF. In the same manner, if FG be taker 
equal to FC, and if CO be drawn, it may be shewn that CG bisecU the 
angle FCE, and so on continually. But if from a magnitude, as the aa». 
^e ACE, there be taken its half, and from the remainder FCE its 
kdf FCG, and from the remainder GCE its half, dse. a remainder wiU al 
length be found less tlum the giraa an^e DCE.* 




Let GCE be the angle, whose half ECK is less than DCE, then a 
straight line CK is found, which falls between CD and C£, but never- 
theless meets the line AB in K. Therefore CD, if produced, must meet 
AB in a point between G and K. 

This demonstration is indirect ; but this proposition, if the definition of 
parallels were changed, as suggested at p. 291, would not be necessary , 
snd the proof, that lines equally inclined to any one line must be so to 
every line, would follow directly from the angles of a triangle being equal 
to two right angles. The doctrine of parallel lines would in this manmer 
be freed from all difficult. 

PROP. III. or 29. 1. Euclid, 

If a straight line fall on two parallel straight lines, it makes the altercaie 
angles equal to one another ; the exterior equal to the i^iterior and oppo- 
eile On the same side ; and likewise the two interior angles, on the same 
side equal to two right angles. 

Let the straight Une EF fall pn 
the parallel straight lines AB, 
CD ; the alternate angles AGH, 
GHD are equal, the exterior angle 
EGB is equal to the interior and 
opposite GHD ; and the two inte- 
rior angles BGH, GHD are equal 
tp two light angles. 

For if AGH be not equal to 
GHD, let it be greater, then add- 
ing BGH to boi^ the angles 
AGH, HGB are greater than the 

* Prop. 1. ] Sup. Tha reference of this propoaition involvea nothing inccns'stent wi^ 
food reaMMiinx, as tim demonstration of it duett not depead on any tkkig tSat has gone bafor*. 
JBlbat jti— yhsisuwiicsdsiaerititoftfit Pisc*al>. 
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angles DUG, HGB. But AGH, HGB are equal to two ikht angles (13. 
i .) ; therefore BGH, GHD are less than two right angles, and therefore the 
lines AB, CD will meet, by the last proposition, if produced toward B and 
D. But they do not meet, for they are parallel by hypotheses, and there- 
lore the angles AGH, GHD are not unequal, that is, they are equal to on« 
fUDother. 

Now the angle AGH is equal to EGB, because these are Tertical, and 
k has also been shewn to be equal to GHD, therefcnre £(jB and Gil D are 
equal. Lastly, to each of the equal angles EGB, GHD add the angle 
BGH, then the two EGB, BGH are ^ual to the two DHG, BGH. But 
EGB, BGH are equal to two right angles (13. l.),therefore BGH. GHD 
are also equal to fwo right angles. 



The following proposition is placed here, because it is more connected 
with the First Book than with any other. It is useful for explaining the 
nature of Hadley's sextant ; and, though involved in the explanations usual- 
ly given of that instrument, it has not, I believe, been hitherto considered as 
a distinct Geometrical Proposition, though very well entitled to be so on ao 
count of iu simplicity and elegance, as well as its utility. 

THEOREM. 

If an exterior angle of a triangle be bisected, and also one of the interior 
and opposite, the angle contained by the bisecting lines is equal to half tlio 
other interior and opposite angle of the triangle. 

Let the exterior ande ACD of the triangle ABC be bisected by the 
straight line C£, and the interior and opposite ABC by the straight line 
BE, the angle BEC is equal to half the angle BAG. 

The line CE, BE will meet ; for since the angle ACD is greater dian 
ABC, the half of ACD is greater than the half of ABC, that is, ECD 
is greater than EBC ; add 
ECB to both, and the two 
ingles ECD, ECB are 

g -eater than EBC, ECB. 
ut ^CD, ECB are equal 
to two right angles ; there- 
fore ECB, EBC are less 
than tH'o right angles, and 
therefore the lines CE, BE 
must meet on the same side 
of BC on which the trian 
gle ABC is. Let them meet in E. ^ 

Because DCE is the exterior angle of the triangl^CE, it is eqnal to 
the two angles CBE, BEC, and therefore twice the angle DCE, that is, the 
angle DCA is equal to twice the angles CBE and BEC. But twice tjie 
angle CBE is equal to the angle ABC, therefore the angle DCA is equal 
lo die angle ABC, together wkh twice the angU B£0 ; «ii4 the sauis «» 




Digitized 



by Google 



gU DCA being the exterior angle of the triangle ABC, w equal m the two 
aa^ea ABC, CAB, wherefcNre the two angles ABC« CAB are equal to 
ABC and twice BBC. Therefore, taking away ABC from both, theve 
lamaina the an^e CAB equal to twice the angle BEC, or BEC equal tCK 
A^halfofBAa 



BOOK II. 



Tht Demonstrations of this Book are no otherwise changed than hj m« 
troducing into them some characters similar to those of Algebra, which is 
always of great use where the reasoning turns on the addition or subtrac- 
tion of rectangles. To £uclid*s demonstrationa, others are sometimes add- 
ed, as Scholiums, in which the properties of the sections of lines are easilv 
demonstrated by Algebraical formulas. 



BOOK m. 



DEFINITIONS. 

Thk definition which Euclid makes the first of this Bode is that of equal 
circles, which he defines to be ** those of which the diameters are equal." 
This is rejected from among the definitions, as being a Theinrem, the tnufa 
of which is proved by siq)posing the circles iq[)plied to one another, so thai 
their centres nftay coincide, for the whole of the one must then coincide with 
the whole of the other. The converse, viz. That circles which are equal 
nave equal diameters, is proved in the same way. 

The definition of the angle of a segment is also omitted, because it doea^ 
not relate to a rectilineal angle, but to one understood to foe contained be^ 
tween a straight line and a portion of the circumference of a circle. In like 
manner, no notice is taken in the 16th proposition of the angle compcehend-t 
ad between the semicircle and the diameter, which ia aaid by Euclid to b* 
greater than an acute rectilineal angle. The reason for these omissionB hai 
already been assigned in the notes on the fifth definition 4^ the first Book. 

PROP. XX. 

It has been remarked of this demonstration, that it takes for granted, tha 
H two magnitudes be double of two others, each of each, the sum or diiTer 
«ice of the first two is double of the sum or difierence of the other two. 
which are two cases of the 1st and 5th at the 5th Book. The justness ot 
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diis tenmik cmniiot be denied ; and though the cases of the Propositions hem 
referred to are the siniplest of any, yet the truth of them ought not in strid- 
ness to be assumed without proof. The proof is easily given. Let A and 
B, C and D be four magnitudes, such that As2C, and B=52D ; then A 
<f B=2(C+D). For since A=C+C, and B=D+D, adding equals It 
equals, A+B=(C+D)+(C+D)=2(C+D). So also, if A be greater 
than B, and therefore C greater than D, since A=sC+C, and Bs=:D+D« 
taking equals from equals. A— B=:(C— D)+(C— D), that is. A— Bas3 
(C-D). 



BOOK V. 



The subject of proportion has been treated so differently by those who 
have written on elementary geometry, and the method which Euclid has fol* 
lowed has been so often, and so inconsiderately censured, that in these notes 
it will not perhaps be more necessary to account for the changes that I have 
made, than for Uiose that I have not made. The changes are but few, and 
relate to the language, not to the essence of the demonstrations ; they will 
be explained after some of the definitions have been particularly considered 

DEF. III. 

The definition of ratio given here has heett greatly extolled by some au- 
thors ; but whatever value it may have in the eyes of a metaphysician^ it 
has but little in those of the geometer, because nothing concerning the pro- 
perties of ratios, can be deduced from it. Dr. Bartow has very judicious^ 
remarked concerning it, ** that Euclid had probably no other design in mak- 
** ing this definition, than to give a general summary idea of ^tio to begin- 
** ners, by premising this metaphysical definition to the more accurate defi?- 
^ nitions of ratios that are equal to one another, or one of which is greater 
'* or less than the other ; I call it a metaphysical, for it is not properly a ma- 
** thematical definition, since nothingin mathematics depends on it, or is de- 
« ducod, nor, as I judge, can be deduced, from it:** (Barrow's Lectures, 
lioot. 3.) Dr. Simson thinks the definition has been added by some unskil* 
ful editor; but there is no ground for that supposition, other than what an- 
tes from the definition being of no use. We may, howeyer,^ well enough 
imagine, that a certain idea of order and method induced Euclid to gtnr 
tame general definition of ratio before he used &e term in the definition of 
•quai ratios. 

DEF. IV. 

TIus.definiti(m is a little altered in the expression ; Euclid has it, ikm 
magnitudes are said to have a ratio to one another, when the less cap bs 
mukiplied aa as ta exoeed the gp»at«r." 
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DEF. V. 



One of the cbief obstacles to the ready understanding of the dth Book ol 
Euclid* is the difficulty that most people find of reconciling the idea of pro* 
portion which they have already aciquired, with the account of it that is 
given in this definition* Our first ideas of proportion, or of proportionality, 
are got by trying to compare together the magnitude of external bodies ; 
and though they be at first abundantly vague and incorrect, they are usually 
rendered tolerably precise by the study of arithmetic ; from which we learn 
to call four numbers propwtionals, when they are such that the quotient 
which arises from dividing the first by the second, (according to the com- 
mon rule for division), is the same wiUi the quotient that arises from divid- 
ing the third by the fourth. 

Now, as the operation of arithmetic^ division is applicable as readily to 
any two magnitudes of the same kind, as to two numbers, the notion of pro* 
portion thus obtained may be considered as perfectly general. For, in arith* 
metic, after finding how often the divisor is contained in the dividend, we 
multiply the remainder by 10, or 100, or 1000, or any power, as it is called, 
of 10, and proceed to inquire how oil the divisor is contained in this new 
dividend ; and, if there be any remainder^ we go on to multiply it by 10, 
100, &c. as before, and to divide the product by the original divisor, and so 
on, the division sometimes termini^ting when no remainder is left, and some- 
times going on ad infinitum^ in consequence of a remainder being left at each 
operation. Now, this process may easily be imitated with any two mag- 
mtudes A and B, providing they be of the same kind, or such that the one 
can be multiplied so as to exceed the other. For, suppose that B is the 
least of the two ; take B out of A as oft as it can be found, and let the quo- 
tient be noted, and also the remainder, if there be any ; multiply this remain- 
der by 10, or 100, &c. so as to exceed B, and let B be taken out of the quan- 
tity produced by this multiplication as oft as it can be found ; let the quotient 
be noted, and also the remainder, if there be any. Proceed with this remain- 
der as before, and so on continually ; and it is evident, that we have an opera- 
tion that is applicable to all magnitudes whatsoever, and that maybe perform- 
ed with respect to any two lines, any two plane figures, or any two solids, &c. 

Now, when we have two magnitudes and two . others, and find that the 
first divided by the second, according to this method, gives the very same 
seiies of quotients that the third does when divided by the fourth, we say of 
these magnitudes, as we did of the numbers above described, that the first 
is to the second as the third to the fourth. There are only two more cir^ 
cumstances necessary to be considered, in order to bring us precisely to 
Euclid's definition. 

Firs^ It is known from arithmetic, that the multiplication of the succes- 
sive remainders each of them by 1 0, is equivalent to multiplying the quantity 
to be divided by the product of all those tens ; so that multiplying, for in- 
stance, the first remainder by 10, the second by 10, and the tlurd by 10, is 
the same thing, with respect to the quotient, as if the quantity to be divided 
had beer at first multiplied by lOOO'; and therefore, our standard of the pro- 
portionaliiy of numbers may be expressed thus : If the first multiplied any 
nu^nber of tiiiies by 10, and then divided by the second, gives the same quo- 
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dent »s when the third is muliplied as oflen by 10, and then divided by the 
fourth, the four magnitudes are proportionals. 

Again, it is evident, that there is no necessity in these multiplications for 
confining ourselves to 10, or the powers of 10, and that we do so, in arith- 
ffletic, only for the conveniency of tho decimal notation ; we may therefore 
•se any multipliers whatsoever, providing we use the same in both cases. 
Hence, we have this definition of proportionals, When there are four mag- 
nitudes, and any multiple whatsoever of the first, when divided by the 
second, giveji the same quotient with the like multiple of the third, when 
divided by the fourth, the four magnitudes are proportionals, or the first 
has the same ratio to the second that the third has to the fourth. 

We are now arrived very nearly at Euclid's definition ; for, let A, B, C, 
D be four proportionals, according to the definition just given, and m any 
number ; and let the multiple of A by m, that is mA, be divided by B ^ and 
first, let the quotient be the number it exactly, then also, when mC is divided 
by D, the quotient will be n exactly. But when mA divided by B gives n 
for the quotient, m A ssfiB by the nature of division, so that when mA=nB, 
mC=rnD, which is one of the conditions of Euclid's definition. 

Again, when mA is divided by B, let the division not be exactly perform- 
ed, but let n be a whole number less than the exact quotient, then nB/ 
mA, or mXynB ; and, for the same reason, mC/nDy which is another of 
the conditions of Euclid's definition. 

Lastly, when mA is divided by B, let n be a whole number greater than 
the exact quotient, then mA^nB, and because n is also greater than the 
quotient of mC divided by D, (which is the same with the other quotient), 
therefore mC^«D. 

Therefore, uniting all these three conditions, we call A, B, C, D, propor^ 
tionals, when they are such, that if mA 7«B, mCynJ) ; if mA=nB, mCs 
iiD ; and if mA^'^B, mC^nD, m and n being any numbers whatsoever. 
Now, this is exactly the criterion of proportionality established by Euclid in 
the 5th definition, and is derived here by generalizing the common and most 
familiar idea of proportion. 

It appears from this, that the condition of mA containing B, whether 
with or without a remainder, as oflen as mC contains D, with or without a 
remainder, and of this being the case whatever value be assigned to the 
number m, includes in it all the three conditions that are mentioned in Eu- 
clid's definition ; and hence, that definition may be expressed a little more 
simply by saying, ihsLiJour magnitudes are proportionals^ when any multiple of 
the first contains the second^ {with or without remainder j) as oft as the same muU 
tipfe of the third contains the fourth. But, though this definition is certainly, 
in the expression, more simple than Euclid's, it is not, as will be found on 
trial, so easily applied to the purpose of demonstration. The three conditions 
which Euclid brings together in his definition, though they somewhat em- 
barrass the expression of it, have the advantage of rendering the demon- 
strations more simple .*han they would otherwise be, by avoiding all discus- 
sion about the magnitude of the remainder lefl, after B is taken out of m A as 
oil as it can be found. All the attempts, indeed, that have been made to de- 
monstrate the properties of proportionals rigorously, by means of other defini • 
tions than Euclid's, only serve to evince the excellence of the method follow 
tA by the Greek G^meter, and his singular address in the implication of it 
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The great qlijecCum to the other methods is, that if they are meant to i>e 
rigorous, they require two demonstrations to eveiy proposition, one wheA 
the division of mA into parts equal to B can be exactly performed, the otner 
when it cannot be exactly performed whatever value be ^Jisigned to m, or 
when A and B are what is called incommensurable ; and this last case wiC 
generally be found to require an indirect demonstration, or a reductio ad ok* 



M. D'Alembert, speaking of the doctrine of proportion, in a discourse 
that contains many excellent observations, but in which he has overlooked 
Euclid's manner of treating this subject entirely, has the following remark : 
** On ne pent d6montrer que de cette manidre, (la reduction k absurde,) la 
"^plnpart des propositions qui regardent les incommensurables. L'id^e da . 
** rinfini entre au moins implicitemens dans la notion de ces sortes de quan- 
" tit^ ; et comme nous n'avons qu'une id^e negative de I'infini, on ne peut 
" d^montrer directement, et a priori, tout ce ^m conceme Tinfini math^a* 
" tique." {Eneyelopidie, mot GeomSlrie.) 

This remark sete in a strong and just light the difficulty of demonstratmg 
the propositions that regard the proportion of incommensurable magnitudes, 
without having recourse to the redtictio ad absurdum : but it is surprising, 
that M. D^Alembert, a geometer no less learned than profound, should 
have neglected to make mention of Euclid's method, the only one in which 
the difficulty he states is completely overcome. It is overcoifie by the in- 
troduction of the idea of indefiintude, (if I may be permitted to use the word), 
instead of the idea o( infinity ; for m and n, the multipliers employed, are 
supposed to be indefinite, or to admit of all possible values, and it is by the 
skilful use of this condition that the necessity of indirect demonstrations is 
avoided. In the whole of geometry, I know not that any happier invention 
is to be found ; and it is worth remarking, that Euclid appears in another 
of his works to have availed himself of the idea of indefinitude with the 
same success, viz. in his books of Porisms, which have been restored by 
Dr. Simson,and in which the whole analysis turned on that idea, as I have 
shown at length in the Third Volume of the Tjpnsactions of the Royal So- 
ciety of Edinburgh. The investigations of these propositions were founded 
entirely on the principle of certain magnitudes admitting of innumerable 
values ; and the methods of reasoning concerning them seem to have been 
extremely similar to those employed in the fifth of the Elements. It is 
curious to remark this analogy between the different works of the same 
author ; and to consider, that the skill, in the conduct of this very refined 
and ingenious artifice, acquired in treating the properties of proportionals, 
may have enabled Euclid to succeed so well in treating the still more dif- 
ficult subject of Porisms. 

Viewing in this light EucKd*s manner of treating proportion, I had no 
desire to change any thing in the principle of his demonstrations. 1 have 
vAy sought to improve the language of them, by introducing a concise, 
mode of expression, of the same nature with that which we use in arith- 
metic, and in algebra. Ordinary language conveys the ideas of the difiTe- 
ren*. operations supposed to be performed m these demonstrations so slowly, 
and breaks them down into so many parts, that they make not a sufficient 
impression on the understanding. This hideed will generally happen when 
the things treated of are not: represented to the aenses by Diagrame. ae 
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tkey cannot be when we reason concerning magnitude in general, as in this 
part of the Elements. Here we ought certainly to adopt the language of 
arithmetic or algebra, which by its ^ortness, and the rapidity with whicli 
it places objects before us, makes up in the best manner possible for being 
merely a conventional language, and using symbob that have no resem- 
blance to the things expressed by them^ Such a language, therefore, I 
have endeavoured to introduce here ; and 1 am convinced, that if it shaU 
be found an improvement, it is the only one of which the fifUi of Euclid will 
admit. In other respects I have followed Dr. Simson^s edition to the accu- 
racy of which it would be difficult to make any addition. 

In one thing I must observe, that the doctrine of proportion, as laid dowm 
here, is meant to be more general than in Euclid's Elements. It is intended 
to include the properties of proportional numbers as well as of all magni- 
tudes. Euclid has not this design, for he has given a definition of propor- 
tioMl numbers in the seventh Book, very difierent from that of proportional 
magnitudes in the fifth; and it is not easy to justify the logicof this man- 
Ber of proceeding ; for we can never speak of two numbers and two magni- 
tudes both having the same ratios, unless the word ratio have in both cases 
the same signification. All the propositions about proportionals, here 
given are therefore understood to be applicable to numbers ; and accord- 
ingly, in the eighth Book, the proposition that proves equiangular parallelo- 
grams to be in a ratio compounded of the ratios of the numbers proportional 
to their sides, is demonstrated by help of the propositions of the fifth Book. 

On account of this, the word quantity^ rather thaii magnitude, ought in strict- 
ness to have been used in the enunciation of these propositions, because we 
employ the word Quantity to denote not only things extended, to which 
alone we give the name of Magnitude, but also num&rs. It will be suffi- 
cient, however, to remark, that all the propositions respecting the ratios of 
magnitudes relate equally to all things of which multiples can be taken, that 
is, to all that is usually expressed by the word Quantity in its most extend- 
ed signification, taking care always to observe, that ratio takes place onfy 
among like quantities, (See Def. 4.) 

DEF. X. 

The definition of compound ratio was first given accurately by Dr. Simson , 
for, though Euclid used the term, he did so without defining it. I have 
placed this definition before those of duplicate and triplicate ratio, as it is in 
fact more general, and as the relation of all the three definitions is best seen 
when they are ranged in this order. It is then plain, that two equal ratios 
compound a ratio duplicate of either of them ; three equal ratios, a ratio 
triplicate of either of them, Sdc. 

It was justly observed by Dr. Simeon, that the expression, compound ratio^ 
is introduced merely to prevent circumlocution, and for the sake principally 
of enunciating those propositions with conciseness that are demonstrated by 
reasoning ew 0>quo, tluit is, by reasoning from t^ie 22d or 23d of this Book 
This will be evident to any one who considers carefully the Prop.?* of thi% 
«r the 23d ofthe 6th Book 

An objection which naturally occurs to the use of the term compound raUo^ 
-—\ fiiom its not being evident how the ratios described in the definitiiM 
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dmermiiie in any way the ratio which they are said to compound, since the 
magnitudee compoundinff them are assumed at pleasure. It may he of net 
for remoTing this difficulty, to state the matter as follows : if there he any 
numher of ratios (am<mg magnitudes of the same kind) such that the con- 
sequent of any of thibn h tht abtecatenl d, th^ whieb immediately fdl 
lows, the first of the antecedents has to the last of the consequents a ratio 
which evidently depends on the intermediate ratios, hecause if they are de« 
termined, it is determined aho ; and this dependence of one ratio on ail the 
other ratios, is expressed by saying that it i^ compounded of them. Thus, 

A B C D 
^ "S*' 7^' ~D ' T** ^ '^^ series df ratioai» each as described above, the ratio 

A *A B 

-^,or of AtoE,is said to be compounded of thi5ratios^,-^,&c. The ratio 

A A B ^ 

^in tvUkudy dstonmaed by the ratios -g^, -^, <ft«. becanse if oaohoT 

hltor is fixed and invariable, the former cannot change. The exact natu|i 
of ibit dependence, and how the one thing is determined by the other, it W 
not the business of the definition to explain, but merely to give a name to 
a Illation wiiich it may be of importance to consider moia attontivolr 



BOOK VI. 

DEFINITION U. 



Twadofinitiott is changed from that o( reciprocal /gures^ which was ot m$ 
nso, lo one that oorresponds to the Unguafs used in the I4th and 1^ 
fwyositions, and in other parts of geometry, 

PROP. A, B, a Jte. 

Nin4 pfopecitions are added to this BookonaeoowitoftlMk^liKcyandl 
dMir c oa n e c iioa with thiapartof the Elements. The firstfiMHr of them am 
m Dr. SiMson's edition, and among these Piopi. A is given imaediafte^ 
«ter the lhiid,Jbeing, in fact, a second case of that prapedUion, and capabili 
if Mng inciu4ad with it, in one enunciation. Prop. D is remarkable far 
Mnira iheoMm <^ PtoUmy the Astronomer, in his Jlfo)^ ^vi"^ 
fe nndati e n of the oonstnictionef his trigonometrical lahka> PropwEiadHI 
einplesc cas» of the former ; itisako tiseful in trigenooMtry, and, nnte 
aaither foriB, was the 07th, or, insooieeditionsi the 04th of Euclid's Dalik 
The propeeitionii F and Oaie very nseful properties of the wde, and aft 
taken from the IiOciPlafii of ^polloniua. Prop. H tan vory remarkable pm* 

Ey of the triangle ; and K ia a proposition whicht thon|^ it has been 
lerto conudered as belonging particularly to ttrigonometry, is so often #f 
ISO in other parte of the mathematical that it may be properly ranked ^ 
nl iHi oarsiy thooaa^a ^ GeoMi»tiy> 

30 
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BOOK L 

PROP. y. and YI, ^e. 



Turn dMnoDstntions of tlie 5tli and 6tli propontions require tbe method 
ef exliaustioos, that is to aay, thej prore a certain property to belong to the 
drde, because it belongs to the rectilineal figures inscribed in it, ordescribed 
shoot it according to a certain law, in the case when those figures iq>- 
proach to the circles so nearly as not to fall short of it or to exeeed it, tj 
any assignable difference. Tiiis principle is general, and is the only one 
by which we can possibly compare curvilineal with rectilineal spaces, or the 
length of curve lines with the length of straight lines, whether we (cMow 
the methods of the ancient or of the modem geometers. It is therefore a 
great injustice to the latter methods to represent them as standing on a foun* 
dation less secure than the former ; they stand in reality on the same, and 
the only difference is, that the application of the principle, common to them 
both, is more general and expeditious in the one case than in the other. 
This identity of principle, and affinity of the methods used in theelementaiy 
sod the higher mathematics, it seems the most necessary to observe, that 
tome learned mathematicians have appeared not to be sufficiently aware of 
it, and have even endeavoured to demonstrate the contrary. An instance 
of this is to be met with in the preface of the valuaUe edition of the works 
of Archimedes, lately printed at Oxford. In that preface, TorelK, the learn- 
ed commentator, whose labours have done so much to elucidate the wnu 
ings of the Greek Geometer, but who is so unwilling to acknowledge the 
merit of the modem anal3rsis, undertakes to prove, that it is impossible, ftom 
Aie relation which the rectilineal figures inscribed in, and cireumscribed 
about, a given oonre have to one another, to conclude any thing concemiag 
the properties of the curvilineal space itself, except in certain cireomstancae 
which he has not precisely described. With this view he altdmpts to show^ 
that if we are to reason from the relation which certain ifctilineal figures 
Monging to the circle have to one another, notwit^istanding that those 
ignres may approach so near to the circular spaces within which ^ley avs 
inscribed, as not to differ from them by any assignable magnitude, we slmB 
be led into error, and shall seem to |»ove, that the circle is to the square of 
its diameter exactly as 3 to 4. Now, as this is a conclusioa which the die* 
eoveries of Archimedes himself prove so clearly to be false, Torelli argaea, 
lliat the principle from which it is deduced must be fidse also ; and in this 
ke would BO doubt be rig^t, if his former conclusion had been fairly drown. 
But the truth is, that a very gross paralogism is to be fomid in Ihi^peitef 
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his reasoniiig, where lie makes a traiiaitioii fromthdnOfosof die amaU lect* 
anglea, inacribed in the ciroubur apacea, to the radea of the auina of those 
rectangles, or of the whole rectilineal figures. In doing this, he takes fo. 
giaated a pnooeition, which, it ia woi^Hul, that one who had atudiea 
fsoraetry in the school of Arehimedea, ahouid for a moment have auppoa 
edtobetme. The propoeitiim is this : If A, B, C, D, £, F, be any nam* 
her of magnitodea, and «, 6, i, if, «,/, aft maoj others ; and if 
A : B : : a : &, 

E:¥ :: e :/,then theanmof A,Cand£ willbetothe aumofB^Daiid 
Pias tiie aum ofa^e and e, to the sum oib^d udf, or A+C+£ : B+I^ 
+F : : a+e+e : b+d+f. Now, this proposition, which Torelli snppoasi 
10 be perfectly general, la not true, except in two caaea, tIz. either lirat, 
whm A : C : : a : 6, and 

A : E : : a : e ; and conaeqoently, 
B : D : : 6 : li, and 

B : F : : ^ :/; or,aecondly, when all the ratioa d* A to B, C lo D, £ 
to F, ice are equal to one anoUier. To demonstrate this^ let ns suppose 
Aal there are four nmgnitudes, and four othera, 

ikvM A : B : : a : &, and 

C : D : : c : li, then we eannot haf« 
A+G ; B+D : : a+e : 6+i, unless eitherA : C : : a : c^aad B : D : : i: 
4 ; 4ir A : C : : 6 : if, and consequently a : b :: e : d. 

Take a magnitude K, auch that a : c : : A : K, and another L, sueh that 
b: d::B :L; and suppose it true, that A+C : B+D : : 
a+c : b+d. Then, becauae by inversion ; K : A : : c : a, 
and, by hypotheaia, A : B : : a : &,and also B : L : : & : J, 
SK «qiio^ k : L : : c : J 9 and consequently, K : L : : 
C : D. 

Afaitty because A : K : : « : e* by addition, 

A+K : K : : a+e : e; and for the aame 
B+L : L : : b+4 : d^ or, by inversion, 
L : B+L :: di b+d* And, since it has been shewn, thai 
K : L ::«: 4; therefore, ex equo, 

A+K,K.L,B+L, 
a4-«» «, d^ b+d. 



K, A, B, L, 
c, a, b, d. 



A+K : B+L : : a+c : b+d ; but by hypothesis, 

A+C : B+D : : a+c : b+d, therefore 

A+K : A+C : : B+L : B+D. 
Now, first, let K and C be supposed equal, then it is evident that L ani 
D are also equal ; and therefore, since by conatruction a : e : : A : K, we 
have alao a: e:: A :C; and, for the same reason, b : d : : B : D, and 
diese analogiea from the first of the two conditions, of which one is affirmed 
above to be alwaya easentiai to the truth of ToreUi's proposition 
Next, if K be greater than C, then, since 

A+K : A+C : : B+L : B+D, by division, 

A+K: K— C:rB+L: L— D. But, as waa dMilrB, 

K : L : : C : D, by conversion and alternation, 

K«-C : K : : L--D : U therefore, ex cqoo, 
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A-fK: Kc t B^h:L,mdktAjfhfdMnamf 
4 : K t : B ; L, w A : B : I K : Uthit ibt 
il : B ! C : D. 

WlMr«lbre,Mi thk oMidienilM of A to B koqwl toilndQf Ctoil 
Md 0OP t 6 yio a dT , the ratio of # Id 6oqiii] to thuftaf ««o^ TIm omt 
flMjf 1)«rii#way if Kli leMlhaaC ; tlwnfon ki ovflvf «tte tlioro im ookH 
ditions neeesitiy <o ^ Ituliiof ToreUi'n piopoiitM, vlioli Ito dk>«o Ml 
tako into account, and which, as is easily shewn, do not belonf lo dlonag 
nttudes to which he applies it. 

In co M s ifi — t s of tras, the eonelnsioii wUeh ke OMfent to estaUisb re 
sheeting iie cirele, Ms oniiielytothe gyoud, andwkhil thegeMralift^ 
imm mu aiiaed Sflalast the nwdem analysis* 

It wil not, I hope, be imagined, Ihatl have taken notico ^ these eii» 
cumstances with any design to lessen the reputation of the learned It«lMl% 
who has in so many respects desenred well of the nathematicd scksnces^ 
or to detract from the ralue of a posthumous work, which by its elfganee 
and correetneoB, does eonneh honour le the Englidi editors, ^itl irould 
wwm f^M stn d ea t against tint narrow q>irit whieh seeks to ineinuato itself 
even into the abstractions of geometiy, and wesdd persuade «o«lhil ald^ 
gance, nay, truth ilseU^ aie possessed exclusively by the andent methods 
of de m o — tia tion* The hish time in which Torelli censures the modem m»- 
thematicsbinB|iosing, as It is assumed by one who had studied lbs writinp 
of Archimedes with nncommon diligenco» His etiois are on tiuu mooDUttt 
tfto mtmm di mg o i o u s, sad isquite to be the Moto oarefuUy pointed <wtt» 

PROP. IX. 

This enunciation is die same widi duit of the lIMrd of th^ IHmmu(»Ott^ 
atU of Archimedes ; but the demonstration is different, though it proeeedt 
like that of the Greek Geometer, by the continual bisection cl ^e 6di part 
of the circumference. 

The limits of the circumference nfe tlhus assigned ; and the method of 
brinji^nglt about, tiotwhhstanding many quantities areiieglected in the arith- 
metical operations, that the errora shall in one case be idl on the side of do^ 
feet, and in another all on the side of excess (in which I have followed Ar- 
chimedes,) deserves particniarly to be obswved, as affording a good intro- 
duction to the general methods of npproKimation. 



BOOK IL 

DEP. VIII. and PROP. XX* 



SoLTD angles,'which are defined here in the same mannir as 19 Bnclid, 
are magnitudes of a very peculiar kind, and are parllcutarly to be reQiarkad 
foriffC admitting of that aoecrate os«qpnrioon« one with an«d|ox^ vhfoh is 
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^ inite oAer trti^m^ of »— etried fa»f laiifaM. lteaBnot,ibr 
iHAnipte, b« midof 6M solid aa^ diet iii» the taalf^oviiie douU»of Wi^ 
0tii6r solid angle ; not did sny geometer ever tUiik ef ptopoeiBg tbe pee 
Uem of bisecting a ffivett soHdangle. Inawosd, ne sndtiple er stAkiniil 
tiple ef each an an^e can b# taken, and we have no wa|r eF ezpmmdinf 
ey^o m the simplest cases, the ratio which one of thein beets to aaothe# 

In- this vespect, dierefore, a solid angle diirers fiom every etiMV magm 
tnde that is the subject of matheoMitical feasomng, all ef which have this 
eommoft property, that multiples and sub*niultiples of them may he foond. 
It is not (rftar businese here to inquire into the reason of this anomaly, but it 
is j^ein, that on account of it, our knowledge of the nature and the proper* 
ties of such angles can never be very far extended, and that out rsaaott* 
ings concerning them must be chiefly confined to the relations of the plane 
angles, by which they are contained. One of the roost remarkaUe of those 
felaiions is that which is demcmstrated in the 21st of this Book, and which 
is, that all the plane angles which contain any solid angle most together 
belessthm ftmr right angles. This proposition is the Slstof the lithetf 
Kvclid. 

This pvoposition, however, is subject to a restriction in eerlahi cases, 
which, I believe, was first observed by M. le Sago of Geneva, ia a con^ 
mauieation to the Academy of Sciences of Paris in 1756. Whea the seo* 
lion of the pyramid formed by the planes that contain dbe soisd angle iaa 
fignie that has none of its angles exterior, such as a trian^, a parallelo* 
gram, d^c. tiie truth of the proposition just enunciated cannol be^ question 
ed. But, when the aforesaid section is a figure like that which is anaaxed, 
via. A BCD, having some angles such 
as BDC, exteiior, or, as they are some- 
times called, re -entering angles, the 
proposition is not necessarily true; 
and it is plain, that in such cases the 
demonstration which we have ^ven, 
and which is the same with Euclid's, 
will no longer apply. Indeed, it were 
easy to show, that on bases of this 
kind, by multiplying the number of 
sides, solid angles maybe formed, soch 
that the plane angles which contain them shall exceed four right angles by 
any quantity assigned. An illustmtion of this from the properties of the 
sphere is perha|)s the sioiplest of all others. Suppose that on the surface 
of a hemisphere there is described a figure bounded by any number of arcs 
of great circles making angles with one another, on opposite sides alter- 
nately, the plane angles at the centre of the sphere that stondon these arcs 
may evidently exceed four right angles, and that too, by multipl3ring and 
extending the arcs in any assigned ratio. Now, these plane angles con- 
tain a solid angle at the centre of the sphere, according to the definition off 
^ solid angle. 

We are to understand the proposition In the text, therefore, to be tra# 
only of those solid angles in which the inclination of the plane angfes are 
all the same way, or au directed toward the interior of ^e figme. To dis- 
dngvish this class of solid angles from that to which the propoettuia aoer 
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■ola]»4)- itiipeiiia|Mbetttoiiiak6iueof thUcriteriimyihattlicrfa^ 
that wheii any two pttota whataoerer are taken in the planea that contain 
the aolid angle, the atiaight line, joining those points, falls wholly within 
the sohd angle : or thus, they are such, that a straight line cannot meet the 
plap.es which contain them in more than two points. It is thus, too, thai I 
would distinguish a plane figure that has none of its angles exterior, by 
saying, that it is a rectilineal figure, such that a straight Ime cannot meet 
the boundary of it in more than two points. 

We, therefore, distinguish solid angles into two species : one in which 
the bounding planes can be intersected by a straight line only in two 
points ; and another where the bounding planes may be intersected by a 
sCiaight line in more than two points : to Uie first of these the proposition 
im tlM text applies, to the second it does not. 

Whether Euclid meant entirely to exclude the consideration o( figwes 
of the latter kind, in all that he has said of solids, and of solid angles, it is 
not now easy to determine : it is certain, that his definitions involre no 
such exclusion ; and as the introduction of any limitation ^ould conside- 
rably embarrass these definitions, and render them difficult- to be understood 
by a beginner, 1 have left it out, reserving to this place a fuller explanation 
of the difficulty. I cannot conclude this note without remarking, with the 
historian of the Academy, that it is extremely singular, that not one of all 
those who had read or explained Euclid before M. le Sage, appears to 
hare been sensible of this mistake. {Metnaires de PAcad* des Sciences^ 
1756, Hist.p, 77.) A circumstance that renders this still more singular 
is, that another mistake of Euclid on the same subject, and perhaps of all 
odier geometers, escaped M. le Sage also, and was first diiscovered by 
Dr. Simson, as will presently appear. 

PROP. IV. 

This very elegant demonstration is from Legendre, and is much easiet 
than that of Euclid. 

The demonstration given here of the 6th is also greatly simpler thas 
that of Euclid. It has even an advantage that does not belong to Legen 
dreVi, that of requiring no particular construction or determination of any 
one of the lines, but reasoning from properties common to every part oi 
them. The simplification, when it can be introduced, which, however 
does not appear to be always possible, is, perhaps, the greatest improve 
ment th^t can be made on an elementary demonstration. 

PROP. XIX. 

The problem contained in this proposition, of drawing a straight line per 
pendicidar to two straight lines not in the same plane, is certainly io be ac- 
counted elementary, although not given in any book of elementary geome- 
try that 1 know of before mat of Legendre. The solution given here is 
more simple than his, or than any other that I have yet met with : it also 
loads more easily, if it be required, to a trigonome'trical computation. 
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DBF. U. and PROP. L 

Thbsb relate to similar and equal solids, a subject on which mistakes hat^ 
prerailed not unlike to that which has just been mentioned. The equalit) 
of solids, it is natural to expect, must be prored like the equality of plane 
figures, by showing that they may be made to coincide, or to occupy tlMT 
same space. But, though it be true that all solids which can be shewn ui 
coincide are equal and similar, yet it does not hold conversely, that all solids 
which are equal and similar can be made to coincide. Though this assert 
tion may appear somewhat paradoxical, yet the fnxwf of it is extremely 
simple. . ^ 

Let ABC be an isosceles triangle, of which the equal sides are AB and 
AC ; from A draw A £ perpendicular to the base BC, and BC will be bisected 
in £. From £ draw £D perpendicular to the 

gane ABC, and from D, any point in it, draw 
A, DB, DC to the three angles of the tri- 
angle ABC. The pyramid DABC is divided 
into two pyramids DAB£, DAC£, which, 
though their equality will not be disputed, 
cannot be so applied to one another as to coin- 
cide. For, though the triangles AB£, AC£ 
are equal, BE being equal to C£, E A common 
to both, and the angles A£B, A£C equaJ, be^ 
cause they are right angles, yet if these two 
triangles be applied to one another, so as to 
coincide, the solid DAC£ will nevertheless, 
as is evident, fall without the solid DABE, for the two solids will be on the 
opposite sides of the plane ABE. In the same way, though all the planes 
of the pyramid DABE may easily be shewn to be equal to those, of the py- 
ramid DACE, each to each ; yet will the pyramids themselves never coin- 
cide, though the equal planes be applied to one another, because they are 
on the opposite sides of those planes. 

It may be said, then, on what ground do we conclude the pyramids t<^ 
be equal 1 The ainswer is, because their construction is entirely the same, 
and the conditions that determine the magnitude of the one identical with 
those that determine the magnitude of the other. For the magnitude of 
the p3rramid DABE is determined by the magnitude of the triangle ABE,; 
the length of the line ED, and the position of ED, in respect of the plan^- 
ABE ; three circumstances that are precisely the same in the' two pyrap 
mids, so that there is nothing that can determine one of them to be greateiP 
than another 

This reasoning apnpears perfectly conclusive and satisfactory ; and ir 
seems also very certain, that there is no other principle equally simple, on' 
which the relation of the solids DABE, DACE to one another can be de-" 
termined. Neither is this a case that occurs rarely ; it is one, that, in the^ 
comparison of magnitudes having three dimensions, presents itself cunti 
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luaHy ; for, though two plane figures that are equal and nmilar can alwaja 
be ma^le to coincide, ^et, with i^^^trd to aoUds th&t are equal and similar, i. 
^bey have not a certain similarityin their position, there will be found just 
as many cases in which they cannot, as in which they can coincide. Eren 
figureo described on surfaces, if they are not plane surfaces, may be equal 
and similar without the possibility of coinciding. Thus, in the figure de- 
tMibed •& the suv&oe of a sphere, eaBed a spkerkai taaftgie, if we suppeise 
il to be taoseelea, and a perpendicular to be draw* front lb* veitai cm lbs 
haee, it witt not be doubted, thai ii is thus divided kito two ri|^ anf^ed 
spherical triangles equal and similar to one another, and which, nevei^iQH* 
lesa, eaanot be so laid on one anotheic aa to agree. The same hMB in m* 
HUDerable other instaaees, and therefore it is evident, that a principle, mose 
general and fundamental than that of the equality of eoincidtag figui9«» 
^Qght 10 be introduced into Geometry. What this piinciple is b^ also mp* 
peared very clearly in the course of these remarks ; and it is indeed «^ 
eibes than the principle so celebrated in the philosophy of LethnilK^ under 
fte imme of the sukpiciknt reason. For it was shewn, thai the pyrsir 
mids DABE and DACE are concluded to be equal, because each of them. 
is determined to be of a certain magnitude, rather than of any other^ hyt 
conditions that are the same in both, so that there is no a bason for the oae 
Deing greater than the other. This Axiom may be rendered general by 
saying, That things of which the magnitude is determined by conditiooa 
that are exactly the same, are equal to one another ; or; it might be ex- 
pressed thus ; Two magnitudes A and B are equal, when there is no reai- 
son that A should exceed B, rather than that B should exceed A. Either 
of these will serve as the fundamental principle for comparing geomeUrioii 
magnitudes of every kind ; they will apply in those cases where the coixk* 
cidence of magnituaes with one another has no place ; and they will apply 
with great readiness to the cases in which a coincidence may take f^aoe, 
such as in the 4th, the 8th^ or the 26th of the First Book of the Ehi- 
■lents. 

The only objection to this Axiom is, that it is smnewb^l of a metaphy- 
sical kind, and belongs to the doctrine of the sufficient rtfo^v)^, which is looked 
pn with a suspicious eye by some philosophers. But this is no solid objee^ 
tion ; for such reasoning may be applied with the greatest safely to those 
objects with the nature of which we are perfectly acquainted, and of whick 
we have complete definitions, as in pure matbenuitics. In physical ques 
tions, the same principle cannot be applied with equal safety, because i» 
such cases we have seldoi9 a complete definition of the thing we reasons 
Kbouft, or one that includes all its properties, Thu», when Axchunedes pn^v 
ed the spherical figure of the earth, by reasoning on a principle of this socti 
be was led to a false conchisioo, because he knew iwthing of the rotation >t 
4ie earth on its axis, which places the particles of that body, though a% 
•qual distances from the centre, in circumstances very dififerent froa one 
another. But, concerning those things that are the creatures of the ounA 
sltegcther, like the objects of mathematical investigation,, there c^i be no 
dang^ of being misled by the principle of the sufiicient reason, which at U)t: 
■ame time furnishes ua with the only single Axiom, by help of which wis 
can cnnpare together geometrical quantities, whether thsj^ be of one, oi 
two» or rf three dimensions. 
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LogenAPB m ku EkmentB hnn Mwde tlie game remailt that fue Kee^ Mfi 
flialed^ tlMt thaM are aolida and other Greometrical Magnitudea, wmeft 
tiiougk Mmilar and equal, caimot be brought to coineide with one anodier 
•nd hia haa disdngiiisbed them by the name of Symmetne<d Magnitudea. If a 
haft alao given a rery aatiafactorj and ingemoas demonatration of the eqmi^ 
lity of certain aolida of that aort, though not ao eon<$ise aa the nature of a 
aiinple and eiementar^r truth would aeem to require, and consequent^ Mt 
■noh aa to render die axiom proposed above altogether unneceasarjr 

But a circumatnnce for which I cannot rery well account is, that LiOgen* 
die, and after him Lacroix, ascribe to Simeon the first mentioft of such solids 
an we are here considering. Now I must be permitted ixi say, that no re- 
mark to this purpose is to be found in any of the writings of Simson, whidb 
luDve come to my knowledge. He has indeed made an observation concerning 
the Geometry of Solids, which was both new and important, viz. that solio 
may have tl^ condition which Euclid thought sufficient to determine their 
quality, and may nevertheless be unequal ; whereas the observation mad<» 
here is, that solids may be equal and similar, and may yet want the condition 
of being able to coincide with one affother. These prt^sitions are widely 
difierent ; and how ao accurate a writer as Legendre should have mistaken 
tke one for the other, is not easy to be explained. It must be observed; 
diat he doee not seem in the least aware of the observation which Simson 
has really made. Perhaps having himself made the remark we now speaa 
of, and on kx>king slightly into Simson, having found a limitation of tht 
nnnal dhescription of equal solids, he had without much inquiry, set it dowi 
•e the same with his own notion ; and so, with a great deal of candiMir 
•nd some precipitation, he has ascribed to Simson a discovery which really 
behmged to himself. This at least seems to be the most probable soluCiofr 
of Ike difficulty. 

I have entered into a fuller discussion of Leffendre^s mistake than I 
sbould otherwise have done, firom having said, in the first edition of these 
elements, in 1795, diat I believed the non-coincidence of similar and equaf 
solids in certain circumstances, was then made for the first time. This it 
is evident would have been a pretension as ridiculous as ill-founded, if the 
same obsorvation had been made in a book like Simeon's, which in this 
country was in every body's hands, and which I had myself professedly 
studied with attention. As I have not seen any edition of Legendre's Ele* 
ments earlier than that published in 1802, 1 am ignorant whether he or 1 
was the first in making the remark here referred to. That circumstance 
is, however, immaterial ; for I am not interested about the originality of di» 
remark, though very much interested to show that I had no intenton oF ap*. 
propriating to myself a discovery made by another. 

Another observation on the subject of those solids, which, with Legendre, 
we shall call Symmetrical, has occurred to me, which I did not at fitnf 
<iiink of, viz. that Euclid himeelf certainly had these solids in view when &# 
formed his definition (as he very improperly calls it) of equal and similar sdfids. 
He says that those solids are. equal and simQaTy which are contained under 
he same number c/t equal and similar planes. But this is not true, as Dt . 
Simson has shewn in a passage just about to be quoted, because two solidi' 
may easily be assigned, bounded by the same numbei of equal and similar 
tdanes, wtiioh are obviously unequal, the one being contained witbui th^ 
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^er. Sinwon obtenreB, thai Evclid needed only to haTO added, that the 
eqaal itid similar planes must be similarly situated, to hare made lus dee* 
eripdAMi ejcact. Now, it is true, that this addition would hare made it exact 
in one respect, but would hare rendered it imperfect in another ; for though 
all the solids having the conditions here enumerated, are equal and similaTi 
many others are equal and similar which have not those conditions, that is^ 
though bounded by the same equal number of similar planes, those planes 
are not similarly situated. The symmetrical solids have not their equal 
and similar planes similarly situated, but in an order and position directly con* 
trary. Euclid, it is probable, was aware of this, and by seeking to render 
the description of equal and similar solids so general, as to comprehend so* 
lids of both kinds, has stript it of an essential condition, so that solids ob« 
viously unequal are included in it, and has also been led into a very illogical 
nrqceeding, that of defining the equality of solids, instead of proving it, as if 
oe had been at liberty to fix a new idea to the word equal every time that 
he applied it to a new kind of magnitude. The nature of the difficult he 
had to contend with, will perhaps be the more readily admitted as an apo- 
logy for this error, when it is considered that Simson, who had studied the . 
matter so carefully, as to set Euclid right in one particular, was himself 
wrong in another, and has treated of equal and eimilar solids, so as to ei^ 
dude the symmetrical altogether, to which indeed he seems not to have at 
all adverted. 

I must, therefore, again repeat, that I do not think that this matter can 
be treated in a way quite simple and elementary, and at the same time 
general, without introducing the principle of the sufficient reason as stated 
above. It may then be demonstrated, that similar and equal 8<dids axe 
those contained by the same number of equal and similar planes, either with 
similar or conU^ry situations. If the word contrary is property understood^ 
this description seems to be quite general. 

Simeon's remark, that solids may be unequal, though contained by the 
same number of equal and similar planes, extends also to solid angles 
which may be unequal, though contained by the same number of equal 
plane angles. These remarks he published in the first edition of his En* 
did in 1756, the very same year that M. le Sage communicated to the 
Academy of Sciences the observation on the subject of solid angles, men* 
tioned in a former note ; and it is singular, that these two Geometers, with* 
out any communication with one another, should almost at the same time 
have made two discoveries very nearly connected, yet neither of them com- 
prehending the whole truth, so that each is imperfect without the other. 

Dr. Simson has shewn the truth t>f his remark, by the fdlowing reason- 
ing. 

^ Let there be any plane rectilineal figure, as the triangle ABC, and from 
a point D within it, draw the straight line DE at right angles to the plane 
ABC ; in D£ take DE, DF equal to one another, upon the opposite sides 
of the plane, and let G be any point in EF ; join DA , DB, DC , E A, £B, 
EC ; FA, FB, FC ; GA, GB, GC : Because the straight line EDF is at 
riflht angles to the plane ABC, it makes right angles with DA, DB, DC, 
which It meets in that plane ; and in the triangles EDB, FDB, ED and 
DB are equal to FD, and DB, each to each, and they contain right arigles ; 
dieretore the base EB is equal to the base FB ; in the same manner £ A is 
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equal to FA, and EC to PC : and in the triangles E6A, FB A, EB, BA avt 
equal to FB, BA, and the base EA is equal to the base FA ; wherefoM 
tho angle EBA is equal to the angle FBA, and the triangle EBA equai 
to the triangle FB A, and the other angles equal to the other angles ; there- 
fore these triangles are similar : In the same manner the triangle EBC is 
siaiilar to the triangle FBC, and the triangle E AC to FAC ; therefore there 
are two solid figures, each of which is contained by si Aiangles, one of them 
by three trian^es, the common rertex of which is the point O, and their 
Imses the straight lines AB, BC, C A, and fay three other triangles the com- 
mmi rertex of which is the point E, and their bases the ftame lines AB, BC, 
CA. The other solid is contained by the same three triangles, the common 
Tortex of which is O, and their bases AB, BQ, CA ; and by three othgr tri« 
angles, of which the common vertex is the point F, and their bases the same 
straight lines AB, BC, CA : Now, the three triangles GAB, GBC, GCA 
are common to both solids, and the three others EAB, EBC, ECA, of the 
first solid hare been shown to be equal and similar to the three others* 
FAB, FBC, FCA of the other solid, each to each ; therefore, these two 
solids are contained by the same number of equal and similar planes : But 
that they are not equal is manifest, because the first of them is contained in 
the other : Therefore it is not universally true, that solids are equal which 
are contained by the same number of equal and similar planes." 

** Cor. From this it appears, that two unequal solid angles may be con- 
tained by the same number of equal plane angles.** 

<* For the solid angle at B, which' is contained by the four plane angles 
EBA, EBC, GBA, GBC is not equal to the solid angle at the same point 
B, which is contained by the four plane angles FBA, FBC, GBA, GBC ; 
for the last contains the other. And each of them is contained by four 
plane angles, which are equal to oiie another, each to each, or are the self* 
same, as has been proved : And indeed, there may be innumerable solid 
angles all unequal to one another, which are each of them contained by 
plane angles that are equal to one another, each to each. It is likewise 
manifest, that the before-mentioned solids are not similar, since their solid 
angles are not all equal.*' * 
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PLANE TRIGONOMETRY. 



I>EFINITIONS. Ac. 

TftiocifOMVTRY I» defined in the text to be the application of Number 
to exprees the relations of the sides and angles of triangles. It depends 
therefore, on the 47th of the first of Euclid, and on the 7th of the first of the 
Supplement, the two propositions which do most immediately connect 
together the sciences of Arithmetic and Geometry. 
. Theshraofao angle is defined above lA the nmalwvj, viz. the peipeiw 
dicvlar drawn horn one extremity of tne arc^ which measureB Ae angle no 
the radius passing through the other * out in strictness the sine is not tlie 
perpendicular itself, but the ratio of tnai perpendicular to ^e mdiw^im it 
IS this ratio which remains constant, wnile the angle continues the same, 
though the radius vary. It might be convenient, therefore, to define th^ 
fine to be the quotie#t which arises from dividing the perpendicular juai 
described by the radius of the circle. 

So aJeo, if one of the sides of a rignt angled triangle about the ri|^ tok^ 
gle be divided by the other, the quotient is the tangent of the angle op* 
fiosile to the first-mentioned side, Slc. But though this is certainly the 
rigorous way of eonceivins the sines, tangents, Sie. of angles, which ar# 
in rdSility not magnitudes, but the ratios of magnitudes ; yet as this idea is 
1^ little more abstnlct than the common one, and would also involve some 
change in the language of Trigonometry, at the same time that it would 
in the end lead to nothing tliat is not attained by making the radius eoual 
to unity, I have adhered to the common method, thou^ I have thonght 
h right to point out that which should in strictness be pursued. 

A proposition is left out in the Plane Trigonometry, which the astio- 
oomers make use of in order, when two sides of a triangle, and the ang^ 
contained by them, are given, to find the angles at the base, without 
making use of the sum or difference of the sides, which, in. some cases, 
when only the Logarithms of the sides are given, cannot he conveniently 
fnmd. 
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THEOREM. 

f/, 0i iksgreat0rofanytwosiA04f4 ftUb^ M th€ Uss^ so the radtus to tko 
tttHgent tf a certain angle ; then wiU the radius be to the tangent of the dijfo* 
fence between that angle and haffa right angle ^ as the tangent of half Urn 
sum of the ongUs^attimhs^se^ilmtfim^tolkoiM^entofhe^ their 
difference. 

Let ABC be a triangle, the sides of 
irbich are BC and CA, and the base 
AB, and let BC be greater than CA. 
Let DC be drawn at right angles to 
BC, and equal to AC; join. BD, and 
because (Prop. 1.) in the right angled 
triangle BCD, BC : CD : : R : iati 
GBD, QBD h the angle of which thft 
tangent is to ^ radius as CD to BC 
diat is, as CA to BC, or as the IsMi 
of the two sides of ^ triangle lo tho 
greatest. 

But BC-1-CD : eC-CD :: fan ) (CDB-f CBD) : 
fan } (CDB— CBD) ffrop. 5.) ; 
and also, BC+CA : BC— CA : : tan } (CAB+CBA) s 
tan 1 (CA&^-CBA). Therefore, since CDteCA» 
um I (CDB+CBD) : tonl <CDB*-^BD) : : 
t«A I (CAB+CBA): tail f(CAB-^BA). ButbeMmwite 
angles CDB+CBDs!:dd< tan 4<CDB4-CBD): f 

tan ^ (CDB— CBD) : : R : tan (450— CBD), (2 Cor. Prop. 1.), 
therefore, R : tan (450— CBD) : : tan 4 (CAB+CBA) : 
tan ^ (CAB — CBA) ; and CBD was already shewn to be such an angk 
that BC : CA :: R : tan CBD. 

Cor. If BC, CA, and the angleO IM given to find the angles A and B ; 
find an angle E such, that BC : CA :: R : tan E ; than R : tan (450— E. 
: : tan j[ (A+B) : tan } (A— B). Thus ) ( A— B) is found, and } (A+B) 
being given, A and B are each of them knovm. Lent. 2. 

In reading the elements of Plane Trigonometry, it may be of use to ob- 
serve, that the first five propositions contain all the rules absolutely neces- 
sary for solving the diflerent cases of plane triangles. The learner, when 
he studies Trigonometry for the first time, may satisfy himself with theso 
propositions, but should by no means neglect the others in a sttb6e<|iiear 
perusal 

PROP. VIL and VIIL 

I have changed the demonstration which I gave of these ptopositkma in 
the first edition, for two others considerably simpler and more concise, given 
me by Mr. Jar dine, teacher of the Mathematics in Edinburgh, formerly 
one of my pupils, to whos& ingenuity and skill I am very glad to l>ear tfaia 
public testimony. 
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SPHERICAL 
TRIGONOMETRY. 



PROP V 

Thb angles at the base of an isosceles spherical triangle are symrnetriedi 
Magnitudes, nol admitting of being laid on one another, nor of coinciding, 
BOiwithstanding their equality. It might be considered as a sufficient 
iniM>f that they are equal, to obsenre tlmt they are each determined to be 
of a certain magnitude rather than any other, by conditions which are pre- 
eisely the same, so that there is no reason why one of them should be 
greater than another. For the sake of those to whom this reasoning may 
not proTe satisfactory, the demonstration in the text is given, which is 
stiicUy geometrical. 

For the demonstrations of the two propositions that are given in the end 
of the Appendix to the Spherical Trigonometry, see Elementa Sphsricorum, 
Theor. 66. ap«d Wolfii Opera Math. torn. iii. ; Trigonometrie par CagnoU 
1 463 : Trigononi»ns Spherique par Mauduil, \ 165. 
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